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@'HTEI'T*F[ Integrals)

o Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <%

7.1 95T (Introduction)

A TG STTFAS 1 Hhoudl W hiEd &l Herl o
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7.2 WUThHEAT @l e o Iohd Wehd o ®d | ( Integration as the
Inverse Process of Differentiation )
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i(x_sj —_ 2 2
ax\ 3 =X .. (2)
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dx
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3
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f o |l faeraehersii 1 9eM T 2l
39 B U ¢ Tl ¥ IR 2 € S fof gfestershorsii o QU 9RaR i fefud s

T8 Tl [ f(x) dx ¥, T8 xF W f B SAREG THERTH o w9 9g W €|
wiea: &9 [ f(x) dx=F (x) + C T

Honee fean gan € T %=f(x),aﬁ%ﬂy=ff(x)dxmﬁ%l

gfawn o fau gn fAfafeaa ydiel/agi/ameien & 3ok 1o dfed areft 7.1 o
IeaifEd wW o
urui 7.1
Welteh /qa /aTertsT arel

[ £ @)ax f o1 x o WU FHRH

[f a5 £ FHH
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[ £ yax & x THIHS H1 =
HHRC HET AR T HEl
[T TETHEH Th e F fswes fom
F(x) =f(x)
TR Ffsha THIShoT AT hid hl TshH
TR Rl 3T HE ot grdfas 9@ 59 3R
e Fed T

T T8 ¥ € §gd ¥ YW Herl o Tdehelsl o G A 21 31 oA o Fd v
AR o WIHITOT T i q¥d Tore Wehd €1 39 WO I ki e fefate ©
T9®1 3TN 39 TR Hadl o GHR Hl A B H B3|

3dehetst Derivatives HHTehT (vﬁm)
Integrals (Antiderivatives)
d xn+l X n+l
O =x" "dx = +C, n#-1
® dx(n+l] J-x ! n+1 "
fafere &7 & 70 3@d ©
d
E(x)_l Idx=x+C
d . .
(i) — (sin x)=cos x Icosxdx=sm x+C
dx
L d : ,
(i) — (- cos x)=sin x J‘smxdx=—cosx+C
dx
.d 2 2
(iv) — (tan x)=sec’x Isec xdx=tan x+C
dx
d 2 2
(v) — (=cot x)=cosec’x Icosec xdx=-cotx+C
dx
. d
(vi) o (sec x)=sec x tan x Isec x tanx dx=sec x+ C
x
.o d
(vii) a’_ (— cosec x) =cosec x cot x Jcosec x cotx dx=—cosecx+C
x
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(vii) E(sm 1x): —
d _ 1
(ix) E( cos 1x): —
d _ 1
(0 o5 (™ )=
d _ 1
(xi) oy (~eot™ %)=
- i(sec_lx):;
i a5 e

(xiil) g

(xiv)

(xv)

(xvi)

X N A |
d
E(e )=¢€"
d
5(10g|x|)——

d X
— =a
dx {Ioga}
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I dx =—cot"' x+C

=sec” ! x+C

J~ dx
x«/xz -1

_[ dx
x«/xz -1

Jexdx =e*+C

=_cosec 'x+C

jldx:log|x|+C
X

X

Jaxdx= a +C
loga

T § B9 g SE el w1 ek T we fed fafes s
qftefig & qenfy foret off fafre gea & ded o sua! off wam o we =y

7.2.1 Tv=d TEIHEAT kT AT &YUT (Geometrical interpretation of
indefinite integral)
A ST o f () = 20T [ £ () dx =27 +C TNCH fafer=1 7l o ferg & fafer=

FORER UM ?1 W SanudE gfte @ 4 @t gHehed @EH €1 3§ YR
y=x2+C, &I C T W@=s =1 B, THReH o Th UReR &1 fefud e 81 C, &l
fafs= 7 9gH e B9 ufEr o fafa= 9o oI %d &1 39 Hash ainferd &9
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A= TR 81 Teadl Yoish GHIsher Ush e oh] Teafid il & foden a1
y-3181 o I 2
T C=0% fI &0 y= 2 T € W1 U UE W ¢ foreht vid et fofg
W C=1% fAUaH y=x+ 1 Rae y = x> ] Teh IHTE y-31& o 37 UIcHsh T
T T T T Ww Bl 81 C=— 1,7 foq, aF y=x2— | Waeld y=x> i TH
THTE -318 o ST RO fEu # TMiaRd s W U gal €1 39 R C, %
Y% ¥FHE O oh fau, 9REr
% YAS WIAd h Y -7 I H
eI 59 § ® 3R C o SRuIlcHeh
oAl o fou s wae &1 i
V-8 H RO feen H ?1 =
Raadt § ¥ S I SR 7.1 H
<gife T R
W%‘qﬁmﬁ?i@x=a
SR Hfree W R e §1 Tt 7.1
T g o> 0 foran 21 g 6 a <0
= TFTQ T %I afg W x=a
TETH y=x2 y=22+1,y=x>+2, \
y=x2—1,y=x>— 2 ®a: fogsti  x A

0
P,P,P,P P TR W Hed & \\
al g |t fage w D o 20

-

RS T N TR
N N\ N
N N SN N
3 3 3 3
N N N N

iy

. ‘. ‘. ‘.
“ - “ D
S S gt <)
N AN > 7O
Syl Sy e 3,
S > >
3 3 3
AN AN AN

dx
7% fafde wtar © fo o7 ot faget
WW@WWW%l xX=a
39 ThI J'Zxdx=x2+C:Fc ) N
(W fifse) @ 9w g € T ol TR 7.1

y=F.(x),Ce R,a?i'@sza,?;’lT[
Hiresed fageti W ol 1 Tl @l '@ € W8l a e R 3w fefefEa wmem
[ f(x)dx=F(x)+C=y (W wifom) =i o ufear i Frefaa w81 C o fafsrm

Tl o 9d 89 39 IRER & fafi= 955 Urd 8 © ok 39 el | 9§ 89 fRe uh
TS o1 T o THR TR ieh UId T Heahd 2| A= Goeher sl S
freqn =8 71
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7.2.2 Iffy=rad qarehert & FY V\Z'UTSWC (Some properties of indefinite integrals)
39 37 U= § TH AMY=d SHehe o @ TUIEHl i =

@

(i)

freAfefad afomdi & Gesf H steshel U GHeH o YehH Tk T o JohH ©:
d
&jf(x)dX:f(x)

iR jf’(x)dx = f(x) + C, 5Bl C T W=s =R 2
Suufa 7 AT fF F, £ 1 T gfaetadhost © stefq

% F) = £ (x)

ar [ dx =F) +C
fer ijf(x)dx—i(F(xHC)
dx T dx
- LF@ =/
7dl YR B9 @A ® %

d
f(x) = I S

3R gy [T/ dx =f) + C

&l C U Wws oR © f9 gk 3R wed €

T 1 SAfYea THeRer 5ok STeshorst THH § dehi o U €1 IRaR 1 Uid
F € 3R 3@ YRR THged €

SUUfT o AT f TE g U0 & Wor ¢ T

d d
&If(x)dx =&Jg(x)dx

g [ Jrwa-[gwa]-o0

a7: [re)dx [ g @) dy=C 5l C ws =t @& 1 (F?)

Agan Jf(x)dx:Jg(x)dx+C
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e = % R {[ (0 dx+C,, G eR]}
TS {Jg(x)dx+C2,CzeR}W%|
39 JhR If(x)dxﬁ?[g(x)dxﬂﬂ@?ﬂ%l

| oot | wfemi {[ 100 dx+Co.C e R} i {[g) dx+C,.C, eR}

TAged 1 FgER [ f(x) dx = [ g(x) dx , feraet = o € e g
Tl Tl B

i) [[£00)+g]de=[f(0)dr+ [ g0 dx
suufa g (i) |

Jtrw+ gldr]= £+ g0 ()
= &6 9 € fR

%Uf(x) dx+_[g(x) dx}:%_[f(x) dx+%]g(x) dx = f()+g(x) ... (2)

39 YR OEE (ii) o E®ed H (1) 3R (2) | ww g € T
[(r@+egw)dr=[rode+ [ g dx

(iv) et aredfers sk, & faw [k f) de=k [ £(x) dx

soufe e (i)gmdijkf(x)dFk ()
X

v <[k [0 x| =k [ redi=k £

TR T (i) BT SN B BT BH U € R [k f() dy=k [ £(x) dx

(v) WO (i) 3R (iv) T £, f,, ..., f, O BT FAY=a He iR et wemstik
ky ..., k o foQ ot SO e S W € St R e fen e @

[k fi )+ ko fo () .4 K, f, ()] dx
= k[ fiG) e+l [ fo () dx+ ..+ k, [ f,() dx
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XU gu w1 gfastasherst 91 & o foU &0 iae 9 T8 %ol i @S &
& TSTerehT stesherst < gan o B 31 el &1 38 Wb ! @iw, S XU g %o
o Ui STaehels A i oh 1T w1 Sl €, sl RI&0T g SHIehe Hed &l 36 8H
F9 I H T T
zareror 1 Fieo fafy &1 ST i gu Fefatad sl o1 gfaeteshast 9 S

1
(i) cos 2x () 3x% + 4x3 (iii) EE s 0

&
() B9 T U e H @Sl S Ged © e SaHes! cos 2x e

Y SFd ® T %(sian)chost

ld . i(lsin 2xj
AUl cos 2x = > (sin 2x) = e\ 2

1 .
U cos 2x 1 Tk GfqeTersmelst o sin 2x B
(i) B9 T UH Hor o1 @S K 96d © (oG] sTahers 3x2 + 40 2l

3 %(x3+x4)=3x2+4x3

TATAT 342 + 4x° 1 GrasTadhas 2 + X 2l
(i) &9 S §
1

i(logx):l,x>03ﬁTi[log(—x)]:L(—l)z—,)Ko
dx X dx -X X
o A A e e # - (loghf) = x %0

Wjidx=log|x| , S TR i&uﬁwﬁﬁ@w%
sarever 2 frAfafed Tameredl &1 9 sifsg

RN 2 2 1
@ fxxz dx @) [ +1)dx (i) J(X3+26"—;)dx
T B9 UMW S B
3
jx _1dx=dex—Ix_2dx (‘lUTHﬁV@I)

2
X
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X
=—+C, - -C
=9 1 _ 2
2
=X—+1+Cl C
2 x
x2
=?+—+C ' C=C —C,Th 3= FHEE 3R 2|
X

oot | TaY o N Shaw wifiH SW ¥ €, TF gEee oR fadi

(i) =i

j(xi +1)dx= J.xi dx + jdx

(i) aﬁj(x;uex —%)dx=J.x; dx+j2ex dx—jidx
EN

X X
=3 —+2e —log|x|+C

—+1
2
I
=5xi2e ~log|x+C
IETE0T 3 frAfafed Taeherl &l A9 Sy
(1) J.(sinx+cos x) dx (i) J.cosecx(cosecx+cot x) dx
—s1nx
(i) J‘cos X
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g
() =&l

I(sin X+ Cos x) dx='[sin X dx + J-cos xdx

= —cosx+sinx+C
(i) =T

I(cosec x (cosec x + cot x) dx = Jcoseczx dx + Jcosec x cot x dx

= —cotx—cosecx+C
(i) =TT

ol

1 sin x
5 dx — J. 5 dx
oS x oS x

:Jseczx dx — Jtan X sec x dx

=tan x —sec x +C

SAEIUT 4 f(x) = 4x° — 6 G YR e f 1 HfasTdshers F 0 shifsy Stet
F(0)=3%1

TA f(x) 1 Th Gl SRS o — 6x

<t %(x4—6x) = 4x° — 6, AT YfdeTahers F,
F(x) = ¥ — 6x + C, W 29 ® & C 31 2|
fean gom € f F(0) = 3
TOH U B 3=0-6x0+C
3TeraT Cc=3

I A giastame, F (x) = x* — 6x + 3 §1 YR Tk 3Afgdid %o 2 |
feugoit

() &4 2@ ® T afe £ o1 gfastasherst F @ @ F+C, &l C T 3R 8, 9 £ &
T iaeTesheSt 81 39 WK A €W el £ o1 Ueh Wiaetaehersl Fod @ dl g
F4 &g ot o= et £ o 31d Yfasterhers fog Hehd @ f5= F (x) +C,
Ce R% ®9 ¥ aifyeqed fopan <1 Ghel ©1 SFganT & OMMRE: T il
Hiceie i T T SAEYIH Bl € FTEd C o1 T feifyrse o i gren @ 31
Sreer afomeasy U g wer &1 U aAfgdia gfasraesheast W erdl €|
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(i) FR-FHF Fhl yRAH Bor S8 fF TgU8, T, = S, BepohdE,
3R wfaem e, Ses o €9 § oifieued il ST599d ol ¢l s9fau

If(x)dx%WWﬁW%lWﬁ:ﬁﬂWﬁfﬂ@ je‘xzdxaﬁaﬁ
FHE SFHTS § Fifer A& § 76 U9 e 1d T8 % Gehd TSHeh] sfashers
e R
(i) A€ qHhe 1 =R x, & Afafe o1 HIE 8 df GHher & ol IeJaR SdRd
F foIu S €1 See:
4+1

4 y 1 5
dy= +C==y"+C
Jy YT 57

7.2.3 AHAT T GHIHAT ®l dotT (Comparision between differentiation and
integration)

1. < el ) gipard €

2. S Aeehel o TOTEH i G I B i

d d d
(i) E[klfl(X)+k2fz(X)]=klafl(X)+kzaf2(X)

@) [[k £ @ +k S @]de=k [ ) dxc+k, [ f, () dx
Tk, k, TR B

3. TH e § ¥ WA € T gt T sferheriig e Bid 81 Sk gEt YR g+t
o AT il T Bid &1 §H STasher 3R AR ol o fou
T Iog wanedl | AR H|

4. =g et wer o fehers w1 e € d 98 SAfgdid Bl @ Wg fRdl e
o G oh WY UHN el © qeify of feRdl Js9 oteR ae Hiftd atfgdd B
T srufd frdl wold & 3 GHRel § gAY T 3=’ 1 ¥ Bl B

5. =fg fepdl SgUL Hel P ohl Sfesho fehal Sl € al IRUMHE®Y Tsh THl 9gIs
Tt @ fSet =1d 9gus Pl 1A 9@ U %7 2l 21 S« fohel 9gus wer P
HT G fohar ST © o IRUMHETEY Th U9 SgUs I el @ forgent =
9EUE Pl A W Wk A Bl 2

6. T9 TS HI T Tk g W Fd & WG GO S == Th g W e
Tl eIt g9 XU gY ®er o GHMRC w1 W=l SH el | w § N9 W
AR R gl © S| g9 uites] 7.7 | == sl
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Teh el oh STaehelsl i SAHdrg o1l off g € 519 for fXu 3¢ 9% o XU g
fog ™ Tl 3@ *T yaur, 39 foIg W wed o STahas] o A oF e gl
21 T TR T g Fer w1 AT THRCH Th S oh GHIR feord ot o
IRER i e s ©, 5o gaehe o = %1 eid w6 ol 318 %
ITele 3@ o gt Skl o gfdesed fagell ® wael @ gwieR g ?)

o Hifdes g A I H SFashers w1 SUAN Bl © SSE: fRE w1 g
forddt omg H @ A E @ A 9@ R A Ry T oy o9 9 9| e o
HeThels Hed Bl 81 39 YhR fohdlt wHg ¢ afE o 3@ © qt w7y ww
¥ 99 g 9 F o AU Gaeher 1 STE g 2l

HeTheAS Tk U YA © e = o1 Wi weifed @ S S YER 1 9
TaEReE 9 off gifed © foees a) ° eH ufess 7.7  stemdA S

he T GHRCH o YohH T O oh Sfohd © oid foh iR 7.2.2 () H
<=t T ST g B

[ wroaet 7.1

frafafad s o gfaetasmas (FHeRaq) e fafy gro 3@ sifsa

1. sin2x 2. cos 3x 3. e*

4. (ax + by 5. sin 2x — 4 &
frfafeq Tamerel &1 Ja Fife;

1
3x 2 1__ d 2
6. J@eenar 7 [PU-5)de 5 @ vhxvoyde

9.

12

15

17

19.

2
1 3 2_
I(2x2+ex)dx 10. J-(\/;—Tj dx 11. J.L;Hldx
X

X

3 32

x +3x+4 X —x"+x-1

dex 13. dex 14. [ -x)Vx dx
J.\/;(3x2+2x+3)dx 16. I(Zx—3005x+ex)dx
J.(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2
sec” x — 3si
J L dx 20. J‘Z SSlnxdx
cosec” x cos? x

2022-23



316 wforq

T3 21 TS 22 H G W T FIT Hifog:
1

21, | Vr+— | =1 wfaerEmas
Jx

[ 2 21
(A) 5x3+2x2+c (B) 5x3 +5x2+c

NER 33 11
(©) §x2+2x2+C (D) 5x2+5x2+C

22. aﬁ:%f@)ﬂf—%ﬁuﬁ Q) =0T f(x)=:
X

4 129 3 129

(A) X'+ (B) X +—+——
8 8

C x4+i+g D x3+i_g
© X Hotg (D) ¥ +—=g

7.3 HATheT okt fafe@t (Methods of Integration)

froet Ui=a] ¥ T U¥ UWhel &1 a9t & off, S @ Temi o SAashers 9
Teragde 9 T ST geRd €1 78 R woenenfta fafer off, s 09 oM F et
ISl 1 Sl @ TSkt s1ahorst £ 399 £ o GHIheH i Wi et &1 qenfy e
W i 78 fafyr ok wor w1 feefa o ga Sfea T 21 ora: qahert i qrmifires
w7 § gafdd wd g€ 3= A0 W o fau g9 sifafea fafvmi fawfaa &0 =+t
eIl 81 3 qe fafeml frefafeaa w enufia 2:

1. YfqeA9" R HHheH

2. o7tk o= o foisH g wHehe

3. @e: HHhOA

7.3.1 GlaeTa= gRT TEIHeAT (Integration by substitution)
39 39 U= § 70 wfazerms fafy g oomee W foeR &3 @dd SR ox & °

aftafita et % o x= g () wfmenfod S gy e T wEem [ f () dx s
wq H ufafda fean S g 21

1= [ £(x) dx R foram e
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7 = o) et Ao A S = (0

BH dx = g(1) dt T 2l

T YR 1= [f(x)dx=[f{g(O}g"(t) dt

ST 51 HaTsher o fag 78 =R 9fiedd 1 ¥ AR UE SUce U HEe Ul
T 1 STAFT R 1 BT SHRT SN TR 99T Teeyul 21 WIe=Id: B9 U

T o o fou gfaeeme +3d & et sashas o gaehed § wifad &, s fe
freferfiaa Sl gr1 o fehan T ©

IEEI0T 5 FAfafEd B &1 x oF 9Ue THRAT HIfST

tan4 X sec2 \/;

(1) sinmx (i) 2xsin (x> + 1) (iii)

Jx

. sin (tan™! x)
1V —_—
@) 1+ x2
'
() B9 SFA 2 T mx 1 STEHAS m | 3Td: BH mx = ¢ IIEATH F B, A0

mdx = dt

) 1¢. 1 1
ELS 1Y Jsmmxdxz—_[smtdt =——cost+C =— —cosmx +C
m m m

(i) x>+ 1 % SFTHAS 2x 2l 3Td: BH &2+ | = + o UFACATTH 1 YA A 7 e

2x dx = dt

WJszin(x2+l)dx=jsintdt = —cost+C =-cos(x*+ 1)+ C
lx_%_L%
(iii) \/}Emaqawaz 2 Ix | 37d: B°

Jr=i % e S wW@ E At 21[dx=dr R de = 21 di
X

T el € |

J-tan4 x sec? /x dr= J- tan*t sec’t 2t dt

Jx t

= 2J-tan4t sec’t dt
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R @ B0 SH0 URRAIT tan 1= u FA € I sec? 1 dr = du

5

ESSIGIY 2J‘tan4t sec’t a’t=2ju4 du = 2u?+C

[\

= Ztan’ 1+ C (i u = tan 1)

l\)Ul

Z tan’ Jx + C (0w 1 =+/x)

9}

4 2

3Ad: Itan \/_\/S_CC \/_ —%tanS\/_+C
X

faereaa: tan J}:;uﬁwmﬁﬁrq

(iv) tan™'x T STFE | 2%|3ﬁ FH tan~! x = ¢ FIEITTT 1 STAN % 7 dlfeh

dx
1+ %2 = di
sin (tan™
WJI ( x) J-smtdt =—-cost+C=—cos (tan"'x) + C
1+ x°

I BH P He@yUl GHMCHl o H SrepiofidE el SR SHeh wEfeR
TRl 1 YA gfaeeray fafy | feer mn @, W == 9 B

1 Jtan xdx= log|sec x| +C

sin x

T U %ﬁjtan xdx= -[cos . dx

cos x = ¢, gfaeenfua ST arfe sin x dx = — dr
qd Itanxdx:—J.%:—logM+C:—log|cosx|+C
3an Itan x dx =log|sec x| + C

(i) Icotxdx=log|sinx|+C

5 dx

g-qqﬁgﬁjlcotxdx I

sin x
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sin x = ¢ FfaEATTYd HIfST dIfeh cos x dx = drt
dt
ad Jcotxdx—IT
= log|t|+C
= log|sin x|+C
(ii1) Isecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x) dx

=0 74 %ﬁ,jsecxdx:‘[

sec x + tan x = ¢ Yfawenfuq FH W sec x (tan x + sec x) dx = dt

sec x +tan x

BRI Jsecxdx:_[%:log|t|+C=10g|secx+tan x|+C

@iv) jcosec x dx =log |cosec x — cot x| + C

cosec x(cosec x +cot x
g Ud 2 Icosecx dxzj ( )a’x
’ (cosec x +cot x)

cosec x + cot x = ¢ FfaLenfud shifsu

qifeh— cosec x (cot x + cosec x) dx = dt

BRIy Icosecx dx:—jﬁz—logltlz—loglcosecx+coth+C
t

|008602 X — COt2 x|
+C

= —log
| cosec x —cot x |

= log |cosec X —cot x| +C

1

. . 3 2 . " dx dx

(i) Ism xcos” xdx (i) Isin Gc+a) (i) Il+tanx
&

@) B Isin3 x cos’x dx = Isinz x cos?x (sin x) dx

= I(l - coszx) cos’x (sin x) dx
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f = cos x UAEAYd SIS Mk df = — sin x dx
BRIy Isinzx cos’x (sin x) dx = —j(l — ) dt
35
t t
" —t)dt=—| ———|+C
[ -1 [3 5}
—lcos3x+lcossx+C
3 5

(i) x+a=r9faeenfid #E W dx=dr

sin x J-sm (t -

safe |

sin (x+a) sin ¢

dt

Isintcosa—costsina

sin ¢

cos a ja’t —sina jcot tdt

(cosa)t—(sina) [log |sin t| + C1]

= (cos a) (x+ a) —(sin a) [log |sin (x+ a)| + C1]

xcosa+acosa-(sin a) log |sin (x+ a)| -C;sina

_[ sin x . )
d: sin (x + @) —xcosa—s1na10g|5ln (X+a)|+C
=k C=-C, sina+acosa, Th 3 WoF T 3

_[ _ _[ cos x dx
(iif) 1+ tan x COS X + sin x

1J-(cosx+sinx+cosx—sinx)dx
- Cos X +sin x

_ lj‘dx_l_lj‘cosx—s%nxdx
2 COS X +sin x

x C, J-cosx—smx
2

= 2 - (1)

COoS x +SIn x
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12.

15.

18.

21.

Ad

I= jcosx Smxd R faER Fif |

€oSs X +sin x

Ad

ESIS

I3 (1) § @& e 94 &

[ xS
l+tanx 2 2

* 1
22

C
og|cosx+sm x|+?+

1 : C,
+—log |cos X+ sin x| +—=
2 2

G
2

= E+llog|cosx+sin x|+C, C:&+
2 2 2

2x
1+ x°

. sin x sin (cos x)

. JJax+Db

c (Ax+2) X +x+1

1

=13 X°

X

9 — 4x’

et(m’lx

1+ x°

tan®> (2x — 3)

| et 7.2 |
2
1
5, (ogx)’ 3.
X
5. sin (ax+b) cos (ax + b)
7. x/x+2 8.
1
10. x—\/; 11.
2
13. 2+320) 14.
16. o2v+3 17.
2X_1
19. N 20.
22. sec? (7 — 4x) 23.
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COS X + sin x = ¢ FfaLAfyd hifed Ak (=sin x + cos x) dx = dr

I=J.%=10g|t|+C2= log |cos x + sin x|+ C,

G
2
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2cos x — 3sin x 1 cos\/;
24, —M8M8M 25. 5 5 6.
6cos x +4sin x cos”“x (1 —tan x) \/;
COS X
27. \/sin 2x cos 2x 28. m 29. cotx log sin x
30, 0~ 3. — 32,
1+cos x (1+cosx) 1+ cot x
2
1 tan 1+1log x
33. 34, NEIX 35, Utlogx)
1—tan x sin x cos x X
+D(x+1 2 x’sin (tan~'x*
36, GHD0xtloga)y o 'sin an”'')
X 1+

Y9 38 TH 39 § WEl W h1 I hIfS0:
10x° +10% log, dx

38. I = TR B
x +10
(A) 106=x""+C B) 10+ x°+C
(©) (0F=x""'+C (D) log (10" + x'% + C
dx
39 Jsin2 X C0S? X = ¥
(A) tanx+cotx+ C (B) tanx—cotx + C
(C) tanxcotx+C (D) tan x —cot2x + C

7.3.2 frwivrfudia @d-afyetel & IUGNT gRT WHIkeT (Integration using

trigonometric identities)

S g H F9 Breivfdg wor ffed g €, df 9 e 91 3 % T 3w
A AR 1 YA i © s for Frefafad SEel o g SHerE T4 B

sargtor 7 fefafad & 3@ sifsg
1) J-coszx dx (i) J-sin 2x cos 3x dx (iii) J-sin3x dx

&'
(i) TIEESRT cos 2x =2 cos? x — 1 Tl RO hifew fSad

cos’x =WWW%I
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BRIy Jcoszxdx:%_[(l+cos 2x) dx = %de+%jcos 2x dx

X )
+—sin2x+C

2

N

(i) T sin x cos y = %[sin(x+y)+sin(x—y)],5|ﬁ'\¢l'@1 EAIEILY

GEl Jsin 2x cos 3xdx=%“sin 5x dx—jsinxdx]

l[—lc035x+cosx}+c
AR

—ic035x+lcosx+C

(iii) FeHfHeRT sin 3x = 3 sin x — 4 sin’x ¥ 89 UQ ® R

. 3 3sin x—sin3x
sin"x=———"-
4

wfery  [sin’x dx:% [sin x dx —i‘[sin 3x dx

—%cos x+icos3x+C

ICETE LR Isin3x dx—jsinzx sin x dx = I(l—coszx) sin x dx
cos x =t W@ T — sin x dx = dt

BRIy Isin3xdx=—-[(1—t2)dt

3

—_[dt+_[t2 dt=—t+%+C

1
—cosx+§cos3x+C

feoguit frhrorfidts gd-afrshTsti s STAN Y0 §Y e I <1 Tehal € Fof Ml ST
T B

| woraett 7.3 |
1922 TF & U9 § YIS e H1 UGS G i)
1. sin>(2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. siP 2x+ 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x
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. . 1—cosx COS X
7. sin4x sin 8x 8. 1+ cos x 9. 1+ cos x
. sin® x
10. sin*x 11. cos* 2x 12.
1+ cos x
Cos 2x — cos 2¢¢ COs X —sin x
13. —— 14. —1 2 15. tan® 2x sec 2x
COS X — COS & +sin Zx
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, ——————
sin” x cos” x cos” x
1 cos 2x
. 3 . . 2 . sin !
19 Sin xcos’x 20 (cos x +sin x) 21 sin =" (cos x)
1
22.

cos (x—a)cos(x—b)
YT 23 WA 24 H WEI SW H 9T FHiSQ

2 2
sin® X —cos” X
———————dX U %:
23 J sin? x cos? x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+ C (D) tanx+secx + C
e (1+x)
= =77 dx R B:
24 Jcos2 (e*X)
(A) —cot (ex) + C (B) tan (xe¥) + C
(C) tan (&) + C (D) cot () + C

7.4 % fafyre weri o Turehe (Integrals of Some Particular Functions)
79 =] o 70 frefafed seaql gumhe T w1 SR F:3 $iX 9gd ¥ W
G WU FAEheH! Sl A i | STeRT TR S|

dx 1 dx 1

1 =—1o +C 2 =—7Io
D sz—az ¢ 2) J‘az—xz 2a £

X—a at+x

+C

a—x

X+‘VX2 —a2

X+a

+C

dx 1, x dx  _
=—tan  —+C ———=r=log
) Ixz +a> a a @ J«/xz —a’
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=sin 1—+C x+Vx2+a*|+C

=log

d.
O e ﬁ (©) I—sz_%z

319 &9 Wi uRomEl o fag e 2

1 1
(1) &1 5 efF 55— =

x*—a° (@x-a)(x+a)
i x+a)—(x—-a) _i{ 1 B 1 }
2a| (x—a)(x+a) " 2al|x-a x+a
g dx 1 dx
sz—az ZDX a_-[x+a}

:Z[log|(x—a)|—log|(x+a)|]+C

1y
" 2a g x+a

(2) STH (1) & S8R &9 W4 ¥ &%
1 :i (a+x)+(a—x) 1 1 1
a*-x* 2a| (a+x)(a—x) =5{a—x+a+x}

BRI Iazd_xzzih - +] dx}

X—a

+C

x° 2al|l'a-x ‘a+x
1
= Z[—log|a—x|+log|a+x|]+c

1
- —1lo
2a g

a+t+x
+C

a—x

(1) ® ST &1 T fafy # omen im=es 7.5 § # ST

(3) x=atan 0TI W dx =a sec’ 0 do

ufer J- dx _J- a sec’ 0 do

x> +a’ a® tan’0 + a*

- —jde=—e+c=ltan-1f+c
a a a a
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(4) |HH TSTE x = a secO T dx = a sec O tan 0 dO
J- dx _J-asecetanede
\/x2 -a’ \/a2 sec’0—a’

= Jsece do =1log [sech + tan6 |+C,

2

_ log ﬁ+‘/x—2—1
a a

= log| x+Vx*-a —log|a|+C1

= log| x+vx* —a’ +C,GI%'TC:C1—10g|a|

(5) O eifSef® x=asin 8T dx = a cos 6 do

+C,

LS}

40 _ [ap=6+C=sin T4C
a

dx
Ffere -[\/az_xz _J.\/
(6) T TifST ff x=atan 6 9 dx = a sec?® dO

a sec’0 do

a® tan’0 +a*

a® —a® sin%0

S o i

= jsec@ do = log |(sec@ + tan 6)| +C,

2
= log £+1/x—2+1 +C,
a a
= log x+vx*+d’ —10g|a|+Cl

= log [x +Vx* + d*

= TR YA oh YA W 79 ¥H F9 SR G U H § S STIA *T gfe
T ST B SISO GHTRCHT T A Hd i oh folt geht dienm wamT fohan s
Herdl B

+C,S=(C =C, - logd]
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(7) Wj—aﬂmﬁéafwz%ﬂ

ax” +bx+c’

2
ax> +bx+ ¢ = a[x2+2x+£}=c{[x+ij +[£——J]T\H@ﬁ %I
a a 2a a 4a*

¢ P ‘
A9 x+i:t1'@af ™ dx:dtQHg—F:ikz faed 8¢ ¥9 W € f
a

2a

c b’

[———Jéaﬁgmﬁﬁwaﬂﬁgqagmw I & ®9 ¥ qiafid

ﬁw%aﬁiwwmmaﬁmmm%

dx .
(8) Jmﬁw%wﬁaﬂw&m(nﬁuﬁmm
T WHIT0Teh T3l o1 STA ich HHIsher 1 feha S Wehell 2|

®) .[ax +bx+cdx &l p,q,a,b, c 3= E, o GHR o GHEHE 6 B o (T

T Ut 3 ardfass et AdAl B 9d % © difeh
px+q=Adi(ax2+bx+c)+B=A(2ax+b)+B
X

AT B, T T o 1T g9 ST wall 9@ x ok ToTeRl T STeRI i GHM Hd 2
AT Bk FI0 & ST W GHERCH G W0 &9 § aRafdd 8 S f)

M,%w&wmmmwéﬁmm(g)aﬁqﬁ

10
(10 J‘\/axz+bx+c
M 9gd © 3R WHIERe I S W ® 6§ gRetdd s 2

aTEu S fafeal ol o SRl ®i Herdar ° wHe €
zarer 8 frefafad gaeher 1 [ hifsg

. dx
) I Y (i) jm
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&'
. o dx dx _l x—4
O ] o=l = gl 74
dx
(i) =
I2x x I,/l—(x—l)2
x—1=71T@EH Rdx =dt
d d
ERSIIGLY I\/z al - :I\/l ttz =sin"' ()+C [7.4 (5) 9]
X—X —
=sin' x=D+C

3are0r 9 frAfafed HeRel &1 A i)

J i | dx IL
@ —6x+13 W ) a0 W V52 o
&

() aﬁxz—6x+13=x2—6x+32—32+13:(x—3)2+4

1

WTFTQ dx
I —6x+13 I(,5_3)2+22
qﬁ?ﬁﬁl@x 3=¢tdd dx=dt
1t
gm%ﬂ; = =—tan —+C
J —6x+13 J; 2422 2 2 (74 3) ¥
:ltan_lx_3+C

(i) fe gen wHEhe 7.4(7) % ®9 61 €| B9 HHhed o el S (EtarEd IR
g fored
13x 10

3x°+13x=10=3| x> +— - —
3 3

] (2] e

1 dx
32 +13x—10 3 13V (17Y
x+— | = —
6 6
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13
CEE | x+€=tmﬁuzw=m

J dx _1 dt
3x* +13x-10 3t2[nj

+C, [7.4 (i) 9]

6x—4
6x+30

1 * 6 6 1
=—log|———=(+C, = —1lo
g 1= 17 g

‘+C1

1 1
——1lo +C, +—log—
g T g3

1 1
=_10 +C = C +_1 —
17 g t5 , where C 1T 0og 3

1
Eic| x—g=t1@ﬁ¢{ dx = dt

dt

i f%%fﬁ
5
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1 I, (1Y
= —=log|t+ tz—(—j +C (7.4 (4) 9]
5 5
1 1 2x
- —log|x——+ [x* ===
5 5 5

IETET0T 10 TreAfafad gaeheri sl Fd hifsg

+C

J x+2 B I x+3
UN Pyer W s —ax— 2
'

() T 7.4(9) 1 SYAN HT T A AWeTH LA &

Y42 = Aj (2x +6x+5)+B - A(4x+6)+B

A el T x ok Ol TH SR HI HEH HE WY UQ T

1 1
4A=1TAM6A+B =2 31 A=Zaﬁ?B:§

x+2 1 4x+6 1 dx
P LB | S
2x“+6x+5 472x " +6x+5 292x°+6x+5

e |

1.1
= ZI‘+512 CIERSIIELY) (D
LH, 202+ 6x+5=1 & W (4x +6) dx=dt

zgf II=I%=10g|t|+C1=logl2x2+6x+5I+C1 . (2)

dx 1 dx 1 dx
R QZJ 2 =5 =_J 2 2
2x°+6x+5 2 x2+3x+% 2 [x+3) +[1)

G x+%:t,@ﬁq'{dx=dt,€'qtﬁﬁ%
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1
I,=— j - tan~'2r +C, (7.4 (3) 9]

= tan_IZ(x+%]+C2 = tan"' (2x+3)+C, (3

(2) 3R (3) 13997 (1) § & WeH TQ ©
_[ x+2
2x* +6x+5
o C G,

S8l C—T'FZ

I8 G 7.4 (10) & €9 § 2| U 43 hl FefciEad &9 § Afqered
F B

dx=ilog‘2x2 +6x+5‘+%tan_l(2x+3)+C,

x+3:Adi(5—4x—x2)+B —A(4-20)+B

X

A vell | x ok O] T SRl ! WHH I W EH U ©
—2A=13R-4A+B=3,

arefiq :—% B =1

4— 2x dx

J.\/S dx—x? J.\/S 4x—x*

N

1
= -5 L +L, (D)

ILHS—dx—x*=1, T W(-4-2x) dx=dt

4— 2x dx dt
e 1 = = i +C,
J.\/5 4x—x? J.

= 2\5-4x- x> +C e (2)

forem =ifsig

- I =_[ X =_[ dx
P s—an—r oo (er2)
X+2=tT@ W dx=dt
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dt .t
zafere Izzjﬁzsul 1§+C2 [7.4 (5) 9]
= sin‘1%2+c2 .. (3)

TR (2) TS (3) & (1) H yfaeenfia 9 W 89

J-L32=—4/5—4x—x2 +sin‘1%2+c W Y €, STl c=cz—%
V5—-4x—x

| vttt 7.4 |
YT 1 9 23 T o Hol 1 GHRAT hiToa)
3x2 1 ;
2. 3. 2
x®+1 VI+4x7 (2-x) +1
p——— 5, PR ¥
T 9-25x2 1+2x* 1-x°
x—1 x2 sec’x
7. 8. — 9., T/——
-1 X +a N tan’x + 4
1 1 1
10. 11. ———— 12.
Nt +2x+2 9x> +6x+5 NT—6x—x2
RS S R S S S
13 (x—1)(x-2) 14 43— 2 15 (x—a)(x-b)
4x+1 x+2 5y—2
16. 2x% +x-3 17 -1 18. 1+42x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) dx—x? Vat +2x+3
x+3 S5x+3
22. 23.
x2-2x-5 3 x> +4x+10
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YT 24 TH 25 § TEl W HT 9I7 HIfST:

24. Jz—amar{ T
X°+2X+2
(A) xtan'(x+1)+C B) tan' (x+ 1)+ C
C) (x+Dtan'x +C (D) tan"'x + C
2. | X i
VOx—4x°
(A) lsinl(gx_8j+c (B) lsinl(gx_9]+c
9 8 2 9
o af9x-8 lsin_l(gx_gj+c
©) gsm ( ] j+C (D) > 9
7.5 31ifreR =t gRT WuTeRe™ (Integration by Partial Fractions)

P(
TR HifST fF T 9T wem Q(x) ] SgUSl o ST o ®9 H qRIfod foman S

2 &l P(x) T Qx), x H 9ETE € e Q(x) # 0. A% P(x) 1 =1 Q(x) 1 o1 & &7
2, A UG wor Sfed aREy e wed § o= faum 9iHg wor wean | faum
IiHT Forql i ot 97 fafy g sfaa 9iga wed & w9 § ufafdd fear s e

P(x) WWW% q @_T( )+P(x) S T(x) x ¥
Q(x) Qx) Q)

T Sfed uREE e €1 B9 W € foh U Sgug ol SHIehe

21 9 THR AR

@E@E%@WQ()

+9 e s 7, ofa: ford «ft aREy woe o1 9aehed fRet 3fad 9Red %o &
G 1 G o &9 | gafdd 8 S 21 e W ew {5 ufig werl o qHener
W faEr wiT, ma%@aﬁxmmﬁmmwm

H fee j dxmmammamﬁ% i P & 3faa aREa

e Bl Tk fafy, ﬁ@w&wfﬁﬁﬁaﬁm%w@ww% 1 werd 9§ fiu
T TARCT ! RO GREF ol o 0T & ®9 H foa@n S 996 21 39k 99
e W@ fafuel 1 Sewar ¥ WHheM Wedgds R 1 wwa @1 fefafed
groft 7.2 fafds wxdt 7, fF fafe=r gR & afda werl & @1 fvg 9N o o
s7ifersh fa=ii i Tearg foran ST wHa 2

2022-23



334 TTford

Rl 7.2

R | URAT Wed o ® Y ifoTeR Rt @1 ®
Lo P sy A LB

' (x—a)(x-b)’ x—a x-b

, px+q A B .

i (x-a)’ X—d (x—a)

3 pxigx+r A N B N C

’ (x—a)(x=b)(x—c) x—a x-b x-c
A pxE+qgx+r A B €
’ (x—a)z(x—b) xX—a (x—a)2 x—b
< px’ +qx+r A Br+C

' (x—a) (x> +bx+c) x—a x*+bx+c

SET 1% + bx + ¢ 1 3R ST UrES T fRa S Hehdl

S Gt § A, B Ud C arfass dend € et sfaa fafu 9 9@ o 2

3&Tg Ul 11 Im 1 HH A SHifST

g1 fean gen wurhed ww Sfud uiwa wed @ safew enfys fo=i o &9
[ETOT 7.2 (i)], 1 ST Hd gY, &

I _ A, B fwe# (D)
x+Dx+2) x+1 x+2
Sl A 3R B ordfers Head © SR g9 sfua fafy 9 9 e 81 89 U ©
1=AGx+2)+B(x+1)

x ok T[OTh! o (=R U ! THH T W EH U §

A+B=0
T 2A+B=1
T TR ol B HE WEH A=13R B=— | W< Bl 2l

1 1 +—1
G+ x+2)  x+1 x+2

T9 TR g efared 9 § W e ©
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: dx dx dx
J(x+1)(x+2) - -[x+1_Jx+2
= log|x+1|—log|x+2|+C = log i:; +C

froguit U TRl (1) Uk Geaiie © e1efq Tk TH e S x ok qeft Tl
eft AT o fIT 1 81 F® oiEe Hobd =1 SYAN J8 < ok g & ® Tk fean
TN HUA T TIHHH ¢ SR Hohd = 1 ST I8 T o foaw w § fom famm gen
HUA Teh GHIH © 27iq 78 <9 o forw fom fan gen som x o6 fafvea wml & forg
T 2

X2 +1

IR 12 Imdxmmaﬁﬁﬁm
X —JX

2 +1

m@sﬁﬁwﬁﬁﬂwﬁéwgﬂxulaﬁ
X —5x+6% 9N FW § N TH U ¢ fF

X2 +1 5x-5 5x-5
> =l+— =1+
x°=5x+6 x°—=5x+6 x-2)(x-3)

TA Tl T

5x-5 ___A B
WA AT S T 3 T 2 13

GlED 5x-5=A(x=-3)+Bx-2)
T qel W x o TOTshi TS 3R TSI i GHM i W EH Ud € A+ B =5 3R
3A +2B =5.

3T GHIHON i A HEH W 8H
A=-5 3R B=109< & 2l

2 +1 5 10
1 +

3Ad: =1—
X2 -5x+6 x-2 x-3
2
x +1 1 dx
TgferT — = dx=|dx-5 dx+10
Ix2—5x+6 I Ix—z Ix—3

=x-5loglx— 2|+ 10 log|x -3+ C
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IETET 13 jidxmmamﬁﬁm
(x+1)*(x+3)

WWE@TWWIN@ﬁﬁ’{Q@QW@EWW%I 37d: BH

3-2 _ A B
x+D*(x+3) x+1 (x+1)* x+3

fored &

afd 3x-2=Ax+ D x+3)+Bx+3)+C (x+ 1)

=A@W+4x+3)+BEx+3)+C (> +2x+1)
S vel | a2 T[T, x o UM Ta TR Y&l I qo HH W I © T
A+C=0,4A+B +2C =33 3A + 3B + C = — 2 37 GHIHN i &1 H W &H

A=l B_ﬁﬁyczﬂm%lwwwﬁwﬁ@ﬁmﬁmmél
4

4
-2 1 sl
G+ +3)  4@+D) 2+ 4(x+3)
= 3x—2 11 ¢ dx
J(x+1)2(x+3) - 7 x+17_j(x+1) 4jx+3
11 11
:ZIOgIX+1|+2(x+1)—Zlog|x+3|+c
=E x+l > +C
4 x+3| 2(x+1)
2
X
; 14‘[(x ) +4) dx 1 T F ST
2
X
Wmﬂﬁ?ﬁmaﬁ?xkym
Xz _ y
i D) +4) +DG+4)
2 A % e § ffin

G+D(y+4) y+1+y 4
GIED y=AGyY+4)+B@Hy+1)
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Tl el @y ok TUNshl TS SR Ul Wi ol il WEH Ud € A+ B =131
4A + B =0, foo@ urw gran €

A:—% aﬁT B=£

3
X 1 4
S 2 2 =52 L2
x+DH " +4 3(x"+1) 3(x"+4)
f x2dx 1
J-(X2+1)(X2+4)= 7§J‘x +1 _‘Ix +4

= —ltan_1x+£-ltan_1£+c
3 32 2

= —ltan_1x+ztan_1£+c
3 2

ST 33T H haa AfTw 9= a1t 9 ok faw gfaeeras foeen o on 9 f
A 9Tl 9 % Ul 319 eH U UH S H1 wEl i € o gHmeher o
fore wfeeemes fafy o enfyres st fafa 91 61 999 €9 @ v oo w0 )

(3sin ¢ —2)cos ¢
cos’) — 4 sin ¢

SETEIT 15 j do 1 9 A it

T WA ST y = sing
qd dy =cosd do

J- (3 sin¢ — 2)cos(|) J- By - 2) dy
5—cos’p—4 sinq) 5-(1-y*) -4y

_J‘ 3)/ 2 =J'3y722:I (qﬁ?’ﬁm)

4y+4 (y—2)
3y-2 A
SR o & ROt 7.2 (2) ©
(y_2) e ot o 2) [ (2) ¥]
zHfeTy 3y-2=A(-2)+B

T el ¥ yoh TN T SR TRl I qoil 1 W eH UM B, A=3Td
B-2A=-2,T599 84 A=31d B =49« &l 2l
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Tl e1efie THTeher fefefaa &9 o 9w g 2

I=j[i+ ! y_3j dy +4j

(y2)

4
2—sin ¢

+C

3log| y—2|+4£—LJ+C = 3log| sin 9—2 |+
y=2

310g(2—sin¢)+2_j ¢+C (e 2 — sin ¢ THI AHF T)

x> +x+1dx
3alglUl 16 |——————— <l HH % eyl
J(x+2)(x2+1) =

o e gen wHehed U Sfud uRHd e 21 URHd e o enifves fae o
femfed ®ed & [EROf 2.2(5)]1

xX+x+1 a A +Bx+C
CHD(x+2)  x+2 (P +1)

Eiigly P+x+1=A+1D)+Bx+C) (x+2)
T Tell | x2Sk T[T, x oF TOThI TS STeR TSI i qol I W TH A+ B =1,
JB+C=13RA+2C=19d & 2l

s?wﬂwﬁﬁwwﬁmmAzg,Bzg,czétrﬁ%
T YR TR MEfafEd ®9 § w2 ©
2 1
P +x+1 3 +§x+g 3 l(2x+lj
G+ (x+2)  5G+2) xX+1 Sx+2) 5(xP+1
- J X2+ x+1 ‘_J J +_J N
(x2+1)(x+2) x+2 5 x? +1 5 x%+1

W

-1

—log|x+2|+ log‘x +1‘+—tan x+C

5
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| vt 7.5 |
1 921 9% 5 99 | 9RET HeHl 1 THRAT HifT)
" X 5 1 3x -1
T+ D) (x+2) X -9 5 (x=1)(x=2)(x-3)
4 X 2x
S oD -2)x-3) > P iax+2
6 1—x* X X
Tox(1-2%) 7 W+ x=1) . x-17 (x+2)
. 3x+5 ; 2x—3 5x
XX —x+1 0. (=1 2x+3) 1. x+1) (x> —4)
X +x+1 2 3x-1
12. o 13. Y 14. 12
1 1 ) L
15, —— 16. D [k : 3191 T B! x| QO HITSC R
X' =t Eu |
COS X . .
17. (1—sin x) (2 —sin x) [ﬂﬁﬁl:smxzﬂf@l]
18 G2HD (7 +2) _LH o, 1
P43 (P +4) T OEHD (P +3) Cox et -
21. ! [Hehd: ¢ = ¢ WEy]
(e" =1

99 22 UE 23 H WE SW HT T SifSul
d
[—5— wm=r #:

(x-1D(x=2)
(x—1)? (x—2)*
(A) logl———+C (B) log——+C
x—2 X—
x—1 :
(C) log (EJ +C (D) log|(x—l) (X—2)|+C
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23, [ dx
) x(x2+1)

(A) 10g|x|—%10g(x2+1)+C (B) 10g|x|+%10g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+10g @+ +C

7.6 GSIT: WHTehe (Integration by Parts)

79 U] H W "o w1 U iR fafy &1 == w6 S R < werl o e
HT G FE § Tgd SuEnt 2
I Tehet =R x (AH AT F 4 3R v & SFhet 19 e € Al STk o e
o & ogaR B9 e € R
d dv  du
— ) =u—+v—
dx dx  dx
AT Wl T R H W W W § R

uv:".u% dx+".v% dx

dv du
A u—dx=uv—|v—dx .. (1
I dx I dx M

M efifsg R u:f(x)?::ﬁ'{%=g(x)ﬂa

%=f’ (x) SR v = Jg(X) dx
X
Tafe gefieRor (1) i Frefafed &9 § foan st gear €
[ g @de=f@ [gde-[[]g () dx (1 dx

et [ g@dr=f@) [g @ de-[[f (0 [gx) dxldx
If% TH £ I YW Fe IR gl TEU e UF o df 36 g H Frefatad 9
H o foman 1 ehe €1
“F el o UHEA 1 G = (FUH Hed) x (f5da we o1 THhe) —

[(92H ®ed T SAdsha Tuneh) x (Tgd™ e o1 HHRe)] 1 FHThe
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SO 17 [xcos xdy 1 WA T i)

TA F(x) = x (FU9 ) 3R g (x) = cos x (g et Waw| 70 @ew: THwe d
e Bl @ TR

jxcos X dx:xjcos xdx— j[%(x) jcos x dx] dx

=xsinx—_[sinxdx=xsinx+cosx+C
H AT fF 89 f(x) =cosx T g (x) =x od & ad
d
jxcosxdx:cosxjxdx—j[a(cosx)jxdx]dx
X . X
= (cos x)?+Jsm x?dx
T YHR TH @A ¢ foh WHEHEM [ x cos x dx , THIHR M2 xHT e W
o St Hie TaRed | uRafdd 8 Sl 21 SHfa g wer wd fgdid wer @
3fed =g Aoyl 21
feauit
1. I8 9o ¥, ff Tee: gamher < werl & U 1 qeft feefaat § v
T €, s [V sin xdr 1 feerft § w7 fofa wm T w3 gwww
FRO T8 ¢ Th UET IS Tl ik | €1 78l © fSeeh1 stashersi/x sin x Bl

2. o <ifeu & fgda wed o1 THehad A1 S T9T 94 iz T 3TeR
Tt Strer o Afg g9 f5dt™ wem cos x o U &I sinx +k, o ®9 § foed
&, el ki 3R ¥, 7

Ixcosxdxzx(sin x+k)—j(sin x+k)dx

= x(sinx+k)—jsinxdx—Jkdx

= x(sin x+k)+cosx—kx+C = xsinx+cos x+C

€ T B Toh Gew: Tuher fafy o w9 sifan 9Romg 3 s ok fo
fgda wer o HEhe H eTR w1 Se = @)

3. WE: A R Wl x ! S oF 9 H € 3196l x 1 9gUS ¢ Al g9 39 Hem
e o ®9 0 o €1 qenfa T frerfa | ST <o wer gfiet S wer
] ARG o &, df §H SRl JoH el o &9 | ofd 2
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ISR 18 jlogxdx [ Fifu

T U YA o T g9 TR el o1 M e ° sreme € fSweht stashers
log x %1 BH log x ! J&H e TH 3o o | i f5dia ®er od €1 TR Her

G x B

d
: logx-1) dx = log x [1dx— |[— (log x) |1 dx] dx
S J (togx-2) dx = log x [1dx— [ (log x) [1d]
1
=logx.x—J—xdx:xlogx—x+C
X

SO 19 [xe'dx T S
TA x 999 T T o i fgdid %o o ®9 H iy

TH AT I FHHAT = ef

Tgfeg jxexdxzxex—jl.exdx =xe'—e* + C

X sin lx

IETETT 20 j\/—d X @ FiT)

T 9 AT JoH Her = sin ﬁ?f@ﬂﬁﬂw:\/fc—z

1.088 mm -
319 &1 g el 1 qaehor 310 S § 3refq ]

5
t =1-x Eu
qd dt =—2x dx
X dx

Fafere J\/l—x ———f— = —r=—+1-
3d: jxsm x dx =sin~ x(— 1- ) J. ,_(—ﬁ)dx

—JI-x*sin"'x+x+C = x—+1-x?sin"'x+C

ferereua: sin'x = 0 Wiaeefua e W iR q9 Te: T H1 STAN Hd 8Y

ot 59 GHRe 1 g TR S Gl B
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ISTEITT 21 je"sinxdx A FIfT)
TA ¢ Rl YYH HAT TH sin x ! fgdg ®ed o 9 H ifSU] d9 TS3: AR 9
9 UM ¢ fR

1= jex sinxdx:e"(—cosx)+jexcosxdx

=—e"cos x + I, (WH ifSQ) (D)
1,5 " T cosx hl HHN: VoM TS f5fid we MG g B UM € R

Ilz e’ sinfo'exsinxdx
1,1 99 (1) H W& | &9 T ¢ R

I= —e" cos x+e'sin x —I137YaT 21 = ¢* (sin x — COS X)

X

3d: 1= Je" sinxdxz%(sinx—cosx)JrC

fosheud: sin x F JoH HeH Td o 1 fgda wed o W ot STda aushad i
EIRRER IS e

7.6.1 J'e" [ f&)+ f (x)]dx & Uk T WHIHTT
= 7@ & fp I= [eX[F00+ F@]dx = [ f @ dr+[ef ') dx
= L+ [e"f (x) dx, ST L= e f (x) dx ()
LH f(x) Tol e* 1 HAR0: 98 TF gl e oid 8T T @esl: Hahe ghl &4
L =f () e~ [ £7x) e'dx+C
1, %1 (1) § gferenfud 3 W &9 90 T

[= /@ -[f@edc+[e /' M) dx+C = e f(x) +C

am: [e (£ + f/(x))dx = " f(x)+C
JETET0T 22 Hd Hifsg

. e k™ 1 (P +De”

1 Je (tan x+1+x2 )dx (i) '[W dx
&

N e 1

= d
() el 1=[e" (tan ) dx
3 £ (%) = tan'x, ST, 96 f(x) = 12
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a1a: T gan wHshed o [f(x) +f(x)] % ®9 H B

T I= _[ex (tan” 'x + 1+1x2 )dx =e¢* tan 'x + C
. (x? 1)e —1+1+1)

M St = d
@) J eyl (x T 0 ©

2
zjex[xfl_'_ 2 dx :je“‘[x—_1+ 2 | dx

x+1)>  (x+1)? x+1 (x+1)?

x—1 v 2
A Sl R f () =" T W=

a1a: T g3 wamed o [f(x) +£/(x)] % ®9 | B

x* +1 o d x—1

ERSIIG L dx = e +C
J(x+1)2 x+1
| woTareht 7.6 |
1 ¥ 22 Tk oF U9l o ol o1 AR i
1. xsinx 2. xsin 3x 3. x2ef 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x
9. xcos!'x 10. (sin"'x)? 11. s x 12. x sec’x
V1= 22
13. tan™'x 14. x (log x)? 15. (2 +1)logx
) xe e 1+sin x
16. e (sinx + cosx) 17. (1+x)2 18. 1+ cos x
L T
9. 2 0. x—1) . e¥sinx
22 sin_l( & j
’ 1+ x°
T 23 TF 24 H U IW H TIF i
23, [Xet dx TR E:
A 1 x3 C B lexz_i_c
(A) ge + (B) 3
C le"3+C D ! < 4C
© > (D) 26
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24. _[ex sec x (1+ tan x) dx SR 8:

(A) e*cosx+C (B) e*secx+C
(C) esinx+C (D) e“tanx +C

7.6.2 S 3T Yok & gurRT (Integrals of some more types)

T B9 WEI: THIHEH fafe T T 5w fafere YR o i qarehet w1 ==
F| 59

(1) j\/xz—az dx (i) j\/x2+a2 dx (iii) j a*—x* dx

@) ma‘\ﬁqﬁl:j P —a® dx
ww1ﬁmwnﬂﬁ§qaﬁ?mzwm%ﬂqﬁ%

I= xvJx*—a —j x dx
X2 —

:xm—j ,—dx—XVX jx —a +a”

x\/xz—a2 —I\/xz —a® dx-a®

dx

J- dx
Vx? —a?

xVxt-d* —I—azj

e 2= x/x*—a’-a°

2 2
X —a

dx
J /X2 _ g2
SR I= J‘\Ixz—a2 dx=§\/x2—a2—glog‘x+\/x2—a2

T YR T I GGG § TR Wed 1 ol g W el Td @esl:
TR fafy g ew ad §

2
(i) j\/x2+a2dx=%x\]x2+a2+a?log
2
(iii) j az—xzdx=%x\/a2—x2 +%sin_lf+c
a

foeheud: wHMREA (i), (i) T8 (i) § FHU: x = a sech, x = a tand I
X = a sin®, I W W =H TERRe! 1 91 R ST 9T 2

+C

x+vVx*+a® |[+C
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ISTETUT 23 J‘w/x2+2x+5 dx F@ i)
T = e fw J‘w/x2+2x+5 dx=J.«/(x+1)2+4 dx

3« x+1=yT@H W dx=dy, 7@
J\/x2+2x+5 dx = J«/y2+22 dy

1 2 4
= +4+—1lo
2)’ y > g

= %(x+l) Vx® +2x+5+21log

yHyy +4 ‘+C [7.6.2 (ii)3 3TaRT 9]

x+1+vx2 +2x+5 ‘+C

FEET0T 24 V3 -2x—x* dx Fd HIfSU
N

T N AR ﬁj 3-2x—x° dx=J‘\/4—(x+1)2 dx
SiC x+1=y%@ W dx=dy
WIRR  [3-2x-xdx = [J4-)2 dy

1 4
= 4=yt sin 1%+C [7.6.2 (iii)e SwaiT 9]

- %(x+1)\/3—2x—x2 +2sin_1(x7+1j+c

| vt 7.7 |
1 99 dh o Yl o HoHl ol THIRC ohifold|
L 2. \1-4x7 3. X +4x+6
4o xP+4x+1 5. Jl1-4x—-x* 6. \/m
2
7. 1+3x—x* 8. V¥’ +3x 9. 1+%
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YT 10 TF 11 H &l ST h1 TI9 i)

10. I\/l+x2 dx TR 7

3

2 =
(A) §\/1+x2+%10g(x+\/1+x2)+C B) S(+x)2+C
3 2
©) %x(l+x2)2+C (D) %\/1+x2+%leog x4+ [+C

11. I\/x2—8x+7dx3ﬂ'[5l'{%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§10g x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%10g x—4+\/x2—8x+7‘+C

7.7 Tafvora @uteRe™ (Definite Integral)

et aftesel o end rfiyea aeeherl o aR o e1ezer e @ o oo fafire e
o el Ffed AT Tawer #1910 w6 # F9 G ) w=t w2
Tf=ss | &9 fhdt wem o fafyad gamres &1 steqaa w1 fafyaa aamees &1 @

HAfgdta o= Bl 81 T iv=a Sameher jjf(x)dx,@ﬁﬁgmméﬁﬁ

b, GHIREA 1 =0 GIH U1 o, R 1 5 i seard! 81 Fivea gameher
9f=E, o1 A R e w9 H S S § A¥El AfE S [a, b] H THR hIE
yfdsresherst F € df ffvea gmeher &1 A offaq fogeii W Fos Ml & ofax ereffq
F(b) — F(a) & a0 BId1 8, & &9 § w1 S0 2| Fifved guehed o 39 41 ®i
I B -7 == H|

7.7.1 TR T G @ w9 9 [ived QUThcIT (Definite integral as the limit
of a sum)

M ST fh T &€ SFaA [a, b] W Th Had ®ed £ IRWIE 81 /e s fw
Her & Feft O ROR ¥ THfAT Wer &1 oo x-378 ¥ SR Th TF 2
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TH y=f(x), x=a,x=bTd x-31 ¥ R & &1 e=wa & ffvea gowe
j:f(x)dxélwWﬁmaﬁ&ﬁq,ww,x-aa@ﬁﬁﬁx:am

x=beh o9 R &% PRSQP &l ofifq (3merfa 7.2 <f@w) |
HAaUA  [a, b] EDl [x, x,1, [xl, X,] s [x. ,xl .. [x _,.x] T faffe n gum

ISl H faufea wifsa \_ﬂﬁxoza,x1=a+h,x2=a+2h,...,xr=a+rh?f?41

b—a

X =b=a+nh3A¥AM n= 2 JST I n > o dl h— 0

afeq &5 PRSQP, n SU& o1 a1 8 &l Joieh Sua susiauat [x,_,x ], r=1,
2,3, ...,n T GRHE 2

R 7.2 9 &9 UM ® T
3T (ABLC) &1 &5%al < &3 (ABDCA) 1 &% d < 3Td (ABDM) &1 &% ... (1)

S

T A x —x_ —> 0 AU 7 — 0, W FHHIT (1) | <MY T A asbet
Toh SO o @ HAME € S B 31 gH Trefetad dmhel w1 i e €

n—1
s =h[fx) + ... +fix, )= 2 f(x) e
r=0
R = RIf () + f06) + . [ )] =hD f(x,) .. (3

TET s T S U [x_,x|r=1,2,3,...,n, R T HEN: 7 o€ v 3=
TGl & el o A i ffdw wRa €1 srfEe (1) % wed ¥ fHd wes 3w
SN [x xr]a?fﬂ'q%'qtl'lﬁ%ﬁ

s < & PRSQP I &5%dl < S C)

1°
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IR 1 —> o0, A TR THIT T FawTot BN = W 7 SR T@ WA foran S ©
& (2) 3R (3) o Hifqd 99 & G6E 2 qun s9atTs Hifid 5e & 9% o e
i ahe 2
rorfass o | &9 39 fefafEd geR fored

limS, = lim s, = &% PRSQP 1 &9%d = j:f(x)dx (5

n—»eo n—eo

Y U8 Udl ordl ¢ foh 1 &% g o 9 o STdl Us g% o S &
Tl ok wiel o TRl ehe o HifHa A ot €1 gleen o fory B9 ok Susiaud
% o fHTR W g 1 SAE ok SR SUE 916 STl i <l 3T: 79 (5) I AR
frfafad w9 o fored 21

J.jf(x)dx = }lin(l)h[f(a)+f(a+h)+...+f(a+(n—l)h]

A I:f(x)dx = (b—a)ii_l)g%[f(aﬂf(a+h)+...+f(a+(n—1)h] ... (6)

. b—a

STl h= S0T’ n—o o

n

ST SR (6) AR H WA % w9 A fAfved GHeher w1 IR wEdn 2

femuit fodt fafire Aae W U Fod o [ided THsad &1 99 $od T8 3iaid
W At FXa1 ¥ W THIRCH o 39 W W &l EH =91 70 WA = i Frefid
FH & faT W 21 A x F TF W Ead 9 H] ¢ U ¢ 9 M fme S 2

q 9 g Iabf(x)dxéﬁ@mthW J-bf(t)dz eﬁ%ﬂj:f(u)du
foraa €1 era: fAfvea TamEer o fau gueher =R T 9% =X HEdr B

ISTETUT 25 Waﬁﬁm%mﬁjju%l)dxaﬂmaﬁﬁml
el QR o $TIAR
J-bf(x)dx =(b-a) liml[f(a)+f(a+h)+...+f(a+(n—l)h]
a n—o n

o b-a
EH h=

n

TWIEWH  a=0,b=2,f(X)=x>+1, h= =
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Z(n hy

i [ dr = 2m O+ SO+ SOt FEED)

n—soco 2

2 2 2
211m—[1+(2—+1)+(4 +1)+... [MHJ]
n

2,42
_211m—[(1+1+ +1)+—(2 +4% +..+(2n-2)%]

n—oeo
n 9g

1 22 2 2 2
=2lim—[n+— (1 +2°+..+(n-1)7]
n

n—e pn

4 (n-Dn2n- 1)]

= 211m— +—
n—se n[ n? 6
— 2 lim L 222D @Gr-D,
n—e n 3 n
4
=2 lim [1+ (1——) (2——)] e D [1+
n—o 3

IETETUT 26 AN KT W F €T H joe“‘dx %1 TF G BT
ol R o STER

1 2 4 2n-2
J. e dx = (2-0)1im—|e’+e"+e" +..4e "

n—e

2
TUIRR it o 5 WSl ok AMHE o G 1 SYAN Hd L & a=1, r=e" W UN
g f

2n

2
[Ce dx= 20im [0 = 24im - £
n—e p n— pn ol
e”—l e"-1
2 -1 . ("1
B N
tim | 5|2
n
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[ woaerett 7.8 |
AT Y o oh w9 ° frefafea e g =1 3 9@ wifsm
1. j:xdx 2, j;(x+1)dx 3 j;xzdx
4. j14(x2—X)dx 5. J-jlexdx 6. j:(x+e2x)dx

7.8 Te @t 3NURYA WHA (Fundamental Theorem of Calculus)

7.8.1 éﬁaﬂv_c'f %I (Area function)

Y _
ELEl j:f(x) dx H TFE y = f(x), x-3T8, TE | V¢ 4%
FHIfeA x=aq M x=bh T TR &7 & &A%A &
wq § uftifid foran 19 ST [a, b] § x 1 6

fog 2 q@ [ 7 (x) dx Ff 7.3 H Tt BrifcRd

&5 o G5l ! TEMUd il @ [Tl 98 °H
ferm T 2 % xe [a, 0] & AT f0)>021 _
ﬁwﬁf&ammw:mwﬁémﬁﬁx‘oﬂ x 5 oX
W%é@@ﬂﬁ%%ﬂﬁéﬂ%xé?%ﬂ Y smhizs

AR 2

TR VIl W 39 Difehd &5 1 &hel x T Teh Hel 81 8H x o 39 Held hl A(x)
¥ fifde # €1 38 B A(x) F BH A heF HEd © 3R 98 88 frEfated g
Y g BT 2

A()

A(x) = Iaxf(x)dx (1)

T YR T 3T < SR T99 €1 qeNfq €5 el W hae S9! e Sl
ifeh T SUITT TH TSAYEIH HI GHT % B

7.8.2 WA 1 WHIFHT TOTT & TIT ST YT 99T (First fundamental theorem
of integral calculus)

M ST o &% SFaUel [q, b] W £ Th Had B € 3 A (x) 8% %o 21 a9
ft x € [a, b] F TATA'(x) = f (x)

7.8.3 AT TOTT i Tgata Tawygd 99T (Second fundamental theorem of
integral calculus)

A 9 Tk UQ Heequl YH i oA i € et geEdr 9 g ufdstashars i
ST Hd B e THeherl s WH F[ S g
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Tfora

THE 2 HA SN o 5% e [a, b] W f Tk Ead ®er @ AR £ gidsterehers

b
F#1 7 [ f(x)dx=[F(x)])=F () -F@)
fewuit

1.

2.

(@)

(i)

@

ﬂ@’fﬁ‘%ﬂqﬂazﬁwwmwﬁ%ﬁj:ﬂx)dx:(ﬁaqﬁmw
F &1 S=a ®M| p W 7F) — (36 9fd s&eherst o1 = 4 1 ¢ T/ 7F)1

TE Y9 A IHN € s Te TH AR i WA T e fon fafvea
G 1 T L i @ oy 9eH w2

e = gaehed 91 & § Sifed SR T U0 Tl &1 U i © TSeRT
SRS G T WHRCT ¢l 9% STadhe 3R HHRH o did HaY i 31

STl Yl B
j:f(x)dxff, [a, b] T &EH f o1 UG T Tad el STavash €1 SEeivn:

1
= wameRer jix(xz—l)idx 1 == T gifaqersh @ e a9 A
1
[£2,3] % 9 — 1 <x<1 @ fAU f(x) = x(x* 1) g0 e ®or f

TRt & 2 J.:f(x) dx A F ok =0T (Steps for calculating '[: f(x)dx)

SR wHeR [ f(x) dx S BT W AR FE F(x) 81 HERT SR
C I ©F &I STegaehdl T8l © ik afs 89 F(x) & M WF(x) + C W fomr
FE A Ud ® R

jb £ (x) dx =[F (x)+C]” =[F(b) + C] - [F(a) + C] = F(b) - F(a)

70 YR ffeed Taehe %1 99 9 9 W 3R faqw @ S ?)
[F ()], = F(b) - F(a) 910 FfST, S fow j:f(x) dx 1 T R

379 &9 P ITEN W fFER FW T
sareur 28 fAfafed gaeRer @1 7 Fd Sifsa)
3 9 \/_ d
J.zxzdx (i) L xé dx (i) If—( +;c)(x+2)
(30— x2)? AU

(iv)

T
I04 sin® 27 cos2 ¢ dt
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() WM oS I=j;x2 dx & | it sz dx=%3=F(x)
ZHfery fgdta snemRyd 799 9 &9 € &%

I=F(3)—F(2)=2—37—§=?
(i) =M e fw I=_[49L3dx o9 7Y TR S HdsTeherst Tid i ¢ |
(30— x2)?

3
2 2
30— x2 =tT@ﬁtR—%x/x dx=dt 3 N x a’x=—§dt

Jx 2¢dr 211 2| 1 |~
E'H‘EIT:FR J—dez—g-[t—2=3 P =§ é —F(.X)
(30 — x2)* (30 — x2)
AT e a1 fgdla g 799 9 89 U €

9

I=F©O)-Fd)==|—— | _2[ 1 1 _E[E_L}ZQ
H go_x2)| 3LG0-27) 30-8]73[3 22] 99
4
(ii) msﬁ&lm:jf—“jx
(x+D(x+2)
if¥reh =1 1 ST d B B9 U € T

X v 4 v 2
x+D)(x+2) x+1 x+2

X dx

J-(x+1) (x+2)

3d: Her 1 fgda smemed y9g ¥ 79 ua €
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419 44T% o YA H HEl SW 1 =TI SIS

41.j B

et +e”
(A) tan”' (¢) + C (B) tan™' (e™) + C
(C) log (ef—e™) +C (D) log (e"+e™) +C

42. _[ cos2x i I 3,
(sinx+cosx)
-1
(A)y —+C (B) loglsinx+cosx|+C
sin x + cos x

1

(C) loglsinx—cosx|+C (D) m

43, A f(a+b—x)=f(x), @ j:xf(x) dx TR 3

a+b ¢b a+b ¢b
(A) . Iaf(b—x)dx (B) : Iaf(b+x)dx
© 4] rw s ) 2! s
44. jltanl( Zx—lzjdx F1 TH o
0 l+x—x
(A) 1 B) 0 © -1 (D) %

qrIST

& THhTH, s 1 FohH UshH 81 STdeheld T W B Teh e &A1 gal
Bl € IR TH TH ol ol Sfeshols] SUdl STEehd T Il Bl € W
AR T H &H Teh UHT B i HAT Sia1 8 Skt stasha A gan
BIAT B1 37: THHGH Teh UHl WohH © SN foh 3foehor i ochd 2

L %F(x)zf(x)_aa w1 [f()dx=F(0)+C formd %1 3
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TIford

TR STHR=d GaTher 3T2fel SAT9% THIR FHead ol C THRe 3T
FHEA Tl =7 9t THEReHl | TH o9’ &1 @ B B

o M gfte @ siffyea gaeReH 9ot o fER %1 99g 2 food g% 9aw
y-3181 o ST FW D TWE ALST = I WE A oh GHIR TIHIARD
Feh T TR S Hehdl 7

¢ ffvea TaERer o % ureH fEfatEa 2

L [IF()+9 (0]dx= [ f(x)dx+ [ g (x)dx
2. ferelt ot areafers wem &, & faw [k £(x) de=k| f(x) dx
S TR, AR [, [y fi [, » BT & Tk, kpok, AR
e § @
J[k1 f(x)+k, f,(X)+...+ k, f,(x)] dx
=k [f) dx+k, [ (0 dx+...+k, [ £, dx
¢ TS UHIUTR FHIReTT

n+l

() [o'dx="—+C, nz— 1. fiferea: [de=x+C

n+
(i) JCOSXdXZSiHX+C (iii) JSinxdx=—cosx+C
(iv) JSCCZXdX=taHX+C (v) _[coseczxdxz—cotx+c

(vi) J'sec xtanx dx=secx+C

ii J.L—sinflx+c
(vii) J'cosec xcotx dx=—-cosec x+C (viii) m
dx _ A | dx -
w [GgTere e [
dx 1 dx _q
i =—cot x+C 5y | —F—==sec x+C
(xi) J.1+x2 (xii) Ixm
dx -1 . X x
(xiii) =—cosec” x+C (xiv) |e'dx=e"+C
J‘xxlxz—l J'
i @ '
(xv) _[a dx—loga+C (xv1) J%dx=log|x|+c
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¢ 31ifYTeR =t grRT |HTeRe
TR HIfST foF T 9T W %,ﬁ@ﬁmw%ﬁuﬁm@
X

3R Q(x), x % 9EUR T 3R Q (x) # 0. A T P(x) 1 F TgIL Q (), i
ud 9 Afyd ® a4t 89 P(x) %1 Qx) @ fawifsa ww@ © darfe

P(x):T(x)+ma?Eqﬁﬁ‘fr@TWWGﬁT(x),@E@F{%Sfﬁ'{

Q(x) Q(x)

P, (x) 1 WG Q(x) 1 B4 ¥ A Tl 9gIR B o HRUT T (x) FT THGHTA

T ¥ FG feRan S Fehen @) %aﬁﬁwﬁf@amaﬁaﬁmfﬁ
X

o AR % ®9 H 9 Hd §U Ul HHGhOH FG fhaAl ST Hehdl 2l

, o_pxta A LB,
(x—a)(x—b) X—a x=b
px+q A B
2. 2 = v 2
(x—a) x—a (x—a)
2
+qx+
3. px~ +qgx+r _ A N B N C
(x—a)(x=b)(x—c) xX—a' x—-b x-c
pxi+gx+r A B C
4. S\ 7 A A 2+
(x—a)  (x=b) x—a (x—a)> x-b
px’+gxtr _ A, Bx«C
(x—a)(X*+bx+c) ~  x—a x> +bx+c’

STET X2 + bx + ¢ o 3T 3R UGS T fRT S Hehdl

¢ YfaeemaT gRT WHIRAA
GHRE oh =X § URe ST gU HHheH i fREl T STHRYd SHehad |
ufafdd = a1 21 e fafu faw 50w =) 1 ford @ =) o oiefia @
& fteerma fafy weard 21 <9 THHed § FB Fboihda wem gfmfd
gl B9 THRe 910 S ok foT e guikfed 9d afetet 1 STEnT S
& wfereen fafr 1 SUam ed gu &n Frefafad g SHeher s 9w
FW T
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(1) J.tanxdx=10g|secx|+C (i) J.cotxdx=10g|sinx|+C
(i) J.secxdx=10g|secx+tanx|+C

@iv) J.cosecx dx =log | cosecx —cotx | +C

¢ Fo fafvre weAl & aHRe™

dx 1 x—a
' =—1Io +C
) sz—az 2a ¢ x+a
dx 1 a+x dx 1 1 X
i =—1Io +C =—tan"' =4 C
(@) J.az—xz 2a . a—x (i) Jxz+a2 a a

dx =log & =sin~! f.,.c

\/xz—az_ N J-\/az—x2 a

dx _ 2 2
(Vl) JW—IOgLX‘F x“+a" |+C

¢ TSI |HTheA
few 5T weml £ qon £, % fow &0 ww w §

@ [ x+x? - a?

[AG). L) dxe= f,(0 [ o0 dx - | [%fl(x).jfz(x) dx}dx, serfq

Tl o TUMHE 1 HHIGh A = YT Hetd x f5did ®er ol THIhe — {Jem
T kT Skl UTeh x Tgela et skl HHIsheld ) h1 HHRTH . JeH Hor
e fedta o o =M § HEur W FifeT| Teddl g6 U Held i fgda
T o ®9 W oAl =IeT SR SHehe gH wfe-witd w1 2

¢ [elf+ f(Wldx= e f(x)dx+C
¢ 9 fafvre ver & auEmeT

2
@) J\/xz —a® dx =§\/x2 -a’ —%log
2
(i) Jsz +a’ dx=§\/x2 +a’ +%log

X+ \/xz—az
x+Vx*+a?

+C

+C
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2
(iit) j\/az —x* dngxlaz — 5 +% sin”' 2 4+C
a
aTera j*éﬁ YR o THRE! T WIS

W Jax “+bx+c Vax? +bx+c
w9 o frefateg fafy g afafda femen s g 2:

2 2
ax* + bx +c = a[x2+2x+£}=aﬁx+ij +[£_b_2ﬂ
a a 2a a 4a

J px+qu J px + q dx )
WV sbxre Vax® +bx+c < B e

w9 o ufitafda fean s @k €
px+q:A%(ax2+bx+c)+B:A(2ax+b)+B,AH9JTB$TIrr:rara
F% o e < gel @ TquneRl e S S 2
o T [ fx)de F, T y=f(), a<x<b, - T HA x=ada=b
T foR &5 o &l o &9 o uRwa feman 81 7 A (g, b] § x T fag

e I:f(x)dxﬁﬂWWA(x)ﬁﬁ'{aﬁHW%I ST e I

GheUl BY et 1 SMURYD F99 1 iR Frefafed &9 & 9 et 2
¢ UURER U i YUW NYURYA YHA AF e R &Fhe wed

A(x):j:f(x)dx, V x> q, §RI R 2 W6l oM £ Sa0d [a, b] W Haad

T WA TR R AEA (x) = £(0) YV x € [a, b]
¢ GUIEHEH TUTE i T5da MaRYd Toa
A AT fohet &% ST [a, b] R f, x 1 Had Herd € SR F Teh T Held

T et %F(x)zf(x),f o 9l o @4 x o fow €, q«

b b
[ fx) dx=[Fx)+C], =F (b)~F (a)

Tg R [a, b] T f o1 Y= Gaeher Hedl ¢ Sl q 9 b THhe
aﬁ@mmﬁ%aﬁm@mm%aﬁ?baﬁﬁﬁmm%

_.._
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¢ One should study Mathematics because it is only through Mathematics that
nature can be conceived in harmonious form. — BIRKHOFF

8.1 ‘ﬂﬁ'EBT (Introduction)
sfafa o, g9 s o, Svae =qdst wd gat
gfga fafa= senfadia emepfaet o &s%a o uftwed
o foru g o1 ereed fohan 21 et Sfted &1 e
gueet o fa i o STE § 39 YRR o I qA
g &1 URfen sfhfd o e 1 Werdl § g9 o
TNl STpfaal o &5hel &1 URehad wT Thd 2|
T 3 g3 Tkl 50 R &5 & afishen & fag
It & 3ok foly &8 HuTshor TG 1 o ehouHstl
1 STEwFehal R

fuscl st | g0 ArTHRd i | o 'Y ¥ fAfvea
AR 1 TR H qHI g y = (), FHifear A.L. Cauchy
X=aXx=bTd x-31&7 ¥ R &% &I I FE H (1789-1857)
e e €1 39 1A U eH WIHRU dehi o 3faid, WXl {@net ue g, e,
den rergel (SRt UM ®9) i =Tl ok e o &5l bl T A o fery Famehert
& T fafere SAuEnT 1 7eaaa i1 IR gl ° R gawa o1 ot Jd w3

8.2 WILWUT aehl oh fdiid &THeT (Area Under Simple Curves)

s T o 394, AMHA & G oF ®9 § Fi=a Iueed @ wed & STERYd
I T STANT d g e SHeRe o1 UReherd ohd feRer S, k1 ererEr femen
21 379 B GF y =f(X), x-& T FIfEA x=addq x=h¥ FR &%t 1 7@ HH
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I AGH TS 3ida 9 o fafy = w=i g ¥
21 Mepfd 8.1 W BH =k o Aavid &Ihel i y=f®
agd ©f dell T IrEfR §gd | ufeedt «
faffa am " €1 y S9E T dx =eE
e Th TS T W TR i, 3eH dA Y
(IR T T &Rk = ydx, STl y = f(X) ©1 eb

TE &ARe YRS &S HEeldl © s X<g[ P i o X
fF &9 & i fre ©o forfs W wnfm Y STeFfa 8.1

2 W add bk e x ok TRl g @ fafafde 21 @ y=f (x), FfeA x=a,x=b
T x-314 ¥ o) &3 o el &9%d A &, & PQRSPH W+ qaeh dfeeai o a=hal
o ANTHS o YRUMH o ®9 § 2 Hehd ¢ Hiehideh

Y

a1 ¥ €9 38 TH YR SifieTed #d y=d
A= I:dAzj:ydx=I:f(x)dx \
X
THEX=Q(y),y-dF @@L y=cy=dI iR & & \
1 eethel Frefafad g3 g7 ura foRen S 2 Zx=g@)
A= I: Xdy:jjg(y) dy e S=c .
. ‘O >
Tl B0 afas dfeedl W R wd € S fw V. emfren
aTrepfa 8.2 W <wifan e 2

feuuit afg =t o w1 feafa x-21e1 o == ®, @ St@n T emepfa 8.3 ® <witen
TN e, S8 x=a¥ x=bd®

f(x) <0 sfeT U g =, X
X-378] WS hifedi x=a,x=b ¥

iR & 1 &% FOMHS & /
W%,‘W@WW%W X~ 5 X
AT I hT & o w i=a 74‘:”
21 zafer Az el o ™ ®

€ &1 5ok FRue A, st v

U:f(x)dx‘ﬁ?ﬁ%l v

3TTeRfd 8.3
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THA: UH 8l Gohdl 8 T O 1 B WM x-3781 & U & q1 S AN x-398 H
= €, S foF emepfa 8.4 H <t Mo 1 AET A, <07 A, > 02, T T

y =f(x), x-31& T Hifeal x=adeN x=b ¥ R &5 1 &Tha AGT A= |A |+A,
R 9T feran S ® 1

Y
A
A,
x=b
X ) >X
X=a
v A]
Y/

3TTeRfd 8.4
TETEIOT 1 FA X2 + Y= a1 &AHA F1d HISQ|

Tl 3Tehfd 8.5 | U 8¢ 99 @ fR g &9 &1 o &9he
=4 (fsu gu 9, x-3181 T Hifedi x=0dMx=a d R & AOBA &1 &=l

[FfF a0 x-3F&4 TA y-31& I ok v

ftd: wHAT 2] B0, a)

= 4 ydx (wsaier feE T gw) ,

= 4'|':\/a2—x2 dx , X 1l A@O)
iR X2 + y2 = a2 ¥ y=2va’ - X’ 9 g 2 o
S fom & AOBA W =qufer o wimfed @
AT y 1 oS o S €1 Heehe B
W feu gC o9 § o ekl fefafea &9 4 Y’
T BT 3TTeRfa 8.5

2 a 2
- 4{§\/32—X2+%Sin15} - 4|:(gx0+%sin"l)—0:|

A
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foremeua: w1 T etepfa 8.6 o <witEn T € Y
&t ufeeal 1 == i g 99 gr R & & B|(0, )
FA FARA
X
= 4I0axdy = 4_|‘a\/a2—y2 dy (FI17) dy
y y X A(a,O)\X
_ [ _ - 0
_4{2 a’—y’ + 2 5 al
- 4[(3x0+ a—zsin"l)—0:|
2 2
Er_ v
s4y,mm 3TeRTd 8.6
2 2
FaTeTr 2 e %+§=1@ﬁimw
&S A1 J1A TS
ol eTepfa 8.7 ® <dfgw | R & ABA’B’A &1 &5%hdl
fRuguasm, x— 378, Hifedl x=0,x=agR TIq aganr g
iR &5 AOBA &1 &35T%HeT
(eFiifer efea x-2781 WS y-31e1 <Al o uRd: wufi )
- 4T ydx (3R w2feaicigy)
0
2 2
313[:—+Z2 —1% y= +—x/a —® e B ¥, g & AOBA ¥ =igeifer 4 &
Wywﬁmm%,w@mﬁ& &R y
= 4_[ aE\/az—xzdx 5lo0. )

4b [2 a’ g
_?{5 R +2 s 1_} i A/W\A X
co 0)!y(a’ !
2
4—bK—><O+—sm 1] O}
all2 2

B, (03_ b)

4_b3._ E rtab %| Y’

a 2 T 8.7
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Terereaa: e fon ammepfa 8.8 W <wiian e € difaet afeeai 1 == #d gu SEgw
EalERTS

= 4f 'xdy = 45 N =rdy (F)

Y

0, b)

B
_4_(1'_2 'bz_ 2+£sin711 b Am; A
b2 Y b X- X
| 0 Ca, 0)! (@ 0)
4(1— b b2 .1
=7 [Ex0+7sm 1J—0:| B’|(0,— b)
4a b? N
T
=222 Z_qab 3TTeRfd 8.8
b 2 2

8.2.1 U# o UF U I@r @ R &7 @7 &F%T (The area of the region bounded
by a curve and a line)

70 SYUERT |, B9 U 1@l 3R U 99, Tk 1@l 3R Toh W™, 91 T @l 3R T
<eiga 9 R & 7 &A% A1 T SUUS dfdd Sl oh THIHIUT Shedl WTHTU &9
o € steme fopy S iR 311 Tl del TR0l 1 SUART 30 ST oh STETH
&7 ¥ TR T

TETET0T 3 9% y =) TWd W y=4 9 iR &3 &1 a%d 1 it
ol Fifeh U gu ARl y = x2 g F&fua g y-3181 o 9Rd: 9uHd T Waed
2| 3AfT T 8.9 ¥ &5 AOBA &1 a1sfie airhel Fifofad &9 § Ww il 2

4 .
2f ‘xdy= 2 (fxw gy o, y o wd

e y=0dany=49 iR X
&% BOND 1 &=el) \ N /oy
A B~
= 2f ydy @) dy—
o] el X 5 X
SR A R
et Bt et afeeat ot € S e ot 8.9 Y
<9It T 2 3T 8.9
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focheua: &9 AOBA %1 &% U T 2 Y

o fore g9 PQ St Sreafer ufeeal & wehd Q 4
T St foF arepfa 8.10 § <wifen T @1 36 A N B’
foTe &0 THieon =y Ud y =4 &l g =2
2 9 x= 2T x =29« Bl 2 x=-2 ++-dx

TH TR & AOBA S oohl y =2,y =4Td il X
Fifeadt x=-—23aa x =29 oy & gfenfer O,

fopa <1 ke 2 Y’

AT & AOBA &1 &F%d 3Tepfa 8.10

= Iiydx[y=<ﬁ§Qw y Frdass — fag p w1 y Fdeme) =4 %7

= 2_[02(4—x2)dx (1)

3 2
=2|:4x—x—:| =2[4x2_§]=£
3, 373

feoruit Sutie SEEION | I et feherar @ foh forelt &5 o1 &srhel T % o oIy
&0 Seater storan afast afeeal & o Rt i oft o Tohd 1 T 3 79 T <A ufeeat
H 4 frdl T &1 == w1, SR ufeedl Sl ga: st meifiehar ST

SETET0T 4 JA9 Ige ¥ 99 X2 + y2 = 32, @l
y=X, To x-3F&1 § ToR &1 1 &shed Jd it
B

7o KU 5T wee # B/

Y

y =X ()

W e+ =32 () x
[HIHIOT (1) @A (2) I T HH W & UM
% for foo 91 o TH A g Y T TR A e
=t § B(4, 4) W firerd & (STepf 8.11) 1 x-3181

% HW BM @/ d@ifau)

TfeTy, 31+l &hel = & OBMO 1 &%l
+ &5 BMAB &7 &9%d
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3a, &5 OBMO %1 &=[he
= [fyax=[xax =2 [¢] = )
gq:&ﬁBMABw%W
= [ yox= [ P2 x

X 42
X 32 x>+ — ><32><sml
{ 4J_}

2,

1 1 . 4 1 . 1
— | =42 x0+—%32X%s 1[-]=+/32-16+—x%x32X%Xsin —
_(2 V2x0+ L x2xsin ) (2\/— Lsaxsi ﬁ)

=8n-8+4m)=4n -8 e (B
G0 (3) TS (4) 1 AMEHA A0 FH W ZH AR GTFA A=4nId B |

2

Wmsaﬁqﬂa —lqaﬁ&?ﬁx 031 x = ae, ¥ R &5 *1 &% I
ﬁﬁq,a‘mbz:az(l—ez)qsf e<1®I

%ol & BOB’RFSB &1 21 &%l fIU gU 3r¥iga Ta @mell x = 0del x=ae ¥ &
3T B (3T 8.12) 1

oI AT 5 &5 BOB’RFSB &1 &5rhel Y

B -
ZI:ede = ZEjZeVaz—xzdx / S 7%
a
ae . Flae 0\
20 XJa? 2 +a_2 sin 2 X O X
R

i—b[ae\/az—azez +a’ sin_le} B
a
ab [e\/I—e2 +sin™! e} ST 8.12

7
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| woTereRt 8.1 |

1. SRy’ =x @l x=1,x=4Td x-31a ¥ o & &1 YoM % H &Fhel 1 hiferd|
2. T Sgeiet B o y2=9x, x =2, Xx =4 Td x-3181 ¥ fR &3 1 &%a T Hif)
3. UUH WU Hx=4y,y=2,y=4Td y-7g ¥ R &F F1 &% A SIS

4. m§+§=1@mmwmmﬁml

5. e XY 213 it e e A
6. FH TGU W A+ Y’ =4, 7@ x=/3 y T x-3H&l 5 R & 1 &shed Al
EAIEL

7. B%& @ X:%m‘q’ﬁ X2 +y2=a’h Bl 9N 1 &Fh A il

8. AR Thx=yTH Wl x =49 o1 g30 &=kt Wix=agR & SR 9 o
fafsa eiar © @ a w1 W S ity

9. WA y=x> T y=|x| | R & &1 &ha 9 Hifem)

10. THX2=4yTF W x=4y -2 R & FT1 &§a%a @ it

11. 9% y>=4xTd W@ x=39 R & &1 &% Jd i

YT 12 T 13 H T I F FF HIC;

12. oM wqeiel W 99 +y2 =4 Td W@iEi x =0, x =29 R & 1 &k 2

A B) = o = D) =
(A) (B) 5 ©) 3 ()4
13. o y?=4x, y-3181 TS @1 y =39 R & &1 e ¢
A) 2 B 2 o) 2 D) 2
(A) (B) 1 ()3 ()2

8.3 I ekl o WISl ?3’3[ <Al @'EFW (Area Between Two Curves)

SrdTsT o1 <l Tel 3Tl 1 TeaTE o Thoraed fhdl &5 i YRS &hd %1 g8q
e ¥ ufeedl wesht SR T YR &wel %1 ANTES [0 HY, &AFA o Uiewe
%1 foha THERER Heddl 1 heudl Hitey, 86 & @y =f (x) 3Ry = g () &Y 8¢
& STl [a, bI® f(x)=g(x) S for emerfa 8.13 o <wiian w21 S gu okl o wEfishton
Y y 1 IHAMS A wd gC 39 <A ol o Wideseeh fag x = ad4 x = b gRI <4 €|
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YU o g3 1 T G o faq IRfE &wa il HeaieR 9feedl o €9
H o giaursEe @1 SEn o emepfd 8.13 # wuifen @1 yRfe g2t w1 Srd
f(X) — g(x) T8 =ISE dx €, gafa gRives &erha

){ y=f)
dx | _y=f(x)-gx

XX

X =a y=g®
x=b

X’ >X

Y’ 3TTeRfd 8.13
dA = [f(X) — g(x)] dx, T FaA &AFA A = f:[f(x)—g(x)]dx
Taehreaa:
A=[TF y="f(x),x-218 a1 WA x=a,x=b T R & F1 &%
—[@% y=g (x), x-3T&T Td @eh x=a, x=bd R &7 &1 =]

= I: f(x)dx—j:g(x)dx =I:[f(x)—g(x)]dxaﬁ [a,b] ™ f(x)>g (X

Ifg [a,c] ™ f(x) =g (X) a2 [c, b] ® f(x)<g(x) el a<c<bsar f&
ATepTa 8.14 | <o 7= €, i ol ¥ R &6l w1 enhel Frefaiaa wehR foran S
Hohdl ¢

ghel = & ACBDA &1 &9%d + &3 BPRQB 1 &F%a

= j:[ f(x)—g(x)] dx+jcb[g(x)— f (x)]dx

r=gx

Y’ T 8.14
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SETE0T 6 § WAy =2 W y2 = x 9 ol &
1 SR T R Y
e o foF sepfa 8.15 H swfen e 7, 5 A
el o Wiees fag 0(0,0) T A (1, 1)1 X< o >X
Ty =x e y = /x =f () A y = x2=g (x),

S [0, 1] H f(x) =g X Tl

TgfaT BMEfeRd &7 &1 31 eFwa A
= I;[f(x)—g(x)]dx 3TTeRfd 8.15
1 2 2 2 x31 2 1_1
= J‘0|:\/;—X ]dX Zlgxz —?}0 = 5_5 = g

JETET0T 7 X-3T&] o HW A Td X2+ y? = 8X T AT y2 = 4x o HEFedl & I
AR F HIFT
ol g 1 e gom Rt X2 +y? =8, (X —4)’+y?* = 16 % &9 H 31femea fwan

S Hehdl 81 TH I 1 % 65 (4, 0) B q1 B0 4 T B WS y2 = 4 S WY
THh Hidess ¥ WIw e ¢

X2+ 4% = 8x
31 X2 —4x=0 Y 9
SRC| X(x-4)=0 s
YA Xx=0,x=4

TG YHR 31 I Tl ok gfa=sg 95 0(0, 0)
TH x-318 ¥ FW P(4,4) B

JMRfd 8.16 ¥ x-3187 W ST 3 <A1 aehl o TeA X5 C,0) O“fax
gfigfad &% OPQCO &1 &F%d 2
= (&3 OCPO &1 &%) + (84 PCQP &1 &%)

= I:ydx+jjydx v

= ijﬁdx+'[f\/42—(x—4)2dx (F?) ATEHT 8.16
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of 2T 4 .
= 2><§|:x2:| +J 4% —¢*dt, &l x—4=t¢
0 0

4

2 1 .
= 3? + [é~/42 —* 4 EX 4% x sin™! i]

0

=£+Fx0+lx42xsinll}=g+ 0+8><E =
3 12 2 3 2

32
44 = —(8+3m
3+ T 3( )

4

IETETUT 8 3T 8.17 § AOBA WorH =qeifst H Tl Ox2 + y2 = 36 1 Th 91T ©
S/ OA =2 3T 941 OB = 6 3T €1 o =19 AB TS a1 AB o Heed! &

AR FA BT

ol el 1 fRam gam wHteRtun 9x? + y2 = 36, FwUiq
2 y2 X2 2

2 Y gy XY 1% g o s fen
4 36 22 6

Tehel © 3R SERAT SHeRT SR MehTd 8.17 H XU Y MR

ST B X
THeh TR, el AB w1 THIsHT €
6-0
y—O=E(X—2)

GECH y=-3(X-2)
SIRE]] y=-3X+6
3Tepfa 8.17 | <9I Srnfehd & 1 &hd

- 3j;x/4—x2dx—j02(6—3x)dx

N N RN i

_3[2 4—x +2s1n :IO [6 >

12
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B (0, 6)

A0

Y/

3TTeRfd 8.17

(Fii?)

3|:§X0+2sin1(1):|—[12—?:| =3><2><§—6 =3n-6



SATETUT 9 HHh 1 SYANT i gY U TH Y
S &1 &% 9 it fS9eR 2 (1, 0),
(2,2)TE (3, 1)

e A ST A (1,0), B(2,2)TE C (3, 1) fys
ABC & 9iid € (emehfa 8.18)

A ABC %1 #51ht1 = A ABD %1 8501 +FHeia X< Lon = X
=4S BDEC &1 &9%d — A AEC &1 &%dl v
e 9T AB, BC U6 CA o TR0l S 3TTh(e 8.18

1 .
y=20=Dy=4-xy= - x—1)?
31d: A ABC &1 &57%d

- [2oenoc [l | 2 e
fZ-o e t] 45
oM Hee 3
A6

FEETOT 10 A 2+ =4 T (X—2)2 +y? =4 F Il & 1 &%l A i)

Tl U gu gt & ot 7
X2+yr=4 . (1)
AR X-27+y = 4 (2
THieRtor (1) T g ¢ TSRt ohg ge fog O W © oI formeht e 2 3ot 21
TRl (2) W UH g9 ¢ frEent s C(2, 0) @ 3R fo@eht B 2 o6 7
TR (1) 3R (2) i g S W EH T 2
X2 +y*= x> +Vy?
SREl) X2—4X+4 +y?
37 x=1Tmway

X2+ y?

+/3 9w g E |
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a1d: fau gu gl & wfe=sed fag AL, V3) iR Y
A1, —J3)®, S| Mehfa 8.19 & swifn T 2l A1)
I % HeAEd! 89 O ACA'O &1 #vfie f
&Fe = 2 [85 ODCAO &1 &5%d] (F1?) X o D a0l
=2 [&9 ODAO &1 &% + &3 DCAD \\ ;
&R ] A'(1,\3)

- 2:j;ydx+j12ydx} Y’819

) _J'Ol«/4—(x—2)2dx + jf\/4— xzdx} ()

1
1 2,1 _I[X—ZH

=2 X=2)/4—(X=2)" +=x4sin" | —= || +
_2( ) (x=2) g >

2

2 % X4 —x> +%><4sin“1}

1

— 1 s

~ | (x=2 4—(X—2)2+4sin‘1[x;22ﬂ +[x\/4—x2 +4sin‘15}
L 0

1

[—\/5 +4sin”! (%ID —4sin”"' (—1)} + [4sin_l 1-/3 —4sin™! %}

= :(—ﬁ—4x§j+4xﬂ+[4x§—ﬁ—4xﬂ

Il
|
&
|
E
+
()
i/
+
TN
)
7
i
5
~—
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| woterett 8.2 |
T X2 = 4y 3R T 4x2 + 4y = 9 o TeFed! &5 1 &k 1 i)
TR (X —1)2+y?=1Td X +y2=19 R &7 &1 &5%a Fd FHifom)
TRy =x2+2, y=x,Xx=0Tdx =34 iR & &1 &% Aq HIfSQ|

AR 1 STAN H U T TH IS &1 &%d 9 hifoy foes i
(- 1,0),(1,3) T (3,2) 8l

5. HHREA H1 ST FI gL TH TS FIwvia & &1 &=kl A Hifey fgeht
TS o GO y=2x+ 1, y=3x+ 1 & x=4 %

B W N

Y1 6 WA 7 H WEl SW hl 9T FIWC:
6. IO X +y’=4Td WM x+y=29 R SR 9 1 &owe 2:

(A) 2(t-2) B) m-2 ©) 2n -1 (D) 2(m+2)
7. SRy =4XTH y=2xh AeAEdl &5 1 &k e

N B) = ¢ D) >
(A) ®) 3 © (D)

farferer 3ergvor

FEETOT 11 Waed  y? = dax 3R 3Heh s § R &5 &1 &shel I iy
T 3Mepld 8.20 W, Wl y? = 4ax 1 3§ 7er fag ® 21 Fifcia Sfen LSL’ w1

i X = a 71 & g3 wWeae™ x-31 o ufa: Y L
HfHd 2 |
&5 OLL'O =1 31+fe &5t = 2 (89 OLSO
EaRELTY))
a a ’ ’0
= ZIO ydx = ZIO Vdax dx X<—5 (Sa ) ,x
= 2x2«/§j;\/§dx
\
372 3 V’ Ll
- 4\/5><2 XE — §\/a az| = §a2 Y
3], 3 3 T 8.20
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SETETUT 12 JW@T y = 3X + 2, X-318 TH hifeAt
Xx=-1Tax=1¥ R &7 &1 s=%d @ FHifoQl

T S| T emepfa 8.21 H wwien W €, W@
y:3x+2,x-31$ﬁx=_—2qtﬁqa?ﬁ%3ﬁt

3
xe(—

qo xe(%z,l)¢ fau & oe@ x-3787 9

L2 ) o o g ot x5 T 2

TR

x<C A_2 .
x=-1 (Tso)
B
Y/
3TTeRfd 8.21

A &% = &9 ACBA &1 &9%d + &5 ADEA &1 &9%d

-2
_ j 3 (3x+2)dx +j (3x +2)dx

3

JEEIOT 13 Xx=0Td X =21k HH T
y=cosx ¥ fR & &1 &A%l Fq shifou| A

T ST 8.22 W, Il &F%a

_ &5 OABO &1 &% + &% BCDB &1 . O
&R + &5 DEFD &1 &%

C
R, AT e Y T 8.22
n 3n
5 2
= J.zcosxdx+ I % cos xdx +J. " cos xdx
n 3n
2 2
kg 37t
=[sinx]2 [sin x] - +[smx] =1+2+1=4
0 2
2
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3aTET0T 14 fag FIfST fF o y2 = 4x Td x2 = 4y, st Y :

Xx=0,x=4,y=4Tdy=0% R o1 & &a%a &I A R y'=dx
R A o faete w2 Qe
ol & T o Weer@l y2 = 4x Td X2 = 4y & Hidesg
fag (0,0) T (4.4) F S & STepfa 8.23 ® qwien w0 B X< X
3E TR yP=4x Wd x=4y ¥ R & OAQBO T J
ST Y ofeRfd 8.23
4 2 3 ¢
= .[ (2\/7—X—de = I:Zx%xz—x—3:|
0 4 3 12|
32 16 16
=?—?=? . (1)
T Gl X2 =4y, x =0, x =4 W@ x-318 ° o &3 OPQAO &1 &=hal
Cpax? o lpoapr 16
_J.ofdx_ﬁ[x ]o_g - ()
T YR T y2=4x, y-318, y =0 Td y =49 R &5 OBQRO &1 &Fha
4 ay? 1 4 16
=IO Xdy:IOTdy:E[y3:|0=€ - G3)

TR (1), (2) @ (3) ¥ ug frerd fehoar @ o

&5 OAQBO &1 &%al = &3 OPQAO &1 &%a = &3 OBQRO &1 &5%d
1A, WAl y? = 4x TE x2=4y ¥ T & fSU g ol o &%l ol i ek AT
T fawfea e =1

TETETOT 15 &F {(X, Y):0Sy <X+ 1,0<y<x+ 1,0 <X <2} &A% A HifoU)

TC1 SIPY WAYH BH SH &5 1 [T d9R% Y TSEeh g9 &5kl 96 e 81 98
&5 frefafad &Sl o1 qead &9 2

A ={Xy):0sy<x*+1}

A, ={Xy):0<y<x+1}
3R A, ={(xy):0<x<2)
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TIfoTd

TRy =X+ 1Td y=x+ 1% Ffaesg fag P(0, 1) T Q(1, 2) & eMehfd 8.24 4,
PRI

asfiee €1, B & OPQRSTO € St@eht

W

NN A

12.
13.

= & OTQPO &1 &9%d + & TSRQT &1 &ha
=I;(x2+l)dx+jlz(x+1)dx (F?)

JCR R
bl

T 8 UT fafasr gyracit

. Tu gu awi wd et 9 R &9 @1 g% A Hifeg:

() y=x5x=1,x=2Td x-31&

@) y=x4x=1,x=5Tax-34
TRy = xTd y=xF HeAad & F1 GARA A1 HifQ|
Ho wgeler o Ifmfead Wy =43, x=0,y =170 y=49 R & &1 a5%a
A Hifeg|

y = |x+3| 1 T Eifaw ve jf6|x+3|dx T A Q@ FIT

X=0Tax=2ndN dhy=sinx ¥ TR &= &1 &% @ HifoQ)
AT Y2 = 4ax & W y=mx ° R &3 &1 &% 1 Hifeg)
A 4y = 3x2 T W@ 2y = 3x + 129 R & &1 &9%ar I i)

2 2
i oL =1 T =19 R g A e i
2 2

| < %+L=1@w§+%:1@m@aﬂw SR T FI
10.
11.

b2
TRATI X =y, T y =X +2TF x-3181 ¥ R &7 &1 &9%al A Hifag|
THRE folft 1 ST T g % |X|+|y|= 19 fort &= =1 &orha 9@ sy
[Hehd : AEvash &3, e x+y=1,x-y=1,-x+y=1Td-x-y=1
g o 2
FH (X, Y)Yy 2x2Tq y = [x|} § o &% &1 &hel J@ it
gureRe fafyr 1 ITE Fd T TH T8 AT ABC, 1 &5hal J1d Fifeg fraeh
et & e A2, 0), B (4, 5) TEC (6, 3) B
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14.

15.

AR o STAM 393

AR faftr 1 ST Y g, W@ 2x+y=4,3x -2y =6 T X -3y +5=0
T o &5 w1 awd [ SIS
BT (X, ) 1 Y2 S 4x, 4% + 4y? < Q)T &Hel 1T BT

16 W 20 I Y | TE ST T FIT HIfoC:

16.

17.

18.

19.

qH Y =X, X-1 TS Hifed x=—2,x=19 BR &5 %1 w2
-15 15 17

(A) -9 (B) 4 ©) T (D) T

THY =X X, x-318 T HifeA x=—1aqqx =19 R &= & aowa 2
1 2 4

(A) 0 (B) 3 ©) 3 (D) 3

[Hehd :y=x AR x>0Wd y=— x> 3K x < 0]

&5 y2 > 6X 3R 9 X2+ y2 = 16 § @imfer &5 &1 &5k 8

(A) %(4n—\/§) (B) %(4n+\/§) (0) %(87‘5—\/5) (D) %(8n+\/§)

y—iﬂ&I,y:cosXQEfy:sinX,OSXSgﬁﬁﬁQHEFTW%:
(A) 2(2-1)  ®B) 2-1  (© 2+l D) 2

Q9T
Ty = f(X), x-378T TF W@sti x=adeM x=b (b>a)d R & & &% &I
g doe = [ ydx= [ (dx #
TEX=0(y),y-39 T3 @ef y=c,y=d ¥ R &5 & &a%a & g:
W=chxdyzj.:¢(y)dy%|

YR y=f(X),y=g(X) T W x=a,x=bo 7A iR & F &%
frfafes o g 3 22

sme= [ [/ (0 -g(0Jdr , & [a,b] F £002g (0

g [a,c] H fO2gX) T [c,b]H f(X)< g(x),a<c<b, @ TH &=kd
i Fefafad yer 9 foed ©

fwe = [ [f@-g@]de+ [ g (0)]dr
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394 TTfoTd

efeeTia gy

THSRE TV < YR T o GRieR faermd el © & g3 21 T WA A
norast g faekfaa st fafy @ smenfa =1 @ fafa w1 Ry GHdcE
Tl o &othel IR 3 TSl o ST i UM W g3 39 a¥e U
fafer, gumeher fafy 1 yrfaes feafa o €9 & gueh ST gshd 21 f:9wa fafy
1 Galehe Tt IR *ie § el (Eudoxus (440 €. 7 iR ik
(Archimedes (300 &. 9) & HE W I g 2

el o 9SG 1 hHas foohe $61 oh 99=Tq 178 Yamssl | gafll ¥ 1665
H =T 3 FHe W I FHE Jored f951d (Theory of fluxion) 35 &9 H YR fera|
3= 39 Tagid &1 wEm o9 o Rl fog W el iR g T s |
e =T 3 JRH oM HI URT U UREd A SR THeRl gfaeTdehers
(Affy=a wmeRe) o1 waf¥f #t geh| fafdr (Inverse Method of tangents) =T
BIGCIURERI

1684-86, % o9l H ofafTst (Leibnitz) 7 Toh T Tl TWfeA@H (Acta
Eruditorum) H gerifrd foan 3K LS| aﬁaﬂ?ﬂ? R (Calculous Summatorius)
W ez, Fifh 78 Td B &AFA o AR § Hafdad o, g8 W 3% W
TS o el " G oFek Rl B 1696 €. W S=IH S, swArelt (J.Bernoulli)
o YA I AFSHL A9 YU Hl %FF:IZER:I gUelt (Calculus Integrali) A9 H
gfafdd i @ 98 = g Wikl &1 Zera fafy o 9 e

=2 SR et S A qold: Tods A ereemEn S gerd: fae 9 denfy =9 g
o fagial & Fma gfawhel dcqg 9IC U oaf 3 ffea qeeher 1 emon @6
ERIURCRI
7% fifeed & ff 3=l & gdvem wfdsrase 3R fftad goehe & o= o
oY 1 TEqd @l

frerd 71g @ o quTsher TIOIq ok TR IRonSH, fagidl qen stesher for
T 39 RI9eh Gaul w1 fasm wE waf, =g, @R et o wEl g7 174t
IS o Sid W g Qe SEeht SAifeed, HE1 i Hehouwdl o MR W 194t
IS % URA H TUAHEN (A.L.Cauchy) & §RI foham 7am o7q § <t @it
(Lie Sophie) =T fefefad S5 oo 81 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".

)

— Y —

(2
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s He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT

9.1 JfHert (Introduction )

e X1 e 39 T&ih o 12 5 W g = bl oft, fF
Teh TIds =R o Hel fhdl Wl f k1 Teshorst ohd w1
feran ST @ ereriq el o f <1 wftanfia wid o g
x o T, f(x) %9 @ fran S 21 TEeR stfafiem
GHIehel U oF STEAT H g o i off, fob Afg TRt
e f ol Sdhersl Lbcddg%?ﬁ Lw—ifa?ﬁsrraﬁa‘m
WUl 39! F=1 &9 § goeg b 1 gk B

forel f2U BT oM g oF foQ oM f 9 Hifey @i
ST P e et

%=g(x) SRy =f(x) (D) Han;si;_’;’;r;;a)re

AT (1) o &Y ATl THIH i 3Tt FHIHT
T €| ST ATk g &g | < S|

el THERIUN 1 SYAN qEA ®9 § wifdehl, WA fomE, ste famm, wee
T, afers, sreferren anf fafam=r & o fopen <Tan 21 o1 weft ety SR
SN o foAU Sferhel THIHTON o T AT I AT AALIR S| 39 A H,
T STThe THIRI i FS SMURd Hheq13ll, TTehdl FHHI0 o ATTH Td fafere
T, A THIHIU 1 9101, Yo ife Td Yorg =1d o STdehel THHI0 il 8 HA
o1 Fo fafeml ok fafa= & § eraehel il & o STAM o IR | 31eqe S|

2022-23



396 T

9.2 MUNYA Hehed-Td (Basic Concepts)
T Yed § & Frefafed R o geieon 9 afifad @

x>=3x+3=0 . (1)
sinx +cosx=0 .. (2)
x+y=7 ...(3
ezt fefafad T | faear
dy
“+vy=0
xdx Y

()
B9 U 7 foh iRl (1), (2) o (3) W ohael Tods S3teren sniyd = (Th
I AR STHe & S foh SHiRor (4) § =) o TIe-EY s = (x) o W S
=R (y) 1 Ewers o IMHA B 56 TR 1 THIHIOT feshel THIHI0 SHeard &
T Teh T gHtenor, ooy Tads =) (W) oF |rue enfsd =R o Sfaehalsl
ftaferd @i, sTaehel Gl HEar 2l
Teh THT STaehed eI, 5w sheiet Ueh Tads =X o 9198, T3 =X o efaehaers!
gftaferd =i, S saehel TR Feard Bl Seeuddl
2dx2+ dx =0 ... (5)
T G {FHT FHH
fra<E T ot stae gl B B F T 9 sifie wds =1 o 9y steherst
IMTHA B4 ¥, 39 YR o5 STdehel GHIHRW SARTF Teshel THIH Head ol Ak 38
TR W EH 3T 3TY i holcl MM Tashel THIHIUN ob I3 doh difdd @il 399
AN BH WM 3Tehel HIRI0l o ol STaehel TR0 35 1 B SUFRT |

1. BH fgharsii oh fou fefafad Herdl o SYFT w1 aiiFar <1

dy ,d’y_ ,dy_
& e Ve
2. 359 i ATl Srehersii o AU, g s Sl (dashes) i 3= eI o &Y
ﬁw*{dla@ulqdwmmnﬁﬁﬁaﬁwd—nya?mmw
y, 1 ST S| &
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9.2.1 37akcT GHIHIUT &t HIE (Order of a differential equation)

fordt sTael THIRIUT i hife 3T Aaehdl THIHI0 § GiHfed Tads =R oF 9r9ey mfsd
=T F I=AdH HIfE o aFS H FHife g1 aRefed gt 2l

frafafea sTaewa el W fa=m wifeu:

dy

a’x_e ... (6)
2
Yy

?+y=0 o (7

3
d3y d?y
W-l— X2 (W =0 ...(8)

THE (6), (7) TH (8) H wHT: Yo, fgdia wd qofia whife o I=uaq stasherst
Iufeerd ® soferT 59 wefientol &1 hife A9 1, 2 T 3 2

9.2.2 Ak THIHIUT @t uid (Degree of a differential equation)

ol staehel GO 1 ST 1 A FE % fau ged fag ue © e ow e
GHIRT, STEharst y, y”, y” SIS H 9gU% FHIRI0 g =ifen| fr=fafeaa e
R fgaR Hifea;:

d3y dzy ’ dy

—dxs'”(_dxz a0 - ©)
(d_y)2+d_y_sin2y:0 10
dx dx - (10)
dy . dy)

—+sin| — =0

dx (dx .. (1)

&0 Uferd hed € fop @eiehor (9) v, y/TE ' H SgUs G €1 T (10)
y o SgIR qHR B (FEf 9 y W 9gus e ¥) TH YR ok 3Tdehel GHIhION
o 1 qRT fohen S Wehdr 81 W SR (11) Y H 9gus SHishor e ® SR
TH TN o 3Taehel HHIHOT 1 ST ol IR &l fohan S gehen 2|
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I Ueh bl THIHTU STTehorsll 1 TgUS HHIHLU € df SH STaehel GHIHT 1
o1 9 BHAN 00 B 39 STkl G § Sufterd STaan e o aehers S SeddH
EISNGEIRCA D

SR IR o Hed § wH Ufed T Eehd @ TR SRl (6), (7), (8) TE
(9) 5 ¥ o 1 A 1 €, WHISLOT (10) 1 WG 2 § S« foh Sraehel WHieHOr (11)
EARCICRCIES el
| fomrott| forht steeper weiiRtor w1 @i wd W (A uRefud @) sEen
YTeHsh qUTish i B
a1 frefafaa sema giieet § 9 yoiw 1 Fife 1@ ua (3 gt )
RISECAISLES

dy d’y

: dyY dy
i) ——cosx=0 i) xy—+x|— | —-y—=0
@ dx W » dx* (dx ) R dx

(i) y"+y>+e’ =0
&l
) wwﬁwﬁmmﬁwgélmmm

1%|2r3y’ﬁa§cra1qﬁw%®'% 1 SAferehad =Tl 1 8, SEfTT 39 31shal
Eicau o I A A
2
(i) 39 3TThel GHIRIO | UL Sad whife STaehers %% | 3EfeTT 39T Hife
X

2 2
2%|wgaqaamww% @%ﬁwﬁw%ﬁ%ﬁﬁw
i 1 8, SHAT 39 Tdehel THIROT HT HE 1 7

(iii) =H STahe I T SURed Ieead e Seshers y” B THIAT SHRT Hife 3 T
TH WHISHI 1 R 9E STashersl H Sgue el ¢ SHie SEeht S uRwiitd el 2|

| wommaett 9.1 |
1 910 9% o Y31 | Yk Tdehal THIHIO &1 hife Td uq (Afg gienfoq &) a
it

dy ., s\ . d’s
1. —+sin(y")=0 2. y+5y=0 3. | — | +3s—=0
TS0 vy (dt) dr®
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T HHIOT 399

2V 2
4. d_i’ +cos dy =0 5. d—fzcos3x+sin3x
dx dx dx
6. O+ P+ +y =0 7.y 42+ =0
8. YV+y=e 9. v+ () +2y=0 10. y"+2y +siny=0
11. 3T9&hd HEHT
2y (dy Y d
—Z 2 psinl 2 4120 ® @ B
dx dx dx
(A) 3 (B) 2 ©) 1 (D) ftefod =&t =

2
12. faehdl FHIHIU 2x2%—3?+y=0 I wife B2
X X

(A) 2 (B) 1 (C) 0 (D) uRwfed 7 &

9.3. 3TaeheT HUIGHIUT hl SHMUeh Td Taf¥Te & (General and Particular
Solutions of a Differential Equation)
el wmeneti & go4 Frefafad YR o SOl i gl T 2
X+1=0 (D)
sin>x —cos x=0 .. (2)
TN (1) q91 (2) 1 Bl Teh WS arkdfosh e 9y g@n © S KU gy
THIEHT 1 G Il @ Al S 3@ WE whi Gl § O xoh WM W
yfcreenfuq ¥ f&an S @ df <@ et SN St e e W e S
3T 3TThel HIH %w:o .. (3
W faer & 2
worm < FHIRLN o Ui 39 sfeshel GHIHROT 1 Tl Uk OO e ¢ ® S 39
GUIHTT H T FHOM AU 9 T8 el ¢ i Tk THH | T y (37 =)
o T W Hiqeentid Y 5 S ® A W uay S < uay aeR 8 Wi 8
TH y = (x) TR THHI HT §A O (AR k) hedrd | Frefefaa
e R o= wifs

y=0 (x) =asin (x + b) o (@)
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&l a,be R. I 20 Hod 3R 39 sTadmarsi &l GHie (3) § yfaeenfua &
feo U 9T U SR AT ue 9UeR 81 S 21 SHAT 9% e g THIe (3)
F1 B

mﬁﬁqﬁaaﬁ?bﬁ@ﬁmma=2®bzgéﬁqaﬁ%aﬁ%ﬁ
frefafad wom < 26 B

y = 0,(x) = 2sin x+§ NG
I 39 o 3R 3Tk Sfashersl i THw (3) § wfaeenfud ¢ fEan sme @t g
T 95 ST T 9e ER @ S 21 shie ¢, off iR (3) w1 T wd 2
w0 § I WS IR (W) g, b Gftmfad # qen 9 wer KU gy e
T H AF T HEA &1 ek Ferd o, H HE o Wos S wimfaq T&
2 iferd Ureell o e b o fafire o Sufterd & SR SHfely SHeh! STashel THIHTOT &l
fafere gt el S 1
T B, T W ST Sufted 8 STashel THieUl Sl AU gl el |
T T, S Wws o’ | Yo @ e e gl ° Wes ol i fafire a3 W
W T, 3Teehel FHIeRo o1 fafme gt e B

d’y d
SETETUT 2 WA HITT R B y = oY, SFaHA FHHEDT 3+ 6y =0

dx”  dx
T & T
Tl TS g3 Wer y= o> 21 THok T el W1 x o WeT Yol i W eH WK
FW T
E=3e*3x (1)
3T HHIRTOT (1) 1 x ok WU TA: Taehel % W 8 @d ¢ T

2

d_zzge—bc

dx
d*y d ‘ .
Ef,d—zaﬁtywm,ﬁqmaawwwﬁgﬁwﬁawqtmmqﬁ%ﬁ

A T =9 ¥+ (3¢ ) — 6.eF =9 eI 9 =0 =<E &
EHEQWEWWW@WWWWWW%I
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SEENUT 3 GAfUd HIfST fF ®eA y = a cos x + b sin x, 99 ¢, b € R, 3@&HA
2

e Y ¢ y=0F 7 R

dx’

Tl T gen e ©

y=acos x+ b sinx .. (1)
iRl (1) o ST 9&l 1 x, O WO I AR FH W EH @A o
2 i +b
—=-—asin x COS X
dx
dzy .
W =—acos x — bsin x

2
%@ywmmgwwwﬁmmw“mm%
X

6ﬂ'éﬁ'‘1&1=(—acosx—bsinx)+(acosx+bsinx):O:Q'F’ﬁ‘?&1
ZHfeT o gen wer, KU gy stahel THishr 1 Bd €l

| woereht 92 |

1 9 10 7% e U9 § HAud Sifse for fEn gan wer (ST 3iedn 3Teue) 9
STaehe THIHIU & B B

1. y=e'+1 : Y =y =0

2. y=x*+2x+C : y-2x-2=0

3. y=cosx+C : Y +sinx=0

4.y =1+ : Y= 1_?;2

5. y=Ax : xy =y @x#0)

6. y=xsinx : xy':y+xm(x¢03:ﬁ'{x>y31Wx<—y)
)2

7. xy=logy+C : y = I—xy (xy#1)

8. y—cosy=ux : (ysiny+cosy+x)y =y
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9. x+y=tan'y : Yy +y+1=0

d
10. y=g2-x2xe (—a,a):x+yay:0(y¢0)

11. =R Fife o et eTaehal G o s o1 § SuRted Wes 3=’ &l e o

(A) 0 B) 2 © 3 (D) 4

12. o1 Hife ot fordt asa gt & faftte a1 ¥ suftem @@= s/l &1
e
(A) 3 (B) 2 ©) 1 (D) 0

9.4. T4U T =MUF T AT TAhS THIHIUT 1 0T (Formation of a

Differential Equation whose Solution is Given)
T W € for wefiehwo
X+y’+2x—-4y+4=0 .. (1)
TF T8 94 &I Fefid Fa © g & (-1, 2) ? @R B 1 s
GHRTOT (1) 1 x, o T e T T I FW 2
dy_x+l (29 ()
dx 2-y

IE U 3Tashel GHIHION B 39 o1 § @ fF (AT 9.5.1 1 3= 9 3fEw) fF
IE THIHTOT il o Teh ool o FReTId shidl & SR S el ol Ueh WEET Heh0T (1)
o feen gen ga 21 ey i FHe w R

X2+ yr=r .. 3
r, 1 faf= A1 39 W eH Fa o 9= 957 g Y

Bd ¢ SeeE: X+y =1, x+y’=4,x>+y*=9 s,
e (M 9.1 3fEw)| 58 wem wHE (3) X%,
Tk WY Hehsl Il o el i el il € ToeRT /ﬁ%
&% 7o fog € iR foment feard fa= 2 X< le >X
S STl 3feshel THIhT0T A T | &1 T8 FHiH

r ¥ o B 16T Fifeh Fa o fafa= w&=l o6 v
fau o1 A o= @) WO (3) T xS @I ST 9.1
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TH HE T TE THIHTOT Ured Feman S 21 Sveif
2x +2 ﬂ—0 FAan ﬂ—0 4
X + ydx x+ydx . (@)

g IFhel THIHT, THIHTOT (3) R Fefua Wehsl ol o ool bl fefua i 2l
ameu iR o frfafed gt | faem #i:

y=mx+c .. 5

Tl m @ ¢, o Tt 9 9 ed e o i Tee W g €SS

y=x (m=1, ¢=0)

y=3x (m= 3, c=0)

y=x+1 m=1, c=1)

y=-x m=-1, ¢c=0)

y=—x-1 m=-1, c==-1)
TR (T 9.2 FEW) | v B
TH YHR HHIH (5) WA st o Fe &l e | R
w1 7 o m, ¢ = 2 -

319 TAN &9 39 el o Yok USE gNI G foh
S I 3Yeshel FHIHT A | 713Uk afafte X'
98 FHIRW g AT ¢ § G B A6 Fifh Fel oh
fafa= we@ll o T m e ¢ &1 96 991 81 98 Sraehd
GHIhIT, THHTOT (5) T x o GHE HATER I IR

>X

YI
Ieshe T T U gl © 37fq T 9.2
dy dzy
dx dx* ©

THIHT (6), HIHT (5) gR RU g0 W @ett & et i Frefud wr 2
fooquft wefiereor (3) @ (5) HHY: GHEW (4) TS (6) & AUFH B B

9.4.1 13U gT &l &F FT Bl [THIUT FA TG TR THIFIIT & (7107 T
Gfehar (Procedure to form a Differential Equation that will represent a given

Family of curves)
(a) I faU gL TRl 1 A F, ot Tk Waa R R 3 2 a1 38 Fefatea
w9 ATl Rl gRI e e s @
F (x,y,a)=0 .. (D
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(b)

TIfoTd

STEM:, WATAA )2 = ax HT FA f(x, y, a) : y* = ax o €9 aATel FHHIT §R
et feman s Fehar 21
THETOT (1) T x o TYET 3The & W Y V', y, x, T ¢ T ifad w3
qel Tk Gt fefafad 9§ 9 g B

g,y )y, a)=0 . (2)
THIOT (1) o1 (2) ¥ o & fOg@ ®H W TH AT TaThel THIH
frefafad &9 § 9 g 2

F(x,y,y)=0 .3
af% U T Gl F FAF, Tl o, T2 bR FR %1 € a1 39 Frfafed w9
aﬁﬁwmﬁ?&ﬁamw%

F, (x,y,a,b)= @
W(@wﬁ?wawwmgﬁy x,y, a, b AfHfed w3 aren
T gt FreEfafed 9§y g e

gy, y,a,b)=0 . (5)

W < TN HY GeHd ¥ & GrEell 1 foew S geie e © gafay gy
Teh T TR0 T STEYIRdl Bl TE THIHOT, WHIHOT (5) T x ok Wel
e w1 R Frefatad &9 9 wrw foar S @

h(xy,Y,y" ab)=0 .. (6)
THIH (4), (5) WA (6) § T b Hl faqw FH W TH OIS TTHha
TefeRt Frefeian &9 § W e e

F(x,y,y,y)=0 (D

| Tooruft| forelt =eh el 1 Frefid e a6l Seehel TR K1 HIfE Sal €
Bl @ TS SH ok el o WA THIR B Wes 3TN e €l

SETETUT 4 Thl o el y=mx i BT T Gl Tahel FHHI hHi A HIFST
Safh m Tk Wes 3T B

T gt f&

y = mx (D
iRl (1) o S U&l H1x & WU AFwed HE W B U HW o

dy _

=

m T A G (1) § gfaeenfya 3 W gd y=%-x awxg—y=0m
21 21 e e m @ g € iR gEfe gg el st gl )
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SETETUT 5 Wkl o el y=a sin (x + b), EH g, b @5 3R €, &1 Fefa w6 o
el GHIHIOT hi A hifold|

o1 e g € 7 y=asin (x+b) (D
THRToT (1) o IF & 1 x o HOY ST STk FH W BH U F o

ﬂ:acos(x+b) )

dx

2

2—2:—asm(x+b) .. (3)
TR (1), (2) @1 (3) W ¢ bl foqed T W eH W Hd 2l

d2

Ef+y=0 o (4

TR (4) o3 SR o qel b W Y € 3R gHieY T 1vfiee Sfeeshel WHI €

IEEI0T 6 UM Sregdl o el bl &I S ATell 3Taehe] WHIhIUT AIq hife fSeht
AT x-2787 W & qen foee ohx got fag 2

T 9 WA € fh o efgml o ool ol WHieTOl fEfeiad YRR w1 el §
(WQ.’)W) Y

N

+5 =1 . (1)

THIHTOT (1) T x oh T Theld HH W Ed X< Q__-///
2x 2ydy

S+ 22 2 =0y e 2
a b d v
e X(ﬂ]=iz . (2 3TTeRfd 9.3

x \dx a

GOl (2) o |1 &l F1 x % AU STEeed i W eH Wi Bl o

x@_
HEIEES
x ) adx? x dx

dzy [dyjz dy
SPE —+x| = | —y—=0
v dx* dx Y dx

TR (3) s1dfie aTashel THIH B

.. (3)
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TEEA0T 7 x-3AF H] G o5 R T T 9t o[ % Fd Y
1 3Teehel Ul A hifaTd|

TA AM ST, x-3181 & g foIg W w99l 3 o g4
o el i C ¥ Ffde fopan s 21 (0, o) 39 & o
fopelt wew oh oh ferg o fdenien ® (eTepfa 9.4 <fEw))
THAT e C o1 FHIHOT 2

X ro) X
X4+ y-aP=a A9 X+y’=2ay  ..(1)
Y ¢ T e S g1 WHE (1) % ST gl )
1 x o WU e HE W I Hd 2: Y94
2x+2yﬂ:2aﬂ
dx dx
dy dy
+y—=a—
SLE] X ydx adx
x+y@
a= dx
S dy )
dx
iR (2) ¥ o %1 °HE GHE (1) § W W I H9 2
{x+y3i}
2 2 _
X +y =2y dy
dx
YAl @(x2+y2):2xy+2y2ﬂ
dx dx
3727 dy__ 2%y
dx xz—y2

g U U Iail o el o1 37eiee Yol IRl B

IE1EY0T 8 U WAl o el il &MU S arell STashal FHIHI0 [1d ity FTet
o oot fog W 2 qen e el oA X378t 1 e | 2

T HA eitoe for STe =fdd Weedl o el 1 P s fan s @ iR
I o THEl G H A (0, 0) W 2 00 ¢ Th oA @es 31 ?
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(sTeRfa 9.5 3fEn) | TEfETT A P kT R ©: Y
y* = 4ax .. (D
THIRYOT (1) o6 A1 9&l HTx Sk HHE AR
FE W TH UM & F
J X<e—p5 0 >X
2y 2L =4q e ’
dx
HHIRTOT (2) | 4q 1 AF FHH (1) H WH W
T UM B ;{’
ATFHRT 9.5
yz:(Zy%)(x)
X
el y? —2xy%=0 . (3)
TR (3) TGU g el o hel i el THIHT 2l
| wearett 9.3 |

1 95 T Y& U9 H, W5 T o 9 b & foqe id g XU g ol oF e
! Frefud &3 are STaehel THIHT F1d iy

Xy

1. —+Z=1 2.y =a (b*-x?) J.y=aeé¥+be™
a
y = e¥ (a + bx) 5. y=¢€" (acos x + b sin x)

y-3181 i e fo9g W T1 3 a1t Il oh el 1 STaehal WHIRIUT HG hifeu)

T WAl o el 1 Teshel WHIHTT i iy foent o et fag w @

3R TSehT 2181 Teeh y-31eT ot e o

8. W eloai o el T 3Fehel THIHTOT T ShiToY fiep! T y-3787 W & qen
fSeh1 % gt foig R

9. UH SAquLererdi o el 1 STeehel THISHTOT A HITSIT TSeh! et x-3781 W &
den feht ohg ga forg 2

10. U@ o o ol 1 STaehel GHIhIU T shifoTg fSient ahg y-37e1 W & 31 foeht
50 3 3T 2

11. Wﬁwmﬁ@mwaﬂmﬁy:clex+cze*%?

- N Y

d’y d’y d’y d’y
Ay —5+y=0®B) —5-y=0 ) —5+1=0 (D) —5-1=0
(A) 0 y B) 0 y ©) 0 (D) 02
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12. frefetad sl § @ fog g &1 s ok gd y =132

d2y 5 dy dzy dy
A —_— x4+ =X B —+Xx—+ =X
(A) P P (B) i P
d’y ,dy d’y  dy
—5—x —+xy=0 —+x—+xy=0
© dx* dx v (D) dx* dx v

9.5. YUYW hifE TS YW UTd o Tdehed AHIHIUN ehl BT i ohl fatfeat
(Methods of Solving First order, First Degree Differential Equations)

39 g=sg § €9 YUY hife U 9¥H Wd oF 3{dehcl THIHON hi 8 Hd i o
fafeat =t ==t w4

9.5.1 gema;wﬁw o aTe 3ddheT HIHTOT (Differential equations with variables
separable)

Yo hife TS Y9 HId 1 3Tadhel TR fEfafad §9 &1 B 7

dy
2 _F
(x,y) .. (D)

TR F (x, y) 1 TOE®RA g (x), h(y) o &9 | Af9erem fohan ST dehal € &l g(x), x
T B 3R A(y), vy TH B © dl FHEHO (1) YT =Y el qHieo
FHEAl &1 TH BF W FHier (1) i fefetad w9 o foen s g e

v
- =h0) .2 W e

AR 1 (y) 20, T = I JoUF W gL THHIT (2) H

1
— dy = dx .. (3
) y=g (%) 3)

o &Y ¥ fora ST Hehdl g1 T (3) o S Ual o HHeher S T EH W i ©

jﬁ dyzjg(x) dx e (4

TH R T (4), U U Sfaehel e 1 gl fEteiEd 9 § YEE il 8
H(y)=Gx) +C .. (5

T&l H(y) T G (x) FA: %y)qa'g(x)é? Yiasterrerst & 3 C @=s 3R Tl
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SETEI0T 9 STl HHL b _x+l , (y # 2) 1 SATT% & 1A hifelq|

dx 2-y
T fen T 2 R

dy x+1
fac +2 !
dx 2- 0#2) %

y
TR (1) H =R i gUeh il T TH W i @ :
Q2 -y dy=(x+1)dx )
TR (2) o JFI &l 1 TG i W BH | W o

[@=ydy=[(x+Ddx

2 2
Y 2y—y—=x—+x+Cl

22
CRE]| ¥+y +2x-4y+2C =0
3T X+y +2x-4y+C=0 .. (3)
et C=2C,

iRl (3) STaehel GHIHLOT (1) 1 9% B Bl

2
SETETOT 10 T THIHI %:1”2 H TF A TG HIATY
X + X

A dfh 1+)? 0, T =R 1 gorep FId gY A 3 STershet THIeR feAfatad
w9 ° fo@n s "o 8
dy  dx
1+)72_1+)c2

THERTOT (1) o <l Uel T qHEhe i Y 8H UM e

J‘ dy :J- dx
1+y* 1+x7
YA tan"! y = tan"'x + C
g GHIH (1) 1 A9 & 2

d
SETET0T 11 3{dhel HHIHI d—i=—4xy2 =1 fafere ga 9a *ifve, I y=1 9@
x=0%

T AR =0, T gon srasha gt fefafaa &9 o fa@n st e e

dy
?=—4xdx (1)

.. (1)

2022-23



410 TTfoTd

GHieRTor (1) o5 S U& 1 GG % W EH U B

J‘d—)22=—4j‘xdx
Yy
1
e ——=-2"+C
y
SREI y_; 2
2 _C (2

TR (2) ® y=1 3R x = 0 wiaeenfud @ W ed C=— | < 8l 2l
C &1 AF g (2) o yfoeentyd & | KU g stashal aHiteol &1 fafite &a

! T Bl B

x4l

saretor 12 95 (1, 1) | oA a1l T U ok 1 GHIRI Shife et sTaehd
TR x “dy = (22 + 1) “dx (x # 0) €1

o fRu gu st Gty &I frefafad w9 9 siferea fvan st wenan 2:

y

379mET dy=[2x+ljdx . (1)
X

TR (1) o SHI &l 1 FERGH F W BH W w o

Idy:I (2x+1)dx
X
HAgar y=x"+ log|x| +C - (2)

THieRTor (2) TEU gU sTaehel Uil o Bl ohi o hel i TIEUG HLdl @ W
TH 39 Tl o Uoh UH fafire oeer &1 efiehtor A e wed € 9 fag (1, 1) 9
TSI Bl
£ SIS g1 UEW Gehd %W?ﬁﬁw% el agd | TUA T SHAI9EGh ® WAl § Y

Bl 8, STl €9 dx 3R dy i HURO HETSH i T FaeN H o € dv 3 dy I YeeE-geh
A1 TR B9 agd © UM i gEIUe S %Y "ehd @1 "aH: Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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TEfT TR (2) § x=1, y=1 Yiaeentid & W el C =0 9w e &1 C &

I GHRT (2) § wfenfd i W ed el g 1 THIw y = 2 + log| x| % &Y
¥ 9 g 2

SEEr 13 fog (=2, 3), W oA arel TH 95k o1 HIT A1q Sifee fordeh fonet
fag (x, y) R Tl T 7 yaur Z—f%l
y

A %ﬂw%ﬁﬁeﬁwaﬁmﬁ%@aﬁmi]—é%wﬁ%wﬁq
dy _2x

dx e (1)
=R ! goreE F g THE0 (1) H FEfafea w9 F fa@n 1 g €
y* dy = 2x dx .. (2

i1 (2) o ST UEl 1 GHR F W BH Y| i
J‘yzdy=J‘2xdx

3

7orT y?zx2+C .. (3)

TR (3) § x=-2, y=3 gfqeenfid & W ed C=5 s gial &l
C T A THIHT0T (3) | Yiqeenfud s W eH A g 1 THIHI0

3 1
y?zx2+5 Foal y=(3x% +15)3

% ®9 § U Bl e

SaTetuT 14 fRE 9% o qgoud 1 gfg 5% afs &1 X F et 21 fhad auf o
Rs 1000 & 1 A & ST ?

&l g e foredl 999 + R geted PRI € g ue o 3TER

dpP (5)
ol 2 xp
dt (100

ar_P
aferell 0 (D
THieRTor (1) § =/ 1 YUk i W, H IQ H B :

dP dt

P20 .. (2)
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iRl (2) o {1 UEl 1 GHRO 3 W EH U i ®

t
loeP=—+C
0og 20 1
RS
S P=¢2.¢%
o .
e P=Ce?® (S8, =)
Ad P=1000, Sd =0

P 3R ¢ 1 HF T (3) | W W BH C = 1000 9 W 71
THfAT T (3) W B9 UK i B

P=1000 5
A AT oot gered g 8 S €, 96

2000 =1000 ;3 = 1=20log2

| woraett 9.4 |
1 910 T o Y1 |, Tdsh STachal HIHIU ] SATIH T T HITT
dy 1-cosx dy [ 5
1. — = 2. _—= 4— —2< <2
dx 1+4cosx dx - ( y<2)
dy
3. E‘*‘)’:l()’?&l) 4. sec’ xtany dx + sec’ ytan x dy = 0
_ _ dy _ 2 2
5. (¢ +e)dy—(ef—e)dx=0 6. E—(l+x)(l+y)
d
7. ylogydx—-xdy=0 8. xs_)’:_ys
dx
ﬂ— in~L 2
9. dx_sm X 10. etanydx+ (1 —e")secydy=0

.. (3)

11 § 14 T o 9 °, T STaeha 9l o fau XU gu ufaey 1 9= &

ren fafdme g @ Fifg|

d
11. (X3+X2+x+1)d_i =2 +x;y=13a x=0
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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dy

2

xx—l—=l- = =
( )dx ;y=03fg x=2

cos[%)za (@ae R);y=13aCx=0

X
d
—y:ytanx;y:233x:0
dx

fog (0, 0) ® ToRA A6l THh TH 9 1 GHIH FA HifeC FSGHhT Aahdl
FHHTT ' = e sin x
Wﬂwxy%=(x+2)(y+2)é?mﬁg(l,—l) H TeRA 9Tel 9%
@ I

85 (0, -2) ¥ ToRA a1t TH T I 1 THHI AG wifere fomen fwat fag
(x, y) R a9t ¥@1 1 gourar 3R 9 fag & y Fwie &1 orEe 39 f6g o x
fodenian o R 2|

T doh o fohdl f95 (x, y) W w91 @1 &1 gaur, Taet fog &1, f55 (- 4, -3).
Y o™ o1el Tarae 1 Yaur i g 21 AR 98 a9 {65 (<2, 1) @ e @
T 39 T 1 HIHOT T it

Teh AR TsaR &1 e, T8 ga et Forn s @1 €, feor fa 9 =5
@1 A ARH W W Tea) 1 B 3 S ® SR 3 Yehe 9% 6 THE €, @l
 Hohe 918 39 TR &1 e 9 &t

et o | gorer #1 9 r% Tfiw w1 T F B T AR 100 TR 10 IO H
T B S €, @ AE T HISU (log 2 = 0.6931).

et S o qaue &1 gfg 5% it F1 < F &t ¢ 39 SF § Rs 1000 ST
FHAT S S| TG B 6 10 o a5 T2 AR foha & @2 (5= 1.648)
fepedt Sramo] Tge o Sfraropedt i @@ 1,00,000 #12 S § s G H 10%
1 gig et 21 fohaa w2l § Sfrarogei &1 g 2,00,000 B ST, A SfaopE
% gfg 1 T 3ok SURtYd FEA o FHEUE!

SEEHA ﬂﬁlw?ze“yam =& T 8
X

(A) ef+e7=C B) ee+e=C
C) e*+e=C (D) e*+e?=C

2022-23



414 wfora

9.5.2 GUETHAT 37deheT WHIEIUT (Homogenous differential equations)
xTd y o frefafed weml ® foeam ity
F (x,y) =y + 2xy, F, (x,y) =2x - 3y,

F, (x, y) = cos [%) , F, (x,y)=sinx +cosy

WWWﬁxﬁyﬁWWWk%WW:M@ Ay ™
wfaeenfud T faar ST @ &9 W Fw ©

F (Ax, Ay) = A (3” + 2xy) = A* F, (x, y)

F, (Ax, Ay) =X (2x-3y) =AF,(x,y)

F, (Ax, Ay) = cos [%) =Cos (%) =A0 F,(x, y)

F, (Ax, Ay) = sin Ax + cos Ay = A" F, (x, ), f&t «ft na fog

78 &9 Ufer *d € 7 werl F, F, F, ®1F(kx, \y) = A F(x, y) & &9 § feman
ST Hhdl ¢ W Fe F, 1 39 €9 H T8 foran ST wehar 81 394 &9 Frefatea o
M FL 2

we F(x, y), n 5 ol GHEEE %ot shedidl ¢ 9 fhdl I o=r A& fag
F (Ax, Ay) = A" F(x, y)

T e F ¢ o ST 3N | F, F,, B, %1 2, 1,0 ¥ dct SHemda wer
€ Saf F, 99 ®ed & 2l
T 7% +ff dfem w2 R

2x X

SRl E(x,y)=y" [l+—j=y2hz [—j
y y

A E(x, y)=y1(2£—3j=ylh4 (ﬁj,
y y

=)o ()
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,neN¢W{:ﬁ9ﬂﬂH€ﬁfﬁq

N———

E,(x,y) # x" hg (l
X

n X
A F,(,y)= Y h{;),ne N
THAT Th e F (v, y), n 50 9l GHEE el hedmd ¢ A

n X n Z

F(x’y)zxg[x) o yh[y)
%:F(x,y)%mwa&wﬁww&ﬁaw%wﬁmxw?ﬁm
ATl FHETAE e B

d
d—y=F(x,y) = g[lj (D
X X

&mmﬁw&ﬁawﬁwﬁwaﬂﬁéﬁm%ﬂ%wam

y=vx .. (2)
gRreenfia w3 ©
TR (2) 1 xS TN TR FH W I i o

ﬂ:v+xﬂ ... (3
dx dx

www)ﬁ%mmww(l)ﬁsrﬁwﬁawthmaﬂﬁ%:

dv
V+Xx—= \4
e g

Felq xﬂ=g(v)—v o (@
dx
TR (4) W =R i gUeh I W EH WK H @
dv dx
=— . (5)
gv)—v x
GHFT (5) o <A & T GHEEA FH W BH WK Bl B
dv 1
.[ g(v)—v_j ;dx+C ... (6)

Ifz y a2 yfaeenfyg T A ST A GHIH (6), ST T (1) FH
X
% & YSH HL 2

2022-23



416 TTfoTd

_aﬁw&ﬁwwqﬁw —F(xy)aszmﬁ%lw

F (x, y) Y1 54 ol GRS e 2 dl 89 L=y 31eid, x = vy Sfaeenfia w1
y

%aﬁimmwawm——lz(x y)= h( ] & &9 § fer@as = e
@ H & fau o wgd 2l

SETEY0T 15 TRMSY foh STaehel THIHO (x-y)%:ﬂzywaﬁﬁ?:%sﬁtmw
1 shifsa)
T U MU st iRt i FfafEad wq § aifyere fehen S Hehdl ©

Q:x+2y 0
dx x-—y
x+2y
M eIy F(x,y) =
x=y
A(x+2
- F(x, x)_u A" F(x,y)

A(x—

AT F(x, y) T2 ¥Q oTell GHETAE Her 2l
1q: Teo €3N eTashel THIehIU Ueh WHSMAT 3fehel THIshI B

faseya:
142
dy x| g(lj
dx - X )
X

TR (2) 1 S e g( )%wﬁ%w@%wwwqmw&ﬁa

Tl 21 THfAT G0 (1) Tk GHET STashel THR 2|
THI A H o [T BH TaeaT wd B
y=vx ... (3

2022-23



T HHIOT

TR (3) &1 x & GUY TR FH W T U FW T

dy dv
=y +x—
dx dx
. . d .
Tt (1) § y T Eywmqﬁwﬁawﬁmgﬂmaﬂﬁ%:
dv 1+2v
%
dx 1-v
dv 1+2v
aF9fq x—= —-v
h dc 1-v
2
3181@ xﬂ:v +v+1
dx 1—v
v—1 —dx
A 5 dv =
vi+v+1 X
iRl (5) o S UEl 1 GHRO I W EH U i B
[y = [ &
vi+v+1 X
2v+1-— 3
ST _[ dv=—log|x|+C
Viev+l
2v+1
37 — ——|—=———dv=-log|x|+C
Iv +v+1 2J.v2+v+1 g| |
1 ) 3 1
—log|v +v+1l|——|—=———dv=-log| x|+ C
ST 2 e | 2Iv2+v+1 gl
1 ) 3 1
SIRE]] —10g|v +v+1|——_[ dv=—log|x|+C
2 2 1 (BY
(v+) RES
2 2
1 2 3 2 -1 2V+1
—log|v +v+1|——.—tan =—log|x|+C
Y > g| | PRNE [\Bj g| |

2022-23

417

. @)

. (5



418 TTfoTd

St %log|vz+v+1|+%logx2=\/§tan‘l[2v+1j+c

NE

v ﬁ%,@qﬁwﬁamﬁmgﬂmwﬁ%:

1 vy 1 ’ af2y+x
—log|~~+=+1|+—logx :\/gtan +C
3rean S8 Tt 5 log Jox
1 vy a2y +x
—log|| —+=+1|x —\/_tan +C,
e 5 g[xz . J N
1o 10g|(y2+xy+x2)|=2\/§tan“l(2y+xj
379 10g|(x2 +xy+ y2)| = 2\/5 tan~! ( J

IE ST GHIH (1) T =UF B Bl

TETETUT 16 TR o STaFel THH xcos[xjdy—ycos[ j+x e § 3R

dx
THHT TA Fd hifSIT|
Tl e gan srasha gt fefafea w9 8 foan w1 g 2

dy ~ ycos(§)+ X

2 7/ .. (1)
o X cos(y)

X

qﬁ%zF(x,y)éﬁmwaWWW%l

ycos(zj+x N

X COS (yj
X

&l F(x,y)=

2022-23



kel GHIET 419

X AT T y Rl Ay W Fieenfyd T W eH W e 2

ﬂ[ycos[yj+x]
X

F (Ax, Ay) =
ﬂ[xcosyj

X

= 2°[F(x,y)]

F (x, y) I3 ¥ Il GRS o ¢, TAfeT fam g staehel GHisi T e
IThel THIEHIUl B SHHI B i o oI B9 Wi wid ©:

V= (2
G (2) T x oh WUE FTHAT HH W EH T W 2

AN 3
dx dx - )

g (1) § yud %mmmﬁawﬁm%ﬂmw%:

dv vcosv+1
V+x—=
dx cosv

dv _vcosv+1

s XE_ cosV -
]

S dx  cosv
37 cosv dv :@

X
TqfeTg Icosvdv:jldx

X

Y sinv =log |x| + log |C|
Y sinv =log |Cx|

vﬁ%gﬁwﬁﬁmﬁmgﬂmwﬁ%

sin (l) =log |Cx]
X

IE IaFe THIHW (1) H SF A 2l
2022-23



420 TTfoTd

SETETUT 17 SIS T oraehel WHeh0l 2y ¥ dx+ (y—2xe’ ) dy =0 THEEE € 3R
AR, x=0 9 y=1 T g = d@f 39 TRt &1 fafdte ga 9 wifsw)
&1 T gan sraehe Tt Frefatad &9 o foran s e 2

X

dx_2xe’ -y Y (D)
dy X
2ye’
x A| 2xe” —y]
2xe’ —y _ —_%°
A it F(x,y) = — @@ F(x,Ay) =—F——=-=A [F(x,y)]
2ye” k[Zyey]

3d: F (x, y) Y oA ol GHEEE B 2

gHferT, 5o gan eraeshel WHiehol Ueh WS Sfeshel THIshI B

WWWW@*W,Wx:vymW%I

TR (2) 1 yoh WU SEhe HT T EH WK Hid @
dx dv

_=v+ —_
dy ydy

W(l)ﬁx@?wmgﬁwﬁﬁwqimwm%:
y

dv 2ve'—1
V+y—=
dy 2¢e"
dv 2ve' -1
SPEI y—= -V
dy 2e"
dv 1
HIAT y—=-—
dy 2¢e"
SRE| 2e"dv = i

2022-23



kel GHIRT 421

SR '|.Zev.a’v=—'|-ﬂ
y
SIRE 2e¢"=-loglyl+C

mfaqﬁwﬁmwmmwm%:

2 ¢’ +loglyl=C ()
R (3) H, x=0Td y= | Gaeiid w3 W &0 W & 2
2+1loglll=C=>C=2
C &1 9 Tt (3) o wiaeentid s W 89 W i €
2 e;+loegI:2
g fEu g erawel WHIHol 1 T T g 2|

SEMEY0T 18 JWMEY TR ool o1 e, foer fordl fg (x, y) R Tl @1 &1 gaoma

2, .2
Xty %,xz—yzzcxng%I
2xy

1 BH WM € T Tk % o frdlt fag w wael Y@ &1 weom %é?wﬁ'cﬁ%l

dy x2 y2 dy ! 2

— X

gg-f\a-q _ . (1
dx 2XV dx 2» ( )

w:aﬁwm(nwaﬁamwﬁwé%
THH] BA B o AU BH y = v WTT€qOq 3 2
y=vx S x o HUL Eher T W EH UMW 8:

2
ﬂ:v+xﬂ a0 v+xﬂ=1+v
dx dx dx pAY
dv 1-v? 2v dx 2v dx
AAd: X = q0 deZ— TP — dv=——

E_ 2y 1-v X v =1 X

2022-23



422 TTfoTd

2v 1
TqfeTg J.vz _ldv=—_|.;dx
YAl 10g|v2 —1| = —log|x|+log|C1|
YT log‘(vz —1)(x)‘ = 10g|Cl|
SR WV-DHx= =% C

1

vﬁ% Y yfaeenfud 0 W B9 | W o
2
Yy
[—z—lsziCl
X
A O -x)=£C xAqx* -y =Cx

| womrereit 9,5 |

1§ 10 T o Yoish W9 W <9iie foh T gan oteshel THishol THEE @ SR g
T YIF I €A hioIT:

, xX+Yy
1. (P +xy)dy =@+ dx 2. y= 3
3. (x=y)dy—-(x+y)dx=0 4. (P> —=y)dx+2xydy=0
dy
24y _ 25 2 _ [2, 2
5. X e X =2y +xy 6. xdy—ydx=\x"+y dx
7. {xcos (lj+ ysin [l)} ydx= {ysin [lj— xcos[lj}x dy
X X X X
8. xﬂ—y+xsin(l)=0 9, ydx+xlog(ljdy—2xdy=0
dx x X

10. [1+edex+ey (1—£de=0
y

11 9 15 T o U9 | Uooh T9ehel THI o foTu U g fdeiel &l 9 & aret
fafere &t 3 wifs|

1. (x+y)dy+(x-y)dx=0;y=13 x=1

12. Xdy+@xy+)y)dx=0;y=13aCx=1

2022-23



kel GHIRT 423

13.

]

{xsinz(lj—y}dx+xdy=0; y=E I x =1

X

14. dy y+cosec[

dx x X

j 0; y=03algx=1

d
15. 2xy+y2—2x2d—y=0; y=2afx=1
X

d

16. £=h[§jé€mmﬁmﬁawuﬁaﬁmﬁww¢mﬁwﬁﬂ“@a
9 9 9 gfaeerd fwa S 2
(A) y=wx B) v=yx ) x=vwy (D) x=v

17. frafafea & 9 & @ gaurda e gHie 22
(A) Ax+6y+5)dy—By+2x+4)dx=0
(B) (xy) dx — (x* +y)) dy =0
C) P+2y)dx+2xydy=0
D) y¥de+ @ -xy—-y)dy=0
9.5.3 g araekeT WHIFIUT (Linear differential equations)

dy
—+Py=Q,
dx Y=

o ®Y oIl Saehel HIHT, TEY P U Q 3= 31fel hael x o el §, YH hife
1 @ Tahel GHIHI el €1 YUH HiE o Mok s qHHT & FD
I T THN 7:

'y )
—+y=sinx
dx ¢

dy (1) _ «
dx+[xjy ¢

dy (_y |1

dx \xlogx) «x
9%@&%%F@$Wwwwwm@é@—+h Q, 2, fow P,

aﬁ?QWﬂWéﬁﬂy%W%l%ﬂW%WﬁW&@m
frfafad 2 Z—”:COSY
y

2022-23



D iPy=Q (D)

A B oh AT FHIHIO o AT 98 Hl x F B g (x) ¥ TOMN HH W H I
W o

dy
g ) I +P.g(x)y=Q.8 ) - (2)
g (x) T =TI 3H TR HIFT difch THIHIOT kT ST U&7 y . g (x) 1 3Teehelsl s ST
dy _4d
T g —— +Pgy="-ly.g W]
- B b it D +vg
g()c)dx+ -g()c)y—g(x)dxwg(x)
= P.g (x) =g (v
p &W
aFeE
g(x)

A vEl T x F WU FHRGR F W BH U F o

Ide= g dx

g (x)
A IP.dx:log(g(x))
Ferel g = Jfra

TR (1) Hl g(x) = el W TON HT T SH THIHOT 1 ST 987 x Ty
Tl Hel 1 SrashorSt S ST 81 98 Hel g(x) = o7 X U ot THieheor 1
FUThe™ TR (LF.) Feard 2
T (2) H g (x) 1 9 gfaeenfid s W Y g i e

ejpdxﬂ+PeIpdxy =Q. ejpdx
dx

- i(yejpdx)zerde
dx

2022-23



kel GHIET 425

A T&l T x, O WU GHHEA HE T BH U FW B
y‘eJ'de =J'(Q.eJ'de)dX

Skl y:e_jpdx I(Q 'ejpdx)dx+C
T el GHIHTT 1 ATH BA T
o whife o IRgeh Tdehel WHIRIUT &l B i o Taq @fmfad =Rt
(i) W@Wwwaﬁ%WFQéﬁmﬁmﬁuﬁRQwaw
hael x o el B

(i) HEEREH oI (LE) = (P4 w1 wifsm
(i) ST U T Tl &1 ga fFefafed €9 ° fafau:

y.(LE) = [(Q*LF)dx+C

d
Wﬁumﬁﬁm%ﬁ@‘:ﬁWﬂﬂﬁwd—§+Pﬂ=Qlé€mﬁ%WPlaﬁin

TSR 31l had y o HEM €, q9 LE = R4 3R

x.(LF)= [(Q *LF.)dy+C 3faehel GHI I T 2|

SEETUT 19 3Fehe] FHIHII ?—y:cosx %1 A B 1A i)
X

Tor o gon oasha Wt

dy
dx

LSl I.F.=ej_1dx =e
YO o {1 uell i LE. ¥ 0T i W eH W i e

—X dy —X —X
e'——e"y=e"cosx
dx

+Py=Q % WEP=-13 Q = cosx

d _ _
SR —(ye x):e *cosx
dx

2022-23



426 TTfoTd

AT g&ll T x o TUY ARG H W B W F o
ye :J‘e*xcosxdx+C (1)

e efifsa fw 1= Ie_xcosxdx

e ) x
= cosx{ 1}—'[(—smx) (—e ™) dx

= —cosxe " —Isin xe " dx
—X . —Xx —Xx
= —cosxe —[sm x(—e ) — Icos x(—e ) dx}

= —cosxe “+sinxe " —Icosx e " dx

A I=—e*cosx+sinxe*—1
YA 21 = (sin x — cos x) e™*

X

- = (smx—c;sx)e

gt (1) § 191 OF gfaeenfod @ W 89 I S 7

ye :[smx;cosx)e_x e

sin x —cos x
3rean y=f+Cex

g fXU g 31ahel HHIH1 1 =9 & &

d
TETET0T 20 YT THIHT xd—)yc+ 2y=x* (x#0) &1 =IF T TG FT
g1 T gen srama | €

2

dy
x—+2y=x . (1
P y (D

X
RO (1) o 3FT &l i x Y 9 3 W T U FA o

dx xy

d o 2 .
T, d—i+Py=Q,$1m =1 fE® sowe T 2| AR P=—d Q==x%l
ELS| \all IFE = e_l-%dx:eZlogxz elogxz :x2 [éﬂ]"ﬁ:ﬁebgf(x):f(x)]

2022-23



kel GHIET 427

THfery fau gu wHfietor &1 B
y.xt= [(0)(P)dx+C = [xdx+C

2
St y=%+Cx_2

g feU g erashel WHIHTOT 1 A% B 2l

SETETUT 21 3Thdl FHIHIT y dx — (x + 2)?) dy = 0 1 MYk T A1 HIFST
Tl e gan erashe gt frefafaa 9 o foran s g 2:

ﬂ_ﬁzzy

dy 'y

. 1.
Tz, ?+P1x=Q1,a'T ®q oren Hew amd wHieol 81 ¥El P =—— Ud
y y

1
Q, =2y BI W | F.= ej_gdy _gowy oo 1
y
31d: TG gU Srahel G0 1 B9 €

xlzj(zy) [ljdwc
y y

X
SR —=IZdy+C
y
X
37 —=2y+C
Yy
SRCl x=2y*+Cy

g U g erashel WHIeHOT 1 1Y% B 2l

SETETUT 22 SAdehal GHIhOT

?+ycotx =2x + x> cotx (x #0)
X

o1 fafere &at o wifsw, fen gen € fv y =049k ng

Bl oo gem sTaat |Hieho %+Py=Q,é?mw%F@mWww%mﬁ

2022-23



428 TTfoTd

P = cot x 3 Q = 2x + x2 cot x €| THAT

Jcotx dx log sinx

IF.=e
3Td: STThe THHT FT A T

=e =sinXx

y.sinx=](2x + 22 cot x) sin x dx + C

CRE]| y sin x = | 2x sin x dx + Jx? cos x dx + C
: . [2x? 2x°
CRE| ysinx = smx[ij—jcosx[ij dx+szcosxdx+C
2 2
CRE| ysinx=x2sinx—szcosxdx+szcosxdx+C
3 ysinx=x2sinx + C . (D

g (1) § y=0Td nguﬁwﬁamﬁmmmm%’:

oo(5) sl

2
F1eran c=_T

4
g (1) § C o1 OF gfaeenfud &0 W 89 9 S B
2
. 2. o
ySlnX—X Sin x 4

2

e y=x* -

—— (sinx#0)
4 sin x

g XU g 1ahal gl &1 o g 2|

saTE T 23 f95 (0, 1) 9 7oA 916l U 9 1 HIHT F1d Hifee, I 39 o o
foret forg (x, y) W woet T@n 1 yaorn, 3§ fog o x Fewnss (syot) qen x Fene aii
y fadetien (+ife) o OFEA & AN o ST 2

W@W%ﬁmﬁ@@ﬁm%%mﬁ%aﬁq

37YdT ——xy=x .. (1)

2022-23



kel GHIEOT 429

2

TR (1),%+Py=Q€h‘ ®q %1 aF FIhd GHHW 21 & P=—x TH
Q = x| gEfey

_ e _
LF.=e¢e =e
31d: T gu Wi &1 B @

y.e_zxzzj(x)(e_;z)dx+c )

RIERCIIE L I:j(x) e 2 dx

2

IERCIIEIY %=t,ﬁﬁl—xdx:dtmxdx:—dt
NI I=—_|.e'a't=—e'=—eT
ettt (2) § 1 o1 91 gfoeenfud @ W, 89 9 o

ye? =—¢?2 +C

x2

COC y=—1+Ce? (3
GHIHTOT (3) Tl o et T GHIEHIOT & W BH 59 Fel o UH G T THH
FHTN =ed € S g (0,1) W ToRar el THiRon (3) H x=0Td y = | wferenfud w
W B UN €

l=—1+C.e @& C=2
TR (3) | C o1 A Wiaediiid w3 T 80 Ww &id 8:

X2

y=—1+2.e7
TE g% H] e THEH B

| woTEeRt 9.6 |
1912 TF o U9 §, TAF Tahel THIHU 1 SATUS 8 A hiToT:
dy : dy o dy 'y _ >
1. —+2y=sinx 2. 43y =¢ . il
a ) ! dx x
4. ﬂ+(secx)yztanx(OSx<£) 5. coszx@+y:tanx [()gx<£j
dx 2 dx 2

2022-23



430

6.

8.

9.

11.

Tfora

xﬂ+2y=leogx 7. xlogxﬂ+y=glogx
dx X
(1 + 2% dy + 2xy dx = cot x dx (x # 0)

xﬂ+y—x+xycotx=0 (x=0) 10. (x+y)ﬂ=1
dx dx

d
ydx+ (x—-y)dy=0 12. (X+3y2)d—i=)’ (y>0).

13 9 15 T o T § Uch STaehel THI0 o fofu fU g ufqas &1 S &3 aren
faftre g@1 9@ &ifaa:

13.

14.

15.

16.

17.

18.

19.

ﬂ+2ytanx=sinx; y=0 3afg x=E
dx 3

d 1
(l+x2)d—z+2xy=1+x2;y=0 Ifz x=1

ﬂ—3>ycotx=sin2x; y=2 3fg x=E
dx 2

o foIg ¥ T a1ad Tk o5 1 GHIeh0] J1d HIWT A 59 a5k oh fohdl fog
(x, y) W T30 T@1 ! Yourl 39 fag o skl o A o SR B

f9g (0, 2) | TSI AT o5 1 HIHWO! JA AT A 39 6 oh fopdt fag
o fidensl o1 A 39 fog W @it T TRl W@ & yavr o iR § 5
arferen B

STdIhel HHIT X%—y=2x2 Ea WW%:
1
(A) e (B) e” ©) . (D) x

d
TR HHHTT (1—y2)d—x+yx = ay(-1< y<1) &1 GAEHEH T0F ©:
y

1

1 1
(A) v -1 (B) /yz—l © -y (D) /1—y2

2022-23




kel GHIRT 431

fafaer 3qrgvor

SEETUT 24 TG HIC o B y=c, e cos bx + ¢, e sin bx, ST ¢, ¢, TS
TR T, STIhe HHIH

2
d—Z—Zaﬂ+(a2+b2)y:0 & T B
dx dx
gl e gen wer 2
yze‘”‘[clcosbx+czsinbx] . (1)
GHRTOT (1) o ST 98l T x o WU Saeher il T eH U § T
? =e™[~bc, sinbx +bc, cosbx] +[c, cosbx + ¢, sinbx]e*.a
X
dy .
CDEI d—=e [(bc, +ac))cosbx+(ac, —bc,)sinbx] )
X
GHRTOT (2) o ST el W1 x, oF WU STEehe Hid T EH U © T
d2y
E:e“"[(bc2+acl)(—sinbx.b)+(ac2—bcl)(cosbx.b)]

+ [(bcy, +ac)) cosbx+(ac, —bc,) sinbx] e”.a

= ¢“[(a* ¢, —2abc, —b*c,) sinbx + (a* ¢, + 2abc, —b’c,) cosbx]

o d*y dy . .
feu T srEhe gHieRr | Ezy,d—zqaywmgﬁwﬁﬁmﬁmgﬂqﬁ%:

EIRIE] =e“[a’c, —2abc, —b’c,)sinbx+(a’c, +2abc, —b*c,)cos bx]
—2ae™ [(bcy +ac,)cosbx+(ac, —bc,)sin bx]
+(@>+b%)e™ [¢, cosbx+ c, sinbx]

(azc2 —2abc, —b*c, —2a’c, +2abc, +a’c, +b’c, ) sin bx
ax
=e

+(a’c,+2abc, —b*c, —2abc, —2a’c, +a’c, +b’c, )cosbx

= ¢“[0xsinbx+0coshx] = e* x 0=0 =& &
Ty 51 gan et KU g Srashel THIHOT 1 & 2|

2022-23



432 TTfoTd

arevor 25 fadta aqgefer § T gail & Fat 1 Tasha THR F1d hifee S s
areil =1 TSl e 2
Tel A efifer, frdemen ota 1 TRl e aen oK fadta wgafe # o g9 w g
C gm0 fifdw o < 81 36 % & fRdl We & o fag o FRiE (<q, a)
(TFfa 9.6 f@w))

el C ol el e aren SHet 2
x+a)P+(y-a’=a (D)
CRE]| X+ y*+2ax - 2ay + a*=0 .. (2)
GHIHTOT (2) T x o TUE EgFAT FH W BH UMW B v
2x+2yﬂ+2a—2aﬂ=0
dx dx (~a, @
dy dy X* X
x+y—=a|—-1 o
Skl ydx [dx )
x+yy
y -1 Y’
GHHET (1) | ¢ 1 AF Yiqeenfud & ™ 89 9 2: SR 9.6
x+yy T x+yy T Tx+yy T
PRELADLA I PR S I ESD )
y -1 y -1 y -1
’ 712 , 7112 7112
el [xy' —x+x+yy] +[yy —y-x-yyT =[x+yy]
370 (x +y)> v +x+yP=x+yyP
1o @+ [(y) +1=[x+yyT

S XU g o9 o el Rl FEfd HA dren STashe THw B

SATETUT 26 3TThal HHIHLTT 1og[ﬂ):3x+4y 1 Ty g1 31d shifsra) fean gan

dx
gfm y=0aR x=0
Tl e gan erasa gt fefafaa &9 o foran s g 2:

d ,
ay — O+
dx

2022-23



kel GHIRT 433

d '
o D _ et e
dx
=R ! gerR T W eH UW €,
%—e3xdx
e
Tqfeg Ie_4ydy = Ie3xdx
€—4y e3x
YT = +C
4 3
AT 4e+3e*4+12C=0 .. (2)

TR (2) Hx=0Td y=0 Fiaefud & W e I e

4+3+12C=03AYan C:E

THH (2) § C 1 AF Hfaeenfya & ™ €q,
4e3x+36*4)’—7:0,m$1ﬁ%
g fEU g s1aehal THisHT &1 T fafire g 2

SETEIUT 27  3Tdehdl GHIhOT

(xdy -y dx) y sin [%) = (y dx + x dy) x cos [%)ﬁ Tl il
g T gen s T frefeiad &9 o foran ST "R 2

[X ysin (l)— x* cos (Z }dy = [xy cos (l).,. y?sin (l ﬂ dx
X X X X

y 2 . y
cos| — [+ Sin| —
dy ¥ U Y )

SREI
dx xysin(y)—xzcos y)
X

T U WY TS B AN HI 2 Y WA Y W EH U o
y oy (Y ) (Y
Q:;COS (x)-i-[xz Sin [x)
dx Xsin Y — Cos Y - ()
X X X
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w:aﬁwﬂ),%w(%)%mww&ﬁawmé,w

T THIHIO i & HH b foIT g9
y=vx .. (2
yfaeenfyd w7
dx dx
2 .
- V+x@:vco.sv+v sinv [ 5 (l)EFﬁ'{(Z)?ﬂ 5 Wﬁ‘T{]
dx v sinv —cosv
dv 2v cosv
37 A7 —
x vsinv—cosv
(vsinv—cosv) 2 dx
e — | dv=—
VvCOSv X
I (vsmv—cosvjdvzzjldx
VCoS v X
O jtanvdv—'[ldv=2jldx
v X
SRC| loglsecvl—logvI=2log!|x|+log!|C, |
secv
ol log | = =log|C,|
secv
=+C
A 2 1 .. 3)

Tl (3) Hy ﬁ%@uﬁwﬁﬁmﬁm%ﬂqﬁ%’ﬁ

sec(yj
£ =C, seiC=+C,
e
X
y

AN sec (—) =Cxy
X

g U g erashe WHIHTOT 1 A% B 2l
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T HHIOT

SETETUT 28  3Tdchal THIhIOT
(tan"'y— x) dy = (1 + y?) dx T TG 1 HifST

Tl e gan erasha gt frefafaa &9 o foran s g 2:

dx X _tan_ly
dy 1+y> 1+y°

THtRTT (1),?+P1x:Ql,é:mw%F@a IR HHH T TET
y

1 _tanly

P = O, =
] 1+y2113rQ1 o 21 zafere

— d
LF.= e'[ et @ _ gty

ZHfeT XU gU Sfeehel GOl 1 T B

-1 t. -l -
xe™ Y =J. . W7 ); e Ydy+C
1+y

-1
o S 1= L_ta“ Y Jemydy

1+y2
‘ |
tan'y:IQHW|qaaﬂﬁW€qm%ﬁF[l zjdy:d;
+y
a7 I= [tedtT=re -]l et l=te—e=e(t-1)

Y [= pany(tanly —1)
TR (2) T 1 79 dfaeenfid 9 W 89
x. ey zelanfly(tan_ly—1)+Ct|'|ﬁ g

N Xx= (tan”ly—1)+Ce ™

g U g erashe WHIHTOT 1 A% B 2l
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T 9 W fafaer gvaraet

1. Tr=fafea seewa gl § 9§ yds &t hife td o (e gienfia 81) I«

. TIMEU f& 3Tl HHIRIO

Hiferg|

_d? d . (dyY (dyY .
(1) dxz 5x[dzj —6y=logx (ii) [d—i) —4[d—i)) +7y=sinx

_odly . (dy
(1) F_SIH(F =0

X

. TrAfafed ue=i o g o fore genfya wifse o e gen s (ST stera

TIR) GG TR FHIH FH A B

d’y _dy
' = e : —+2—— +x°-2=0
(i) xy=ae'+be*+x P2 It Xy
d? d
() y=e(acosx+bsinx) : —Z—2—y+2y:0
dx dx
. d’y
(1) y = x sin 3x : —+9y 6¢cos3x=0
dx®
(iv) x*=2y*logy L (P +y )——xy 0

(x—a)P+2y*=da?, mﬁaﬁaaﬁ&wwwﬁwﬁﬁaaﬁﬁqw
T S R R

fag ®INMT fF 22— y2 = ¢ (2 +))? &l ¢ Th Woa €, 3feshel HHIHl
(@ = 3x y») dx = (v - 3x%) @ww%@%

. T uqefe § U9 IRl % Pl h1 STkl GHIH i hifew S e erei

I w9l W B

dy [1-y°

Wﬂﬁwd—i+ 1—y2=0,aaﬁx¢1mwwaaamﬁm|
—X

dy yi+y+l

dx X +x+1

G+y+ 1D =A1-x—y-2x) ¢, T ATH 9= 2

=0 =1 =FUH BA

. fég[&%)@gmﬁmﬁqaatéwwwwmaﬁmﬁww

G sin x cos y dx + cos x sin y dy = 0 &1
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13.

14.

15.

16.

17.

18.
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TRl FHIRTT (1 + ) dy + (1 +y?) " dx = 0 k1 Tah Taf¥rse g1 3 *ifsg,
femgan € fv y=19 x=0.
STdIhel FHIRIOT yeydxz[xey+yzjdy(y¢0)‘eﬁr%aaﬁaﬁﬁﬂl

STHA FHIHW (x — y) (dx + dy) = dx — dy F1 Tk fafdre g 9@ sifae,
BT T y=—1,a x=0 @ha: x—y=1@)l

2x

NERN:

Wwd—i+ycotx =4x cosec x (x # 0) T Teh Taf¥me g1 A hifeg,

aqawaﬁlw[ }—_1(x¢0)amwamaﬁm|

fem gen @ & y =03 x=§.

SAaehel GHIHI (x+1)%=2e>’—1mwﬁrmwmﬁm,ﬁmgaﬂ

g fe y=03a x=0.

ot e o1 SEEn &1 gfg 1 R fordt ot gag 38 g & fHenfaat &1 gen
o FHEAT 1 AR G 1999 H T 1 SHEEA 20,000 SR T4 2004 § 25,000
off, @ T ST foF T 2009 § TMa & TS F SHI1?

sgat e LYY o g o e 3

y
(A) xy=C (B) x=Cy? € y=Cx (D) y=Cx

Z—;+Px Q, & &Y A TEFA THIFH H ATH T o

) vel " = [(Qel ) ay+c
(B) y.eIRdX=I(QIeIP'dX)dx+C
el = j( 5 ) gyt

®) xel” J.(QeIP )dx+C

IR FHHEW " dy + (y e + 2x) dx = 0 1 AUH & e
A xe+x*=C B) xe+y’=C (C) yer+x*=C D) yer+x2=C
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HRTIT
T T T fS9d wad =) (SR) oF 9rael STfsd =X o Sfaehals
(raehertl) wfwferd B, el GHiHl HEe Bl
fordt efahel THiRoT § GiHfad S=adu STdehelsl ol hile, W IdHhd
G0 1 I FHEerdl Bl
I 1S TeTehel THIHTU STTehersll H SgIs THIH € i SH STaehel THIHT
%1 = aReiE 2t 2
frelt stashel WHRTT &1 =@ (AR aRefad @) 39 eTahd SHieIo |
GtAferd Soean Hif Sfeshorst 1 STodd 9 (Shael HFAS qoTieh) 2l 81
T XU B STkl FHIhIU hl T i ATl Hed 39 STaehal THIRI
T HEdd 2| Th TH gt oy 3o & Wes o g, fSat 39 e
THTEHTOT 1 HITE €, SAMUH Tl Heal & AR Wes = ¥ qo gt farme
& el B
forelt fRU BT weM ¥ Tahal THIH 9H o o 0 39 e 6l WM
Il B N Sfehe Hd © TSIa 39 el H @es 3TER B § SN 99 W
TR I faqa w1 2
=R GFRT fafy T8 THiehor i e & o foQ U 1 St 2 e
= 1 I e ¥ greg foman ST gehar 7 19iq y el 9= dy % @ @ e
AR x ol U8 dx o Y T =eu

d d
Teh THT fdehed GHienT, et d—z=f(x,y) el d—;:g(%)’)é;'{aqﬁ

rfireTerd fenan ST Wehell ©, ST&T £ (x, y) T& g(x, y) T ST ot THETA Her
&, GHEd ST Uil e Bl

?+Py=Q,€FF‘T3H€1T ST THIHT, ey P aun Q 3T=R 31Ual Shad
X

x o e ©, YT hife ek Taehd GO HEard Bl

oferias gy
3fershel GHIH T foai 1 9@ Wil § § Tk €1 Teh 927 98 ® foR ot

TR &1 Sf&dcd TdsX 11, 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) 7 Tagem ﬂéﬂﬁw,jy dy:%y2 , %1 fafad &9 # weqa feran den
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I8 AT Tefteh! [ 3R dy © uRfe @ o Leibnitz TH o156 1 1 S w1
e ¥ 7 o et wel W ik 7, 38 §85en 3 99 1691 | 3% (9 ok
TeraRuita fafir’ oh ST i1 ARERH HUA Tsh oY UvE 36 YU whife
TS FHIRION o & he b1 fafer’ 1 Gefieheor femaml 9 oMl 5] SR sty
T | S ‘Yo whife o aeh STaehel THIHIUN il B I i o’ @
o] feran| feper ayeEisren € o Swelsm @t faferai =1 @i erehet W =t
BRI 3Tahcl FHIRIN o S o Jodid aul oh IeUary oh faiid 99+ gel

YR H ohae FHIRIWON oh ‘BA' T hi WA hHi TR HHIRWN ok
‘grher’ oF w9 H fAfdve fRa M oem T® wsg W 1690 H WeWA: James
Bernoulli, (1654-1705) BRI J9ad H SN 411 I ‘T’ 1 HAYLH AN
Joseph Louis Lagrange (1736-1813) , %1 &9 1774 | R 11 98 ¥ Taehal
IOl oF S " @ 100 99 915 ®fed gl ¥ Jules Henri Poincare
(1854-1912) , &, S+ o8 ‘&’ oF YR o feIQ e1eh1ed Teh TRqa fohall, werd:
MYk YR | I B ohl STUAT 3fad T U g3Tl =/ oF geaahiviy fafy
1 T John Bernoulli (1667-1748) , James Bernoulli % TS gRT feha 7|
TE 20, 1715 I Leibnitz & fa@ o194 93 ®, 3= fAfafad seeha GHieol
% BA B G fHy

o B A YR 1 Tl AHA: T, SfAEe IR S 9ehi % Tk THE
AiEYE A €1 7 S9iar € foh UE Wl K@ U a1l e il o g
HE A TG YR HW 21 2090 It o Sawe § ¢ STeshel TN o TUMcHh
forgetor’ vfive o S{qTd STaehel FHIHIUN oh Ball i Siied Uehd o TR B4
A TR {od fohal T TShel 59 T et STfawhil 2q 3Tcdd fafy o6 &9
H 9@ T W Y for 2

J

> —
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('FI'FEWT SSITUTA (Vector Algebra)'

s In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. - HERMAN HANKEL +}

10.1 9=t (Introduction)

9 e Sited | e o Wy firerd @ S T et
S 1 87 e Feddl o TEelel s 371 & 39 o
TR faaret o g g waH o fau g R 9 yR
YR HAT AMEU? SAaciih hifou o o™ 99 1
Gorferd 3T 1.6 HieX & Hehal 81 TE TH G Ul 2
Tftaferd ¢ T Tfemt e wead €1 donfa g ge
H IW TH T AR T (R 9 wed B) faew
madfyEl w1 wfed afmor & ey feen (e
T faerel feom ©) oft afmfera 21 wEh wfvmt ok
FHeeldl 71 T, Gifdst T S § 3 3 R
F1 qfer A sifew afvel, S fs o, gomm, N
e, S, Hieiereh gets W |ieer vt Si9 foh foemem, o, @R, e, 9R, Ha,
faga &= 1 diga s sgen fierd &)

79 A W eH GRl F1 Fw SMURYd Hehed T, wigen 1 fafe= wfewmand ik
TR dSg TS ST TJorerdt T 31ee 1| 39 Il YR oh TUTEHE b1 aftfera
®Y R BT Tohew T w1 Yo M a1 T I ST =fed & H gl fawma
IO 1 AR IR e B

10.2 D ATIRYA Hheu= Tl (Some Basic Concepts)

e ehfee for foreht qa sreran fr-fadftar ofale § | 61 9Xa @ g1 dR o feml st
TR O =9 W@ H 3 K USH F) S Gt §1 T I ° © Fifeea faen areft #E
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off Tk @ fgw @ st € [ 10.1 3), ()]

() (i) (iii)
3TTeRfd 10.1

a1e Uferq wifST fom afe &9 T@n ‘I 1 t@rEe AB q% Siadfd ®Y %d € ¢
T 9 | fret we feen areft Yen < w i fHuffa 8 S 21 39 IR B T
fee t@mEe yrw B ® (SMmeRtd 10.1(1i)) | 36: T fow tamEs | afEor ue fawn
RIS
ufterT 1w e ufy e uimr we fKen S e ©, |iew wean 2

o ST fF Tk (e Yarge ok g @ (@i 10.1Gi), 8 AB e
UURUE: 5, o &9 H e w1 € oK o0 qfkw ‘ AB ' oreen |fewr ‘4’ ok w9 °
Ted €

e fog ARl @ 9fke AB RY eial 8, yRfer g seerd € o1k og fag B w&f
W IR AB , TS B ¢ ifam {55 Fean 21 frd afew o yrfas wd sifag fagei
o = i IO WEE 1 R (ST TaE) Feel @ SR TH |AB| S1eE 415k
w9 o fafdee fman st 21 AR w1 e |fger & fgen w6 ffde w5 2

iR Tars FHeft S HOTHE el Bl © SHIT Hohad 14 | < 0 1 e
1ol & ?|
Tearfa |fg9T (Position Vector)

wel X1 9, B-fadfia <faomead! gaeifen fEoms 7gfa &1 =wor sifse
(emeRfd 10.2 (i)) 1 fafker & 7a1 55 0(0, 0, 0) o TMer T q@ fog P ofifere fooen
e (x,y, z) Bl @@ Wiew Op fo&d O iR Pwaw: WRfvss e eifom fag &, O
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442 wfora
Z Z
N N
2 B
P(x,),2) 7 7
> 27C
> >Y
0(0,0,0) Y (3)
X ) X (i)
3TeRfd 10.2

Trey fog Pt feufa @fier weamr 21 gt 93 (ke X1 9) 1 S9N #:3d ¢ Op
(312 ) 1 ufikEm frefafad 9§ ue e 8

|OP| =[x+ y? + 2

=ZaER ¥ 7a fag O o 9, fagsti A, B, C sanfs o feufa afsw ®991: 4,b,¢
g ffée fory S € [eefd 10.2()]1
ﬁiﬁ—aﬁm’s’? (Direction Cosines)
T g P(x,y,2) 1 feafd wfewr OP (sreran 1) S S f emepfa 10.3 # zwifen

T §1 WY FOgN X,y

Z-3781 1 ¥FTCH QUM o 91y §A1T T HHL: vl

V4
4
Cl oo
< >
r P
' 'Y .’
. o) B.- Y
: a "
L ox
AL .
X
3T 10.3 Tuy
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o, B,@yﬁ?ﬂﬁmmﬁ%Eaﬁﬂﬁaﬁaﬁ'ﬂﬁqﬂﬁﬂmwsa,cosﬁ@ cos yHfs
¢ oh b Head © 3R AEd: 3Rl HAW: |, m T n @ ffde fman sm 2
TPl 10.3, ® &9 <@ € foh 199 OAP U wHenior F19fst € iR 39 s o &n

cosoc=§ (raﬁlfléﬁmmm w%)m # 2| T YHR GHehior e

OBPTH OCP¥ & cos B=2 T cosy=-— fofa Td &1 70 ¥R fig P Fenani
r r

1 (Ir, mr,nr) e &9 § 1fyeger fohan s gehel 21 Rep-shiamg & guut g Ir,
mr Td nrafEe ;o fKep-oud FEdl § 3R 3Rl %A a, baenc ¥ ffde faan
ST B

e Tooquit | &9 e Y Wohd & R 12+ m2+ n? = 1 W FEEE: a2+ b2+ 22 |

10.3 Afe9n o W (Types of Vectors)

I |G [Zero (null) Vector] T Tiw 59eh IRfver wd sifqd fog wurdt e g,
¥ Wiew wEeldl € iR T 0 o w9 § fAfde fomen s 21 v wikw wi i A
faen oM & A1 S Gehe AR gHR1 IR I Bl € e fasheud: Ul g
oft feen ¥Ror foFT W T ST Hehdl €1 Wy AA,BB ¥ wfew 1 Frefua s €
Tk AEIT (Unit Vector) T G FSeert Tfamr W (319fe 1 3H1) © W5k 9iew
Fean 21 et fGu gu afcwr a =1 faen & ame qfew #1149 e fman s 21

HE-ATIEH |EIT (Co-initial Vectors) I 1@ 31freh Afwr fwert T &t IRfye fog
2, He fen |iey wean 2

W@ [T (Collinear Vectors) €1 312dl 31fies |fcy af Wk & W o THid =
3w Tfew e €|

HH |fE9r (Equal Vectors) <1 |fE9T 3 qon b THM WY el € AfE Seeh aiemT
Te faen A €1 SR a=b % w9 H fomn s R

FUTeAeh Afg9T (Negative of a Vector) T Hfer fwer afmm fu gu dfcw (A=
AT AB ) o @9H © g fooeht fxem fxu gu afzw 1 fen & fauda 2, &y go afw
H1 FHOUTHE® Headl ¢ SIEWM: TRY BA, W@ AB H HUIHE ¢ IR W
BA=-AB % &7 ¥ form@n s 2l
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Tfora

femuft e qRwfia Sfky 39 YR € o S0 § et w1 oft Swen uftwmor e fen
w1 uftafda fore famn i o gaier faenfua foran s gevdr 81 39 YR o G @as
Tfeer Feamd €1 38 QA ¥ g1 wad dfewt w1 & ==t wi

N

IETET0T 1 SfR707 9 30° 9= |, 40 km o5 fawemq
] ey e Sifsu) W O g
Ta 9w op evie favur & fref| w5 N
(3Tt 10.4 3fEm)) — f00
sareTur2 Frefufed @ w ke ue wfkw & w0 $
T gufiag Hifea ¥

G 5s (i) 1000 cm’ (i) 10N

(iv) 30km/h (v) 10 g/em’ P N

(vi) 20 m/s ST &I 3R TR 10.4
A

() TEI-3AEW (i) STIA-IMEH (i) TA-TRI

(v) Tfa-sifes (v) SFca-3few (vi) aT-giee
SETETUT 3 BTG 10.5 F HH T TR e

() W@ T ¢
(i) T 7 S

(iii) -y ¥ fae "o

| | &

— IR ECT b =N

(i) W@ 9w : 4,¢amd

(i) T9™ |fcwr: g qenc TR 10,5

(i) TE-smfw AW : b, ¢ qend

[woraet 10.1]

. SW H 30°9E H 40 km oh foReqe &1 SAciEd fE9U Hife)
. Trefafea ol =1 sifser wd 9fcer o6 €9 9 goilasg Hifu)

@ 10kg (i) 2HeX IW-uf=m (i) 40°
(iv) 40@mE (v) 107" s (vi) 20m/s?

. Trefafea %1 sifcw @ afikw Tl & &9 ° gofleg wifsm)
(i) HHA HIA (i) 0 (iii) &
(iv) oA (v) &
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4. 3MHfA 10.6 (TF o) # fr=fafea afeem =t i
REIIR1Y
(i) He-amfeH (i) T
(i) H@ WY THEH

5. frafafed &1 W & 19an 319 o ®9 § i)
() aden —a W@ 2
(i) < W@ @ w1 g g THE g 2
(iii) THM IRHAT ol & Hiew W@ B Bl
(iv) H9H TRATT o1 < W "iEy 9HE e 2

10.4 |fe9n ST IATHEA (Addition of Vectors)

wfew AB ¥ WHRUM: BAN @rcdd @ fag A9 fag B C
qoh fowemom| o9 T udr feafq &1 ==t wifew e

T SH! fag AY fag B d word! ® 3R ST 9%

fig B4 fog C a& =it @ (emehfa 10.7)1 fog A @

fig C @ ofewh! gr foman T et foweme fkw,

AC § 9T g1 ® 3 38 AC = AB+BC & =9 A B

F sifvere feen S 2 FF 107

Tz gfew 4 %1 e faw seam 2

Y, IS TR U <) WEw 4 91 b € [3MeRfd 10.8 ()], 9 SR AN A
o forg 5= 59 feerfa o o S ©, difer weh o1 aRfues fag gt o offom fog o gord
=l S [T 10.8(i)]!

C

\? ‘
2 L
X .“ b

(@ (i)
3TeRfd 10.8

-
d

sy

9

c
3TeRfd 10.6

ol
s
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ITEA: SHIT 10.8 (i) H, T AW p o IR0 TF o st ufafia fe fomr s@
ThR LIHIARA feran € difen goeht wifves fag, 5 o oifaw fag & gurdt € a9 B ABC
1 dEd o AC gR1 frefid wfewt 4+ b B4 §feel a qen bt = (veren o)
TS T 7, 1iq rgst ABCH &0 Ut € fF AB+BC = AC [3TFfd 10.8 (ii)]
3« : Fifh AC=—CA , 0oy Sude THiehor 9 g4 I © fo

AB+BC+CA = AA=0

TR i I8 ® for ferdlt B w1 genedl =1 A ww % § forn wme @ 97 I
RO et AR URE L © iten URies e Ao fog T e S € [#ehta 10.8(ii)] |

39 Th gicw BC 1 &A1 398 YohR ifSW difer sHeh1 9fiamor |feer BC, &
ofeTer & T @, W 39! fRen BC 1 faen o faud & smeRfa 10.8( i) stefq
BC’ = —BC d9 T9s = =1 S/9anT td g [eTehfd 10.8(iii)] ¥ &9 7d € &
AC =AB+BC = AB+(-BC) =a-b
gfeer AC, A9 b o a1 Fefud & 2

319 forelt 781 o T fRIR § TR fFIR T It o 981@ i 0 o deed S
Il T 99 1 =99 FQ 21 q9 39 96 W I A qW HE R T, T 91 g0
e T fe@n T A SR @ T o Y o §ETd H1 A T 9 o g geE o
19 ard H T e o U e IE hidl 81 9 A R g 1 ue fren (erefq
ot o) & SR H e fomm @ o fau gER Ue a9fsw anrmea &1 fEfafted
frm Rl

I TUR U9 UH HHIR g &
T "o genett g fefoa feu o= 9T
(ufcamor we fewm wfed) < @fger aqenb
2 (3Tepfa 10.9) a8 HHiR =qds &1
T g & IwAfTe fag @ TS d e
forerot 27 < |feel & A &+ b i aiEm o
e feen wfeq frefua =t 21 9= afew 9
1 THR =g o0 FHeem 2 TTeFfA 10.9
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foregst fem &1 ST B Y SFR 10.9 § BH Fe F A ¢ FF
OA+AC = OC T OA+OB = OC (FifF AC=0B) S f ¥u® =g«
fom 21 o1d: B9 %% Whd € fF 9fkw = o S | 0 TR % 9Aded

AfE9T TR oF TUTEH (Properties of vector addition)
Torerd 1 F Wil g @en b % faw
a+b =b+a ERIERERI)
Suuf THIR TGS ABCD %1 WS (3Mpfd 10.10) 7 #fifsie AB=4 iR BC=b,
a8 st ABC ¥ st 99 &1 3w &t

TUEBA TN & T AC = a+b r
379, it TR =g i T e
TuH TE Gl €, SEfT STepfa 10.10 A
. . . . Z x V.
AD=BC=b 3R DC=AB=4a & T: fus v
/ZO«X

ADC ¥ f9 f91 & W@ & AC = AD + DC

=b+a

da+b=b+a
gd 2 9 wfeen &b R ¢ fom
(@+b)+C = a+(b+c) (= o)
Suufe oM ofifsie, |feel 4,6 91 ¢ # FAE: PQ, QR TS RS ¥ Frefud femam
T © S TR 3meRta 10.11(0) 3R (i) o <wifan @ B

a
3TTeRfd 10,10

q 4

7
R
z
ZXZ“ _C>
[\)
YT et °

2022-23



448 wfora

BEl a+b = PQ+QR =PR
3R b+c = QR+RS=QS
ey (@+b)+ ¢ = PR+RS=PS
3R d+(+¢) = PQ+QS=PS
d: (a+b)+¢c = da+(b+0¢)

froruft wfew Ade o wE"d o w1 gerwd ¥ 'H oW wfee 4,b aec e
TSl hisSeh! 1 STAN FFT fat a4+ b +¢ & &9 o forad €l
e wifey fop fordt wfew & o fog &q 9 €
d+0=0+da=4a
Tel 1 wiew § Wiew Anhel o fory wivd weEiien wed €
10.5 Teh 31fayr & |fayr shr U (Multiplication of a Vector by a Scalar)

A ofifete o 4w o gen ofew @ oIk A uw eifew ®1 a9 |ikw & @ erfkw A,
T oHEe 54 Ad & w9 H s foran st €, 9ikw a @ ke A 9 [or e
21 e wifse fF A d o wfew & o 9@ T Gy 71 A S " AT S1fe SHUMHH
B o SFTHR A4 i Ta9n, & o o e faudd eidt 81 A d 1 aREm 4 uiEm
HTIAI TN BT 2, 37erfq

[IAal = IAllal
T 3179 | WAL o UM T SAMFATE B0 [§9 1 Hed T (visualisation)]
et 10.12 § & T 7

A s
Y TR
3TTeRfd 10,12

SgA=—1,q9 Ad=—4a Sl Tk U G & fSreer qfiam 4 o g9 © 31 fewn
aw faon & fauda €1 9w —4 9fEer 4 &1 RIS (TUEl AT Uiael™ ) e
TR TH BN 4+ (-4) = () +a=011 &
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aﬁ?aﬁk=é,ﬁm§aﬂ%ﬁ a#0, 3, d T Yy dfew T € @

|xa|=|xlla|:%|a|=1
14|
TG YRR A4, a o1 feen & urek 9igw & fefud s 81 89 39
a=r;|ﬁé€mﬁ'mﬁ%|
[ st | fareit 01 sifemt k3 for k=0

10.5.1 @& qfewr &F geF ( Components of a vector)
agu fogati AL, 0, 0), B(0, 1, 0) 3R C(0, 0, 1) % SHHT: X-37],
y-378] T -3 R o 21 T T

IOAI=1,10Bl = 1 3R 10CI=1

TfEw OA, OB 3R OC o @ woish o1 a1 € x
HUI: OX, OY R OZ el o e ek |iEyl Hgad
I 3T AN §, | el K B fAfde foFan s @ (emerfa 10.13)1

a1 W fag P(x, y, z) 1 feufa wfew gp wifse st fo emerfa 10.14 9 g9ien
T 81 W e fF fag P ¥ 9@ XOY W EiE U A %1 R fag PR 39 TR
TH @A ¢ P P, z-315 & WAIR §1 FA(H |, ] WK FE: X,y TE 2-378 o S
T | € SR P o el Bt U o STER 89 W € fF PP = OR = zK . 36
TER QP =0S=Yyj 3R 0Q=xi.39 &N &1 W § fF

OP, = 0Q +QP, =xi +Yj
R OP = OP, + PP=xi +yj +zk
39 THR O @ruE P &1 feerfa |fer OP (1% 1) = xi + yj + zk o6 ®9 § 9=

Bl 2
fret ot |iEr 1 98 ®9 Teh ®Y FHEeA S| T& X,y Ud z, F b Y TH

FEAd B 3R xi, yj W zk HATE A&l o SHRY § o WY WeH HEedAd
FHA-Hd X,y T 2 ! GBI w2 o el Sl 2
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S
rd

P (x,,2)
i

X 3TTeRfa 10.14

fordt TR F = xi + yj + zk, F1 TS TEANRY T8I 1 I 9R FAN Foh qXd 1
1 ST ThAl ¢1 TH e HW ¢ R TR IS OQP, H (ST 10.14)
|OP, | = \[IOQP+IQPBP =/x* +y?
3 T A< OP P, ¥ 30 I © %
|OP | = \/IOP P +IP PP =[(* +y*) +2°
oa: fFel AR F=xi+yj+2k B AaEIT] = X0+ yj+ zKI=X> + y* + 27
o ®9 § W et 2
fe < wfewr a @ik b ek &9 H FE: af +a, j+ak SR b+, ]+ b,k 5 T
o E @
(i) wfee & 3R bt =m
é+5=(31+b1)f+(a2+b2)]+(a3+b3)12aﬁwﬁwm‘él
(i) GfEer @ 3R b 1 3R
a-b= (@ —-b)i+(a,—b)j+(a,—b,)k & ®I H Wa B 2|
(i) ¥feer 3 3R b 99M g1 § 9 SR had 4
a =b,a=b, 3 a =bh,
(iv) Tt sifger A =feer g &1 oA
Aa = ()i +(Aa,) j+ (Aa, K 51 & 21

2022-23



ofeyr demfora 451

Tfeell 1 IrThe R fadt eifger @ @fsw %1 oA diwfaa w9 § fefatea
foraeor-fem @ foemn @

T ifeT for & 3R b whig < |fewr € i kwe m ey @ifewr € ae

(i) ki+ma=(k+mya () k(ma)=(kmpa (iii) k(d+b)=ka+kb

feoguit

1. @9 uferd < Gehd € fopr A forelt oft o o e afger Ag &oen afcer 4 =

a2 aE § % |y 4 9 b Ww A g1 ¢ A iR e Atk wE uE
TR 39 ), o1 3t € difeh b =4 el AfE |igw 4 3R b seh &9 ¥ Ky
TUE, S1oiq d=ai+a,)+ak 3R b=hi+b,]+bk, 7 3 Tfkw W@ 2t 2
afg 3R o Ak
bi+b,j+bk = Aai+a,]j+ak)
& bi+b,j+bk = Aa)i +(Aa,) |+ (ha,)k
o b, =Aa,, b, =Aa,, b, =1Aa,

e Bb_b_b_,
a a a

2. 9k & = ai+a,j+ak T a,a,a AW g F G- FeaW 2
3. A |, m, nford afew & fp-FHraEa € @
I + mj+nl2= (cosa)f+(cosB)j°+(cosy)l2

feu gu wfew 1 fKen & A @fwr @ el o, pudy Ry gu afke g s X,
y TS z 38T o WY S T R0 2
SETETUT4 X,y 3R 29 0H 10 FITC 0k TR g =xi +2]+2K 3R b =27 + yj + Kk
T 2
T AN T T <1 |iEe T9F B0 € AfE SR shael A Seh W4 WEeh HHH
a1a: feu gu @fkw z siRb THM e A% 3R ohaet afg x=2,y=2,7=1
SETETUTS WA AT d=0+2] SR p =2f+ | 7@ M & |=Ib |8 2% A 4 3R b
TOE € 2
T T lal=V12+22 =5 SR IbI=V22 +1> =5
Tl |51 =1b | g XU g 9few oM & & it gk "ma w2 fo= 2
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SETETUT6 R g=2f +3]+K b ST WOk HCY A6 HifSQ
I | B G R | EC o | S é=r;|émm€m%|
e 181 = JP 33 1 =i

BRIy éz\/_(2|+31+k)—\/2—0 \/3—A \/1—A
W7ma:|—2jﬁm@wmmﬁmﬁwwﬁﬂm7m%

7ot fou gu afewr @ o srfew Ao wfgg d=—a =—=(1-2))=— —ﬁiéu

2 A l:\__.
THfe aoh efew @ik 7 ufEm aren |fgw 7a = 7 (_S_E ): N \EJ%I

SETETUT 8 WRE =21 +2] - 5K 3R b =20+ ]+3Koh AThe % IR A
LIENISIGRETIE ]

C=——(4i +3]-2k)

S
sl 29 J29 V297 Yoo
SETET0T9 WKW d =1+ | —2k o fep-3rqum fofay iR soet gemar 9@ fKep-wiars

o1 o fSTe fof |G F=xi + yj + 2k o fSop-219@ a, b, ¢ W &, FHA Teh
X, y, 2 8 € safey ¥y gu wfee & foq gq o € fF a=1,b=13R c=-2%8 F:
If% 1, m 3R n fEu gu ofewr o fep-wiEmEa € ar:
b 1 c
m=—= = —

|

IFl 6 TN
1

Hd: ﬁaﬁ—ﬁwﬁ (T T —TJ %

-2
\/_aaﬁ|r| J6)
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10.5.2 g ,%'—3’3# & frer arem qiesr (Vector Jjoining two points)
a& P(x, Y, 2,) R Px,Y, 2,)3 &g € q@ z
P & P, ¥ faam aren wikw pp, ¥ (ST
10.15)1 P, 3R P, =1 @ fag O ¥ faam w
S e Fem F W R W e e
OPP,¥ Td € f% OP +PP, = OP, e
TR FTHS o TOHH B ST HW gL i 0 "3
e gt frefefaa w9 @ feran s 2l X
PP, = OP, —-OP,

2P (3,02, 2))

>

’ Pl(xpyla zl)

e PP, = (61 +Y, ]+ 2,K) = (4T +Y, ] +2K)
= (% = X)F+(y, =YD +(2, - 2)K

|fE® PP, T WA PP, =\/(X2—X1)2+(y2—yl)2+(zz—zl)2 % ¥ H I

g 1

sarEur0 fagst P(2,3,0)Td Q(— 1,-2, —4) & e el T P¥Q &1 ™ k=

Hfeer F@ HifSw

T Hife wfey PR Q& Ww fiw §, wyed: P yrfue fig € &iv Q sifiw fag 2,

Zafe P 31k Q &1 e aren siefise @fswr pQ , Frefafed &9 & 9 e 2

PQ = (-1-2)i +(=2-3)]+(-4-0)k

a7t PQ = -3i —-5j—4k

10.5.3 &g G (Section Formula)

A AifSTT get g O o gmer P ik Q 7 fag © fment Q

feafa @fkwr Op stk 0Q ¥ F&fm@ fear mn 2

fogatl Pud Q &l fa aren @ we foelt dR fag

RENW 3 HR ¥ fawfea fear s w&war 21 &4: o

(eTehfa 10.16) TS =TI (2TeRfd 10.17)1 F&l g >

Sxvr o fig 0% wre fig R # et wRw OR Sf 1016
I T 2| BY S el TE-TEw wh o Bl

frafa 1 @R, PQ Y aia: farwifora wwear & (oMmesfa 10.16 )1 Ak R, PQ =i 39
TR fafsm w3 € % mRQ =nPR, STl m 3R n AT I € f &9 ed §
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foh fSg R, PQ I m:n7h o1u@ ¥ 3fd: fawfe@ w3 €1 3@ fgsii ORQ T OPR ¥
RQ = OQ-OR =b-r

¥R PR = OR-OP=r-a

ERIGIY mb —7) = n(F—a) (F?)

Sl r= mb +na (T FHH W)
m+n

aq: fag RS fo PIRQ &I m:noh arqura o efd: fawifra shear & =1 feafa @fgw
OR = mﬁi:aéﬁmﬁmﬁm%
friafa 11 <& R, PQ & =@ fawrfad &war 2 R‘

(3TTeRfd 10.17 )| I8 TATA FHIA 8H TS oh (oI
T ¥ o &Y § Bied € T @S PQHl m:n

o
: . : PR _m

Wﬁwﬁwﬁawﬁ?ﬁﬁy{[l.e” @_nj >

=1 feafa afwr o‘}i=mn2:2aé?wﬁwgﬁm%| 3TeRfd 10.17 P

feuguit afg R, PQ &1 1eA fag & Al m=n 3R sufem feafa 19 pQ & =+ fag R
7 feufn W O = 0 % = F 7

SEET0T 11 ] f§g P ek Q wifery fsmer feerfa wfeer OP=3a-2b R 0Q=a+b
g1 w U fag R = feafa afew w9 Sife st Pue Q &1 firetm arelt T =1 2:1%
U | (i) 37d: (i) e fatsa s 2

El

() PR Qi e el T@ &l 2:1 % 9@ o 3fa: fauisd w ot f§g R

— e e 4 ) )
. 2(a+b)+(3a-26) sa
OR = 3 e

(i) P 3R Qi fiei et Y@ =i 2:1 ok e o o1el T e et fag R &1
feufy afew =

__.  2(a+b)—(3a@-2b)

= =4b-3a
OR 5
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SETET0T 12 <9IisT f fag A(21 — j+K), B(i —3]—5K), C(3i —4 ] —4k) T Guehivl
19t o o )
1 89 UM ¢ T

AB = 1= +(=3+1)j+(-5-Dk =—i —2] -6k

BC = B=Di+(—4+3)j+(—4+5k =21 — j+k
R CA = Q- +(-1+DHj+1+DK =—F+3]+5K
o fafiaa e <ifse fo

IABI> = 41=6+35=IBCI> +ICA

a1a: fean gan Hys u wwshio fgs 2

et 10.2)]

1. fr=fafea gt & afimmr <1 9ferem Fifsa:
1

U T TR BN DU TN
a=i1+J+k; b=21-7]-3k; C_EH—ﬁj_ﬁk

2. §AE qRem o & fafa= e fafe)

3. 99[ fem am 1 fafv= i fafau)

4. x3RyF A @ FAC @lF qfew 20 +3] W xi +yj e

5. T ofew %1 9Rfas 55 (2, 1) © @R eifaw f5g (-5, 7) #1379 @fswr o aifgw

e | B A hITST)
6. WRMa=i{-2]+K, b=-21+4]+5k 3R c=i—6] — 7k 1 AThet T Ko

7. WiEw a=0+ |+2k o MRy Th 9 Gy @ S

8. @fsw pQ, % W A= Figw A Ffw <&l fog P 3R Q waww: (1,2, 3)
R (4,5,6) B

9. feu gu wfesi a=2i—j+2k M b=—i+ |-k, & fou, @fesr a+b
STfEYT e WY T hifad|
10. | 57— j+2k % TR TF W W q6 FIA e 9w 8 g 2

11. =zuizn f |few 2f — 3] +4K 3R —41 +6] — 8k T@ T
12. @|fE9 i +2]+3k i & cosine @ Hifsw)

2022-23



456

13.

14.

15.

16.
17.

18.

19.

g
fogati A(1,2,-3) W@ B(-1,-2, 1) i 5 et THA W B &1 W& fae afcy
%1 <o cosine MM IS

Tz o TR+ j+K 1 OX, OY TS OZ % Fe SR kT g3 ¢
fagell P (i +2]-K) 3R Q (= + j+K) ™ e arcft @ &t 2:1 & 31
H (i) 3q: (i) 9, fawfsa &E art fog R @1 feafa afse @ s

< fogati P(2, 3, 4) R Q(4, 1, —2) i THe™ ot Wfewr =1 we fag i shifery
Teien o 51 A, B 3R C, foror feafa wfewr svmen: a =31 -4 -4k, b=27—j+k
R C=i-3]-5k €, weh gm0l fFroget o el o1 Frmfor &g )

19 ABC (3T1ehfa 10.18), o forq frAferfiaa ® @ i @1 e ¥ =&l 21
(A) AB+BC+CA=0

C
(B) AB+BC_AC=0 //ﬂ
(©) AB+BC-TA =0 \

—>/B
(D) AB-CB+CA =0 3Rt 10,18
s & 3R b 2 ww Wi § A Frefafed § 9 F9 W wod w8
(A) b=)\a, fodafce Ao fog
(B) a=+b
(C) 3 3R b °F HANA T2k HHEIE! &l 2|
(D) 3 |fEeli & qen b w1 fen oM @ wg oRmmr fafe= €

10.6 =¥ |fa9n =t TUE% (Product of Two Vectors)

areft A% THA iR o ANTHS U sk oh SR W 31 Al B ST AN SSevd
TSI o1 UMHS ATHE Teh O SToia Hiehal shi =l T 81 B0 TR0 6T qohd &
foh 3 Gemsti &1 UHE Tk G& Bl 7, I SR 1 [UHES T 3TE el § TR
worl i fEfd W 89 S T YR 0N T Fehd € AHA: & ol w1 fagar TuH
TE < ol T HASH| EH YRR |iEel 1 qoE ot & after @ qRenfa feran s 21
AT A UHES W&l RO Tk SAfEe g1 © S |iEw R el o T
ey B 21 Wiewl % ¥ T YhR o UAEEl oh YR W AN, AR T
it # gk fafe SyEn ¥ 30 Ifess & €9 39 S WK o UG St == Sl
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10.6.1 g @ieon &1 3rfaor NUTT®RA [Scalar (or dot) product of two vectors]
afteeT 2 F YRR A a4 3R b w stfew oA a-b g e fEen s e
AT a-b =lallblcos® s w7 9 uRwrfea feran S 21 ;,

el 6, 3 3R b, AR HUE I 0< <7 (SHA 10.19)1 /

Ife §=0 tera b =0, a1 0 uRwfia &t © i 39 feorfq o 0
g9 a-b = 0ufiwifia % amyﬁmo,wa
verur

1. 3.b U arfas e 2

2. A AT fF g aiR b T PR TRw € 7@ a-b=0 IR R Haa A

4 3R b WeR daeq € s1efd a.-b=0e alb
3. afK0=0,99 a-b=Iallb|
fafered: 3.5=|5 1, s 30 fafa § 0=0721
4. I€ 0=m, 7 g-b=—I1allD]
fafyrea: a-(—a)=—1al, s for 39 feafa 40, n o auer )
5. ga;z®3éﬁa?ﬁﬁwquﬁzsﬁ i, ] wd Kk, & forg g9 um

(=i i = koke
qo i-j=]-k=k-1=0
6. T YW AT g IR b o &= AT FHIT O
cos9 = a'ba AT 0 =cos”! i g feon S 2
lallbl lallbl

7. ofew qoEtha wA fafE § sreiq
ab=b-a ()
AT MU & ﬂ%’ﬁ'{ﬂf "\1;UT$I& (Two important properties of scalar
product)

Turerd 1 (SRR PEwE F1 ARa R fawe o) 7 i &, b @R ¢ @

afew ¥ a9 a-(b+C6)=4a-b +4a-c

Tured 2 9F WifST § @ik b S Afew € ok A T efew @, @
(\d)-b = M@-b)=a-(Ab)
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afe < few s w9 H al+a,]+ak TH bi+b,j+bK R g & 9 3w
Afee oAwe Frefatead 9 § o g @

ab = (ai+a,j+ak)-(bi+b,]+bk)

ai - (bi+b,j+bK)+a,j-(bi+b, j+bK) +ask- (T +b,j+bk)

ab(-D+ab, (- DH+ab,(-K)+ab(j-D+ab,(j-j)+ahb,(j-k)
+ ayb (k1) +ash, (k- ) +ajb,(k-k)

S ToEH | 3R 2 w1 STET wE W)
=ab, +ab, +ab, (SEIOT 5 T ST HEH W)

39 R a-b = ab, +a,b, +a;b;

10.6.2 T Gy @7 Terdt @ WAy gerg (Projection of a vector on a line)
oM AT Tk wer wfewr AB et fawe Y | (am ofifse) o @rer amred foen o 0
IO A S (STH 10.20 3FAT) 7@ AB 1 | R WEY TH GEE P (HA )
2 Forgent IRmmo 1 AB 11 cos01 © iR forert f&en =1 | =61 fEem o gum sveran faadia &
30 9 W R 2 T cos @ ¥ATHE § S1efa SRUNCHs | WEw P ! Y&y §few wEd
3R 3geh ufmmr | P, e W@l ) Gk AB %1 98 hEdnl @1 SIeE:

frafafad & ¥ yoi® arpfa 4 |y AB &1 t@n | ® waly afzw AC 2|
[3TeRTd 10.20 (1) § (iv) 7]
B

B 1
ZK: N :\<\e l

A ;> C - C ;> A
(0°<6<90" (90°< 6 < 180"
(@ (i)
FA;) 9 >
/ ’ AR /
B \B
0 0
(180'<0<270) (2700< 0< 3600)
(i) (iv)
3TTeRfd 10.20
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T

1. @ | & srfew A p A 9few © @ W@ | 9iEe g &1 9T ap T e
BT 2l )

2. T TN & 1 W GRS b, W AT &b, e a{'%),awﬁ(aﬁ) 3
T e 2

3. A 0=0, 4 AB 1 Y&/ Gy @ AB @M SR A% 0 =7 @l AB I W&
gfeer Ba B

4. Zrﬁ{9=g3?%‘|3ﬂ ez%a‘f@aﬂuﬁqﬂﬁrﬂwm%ﬁw

fewguit affo, B ARy HER a=ai+a,]+ak % KH-F0 & @ st fKep-HamsT
frefafed 9 & urd 1 ST Fehdl 2

ar a a a
coso = =L cosBszl, and cosyzﬁ
a

lanil lal’ la

7E ft e G 6 151 cosar, 1dlcosP 3R 1dlcosy FHA: OX, OY Tl OZ o
SR g o W& € otoiq WRW g % AW UeF a,a, 3R a, FE: X, y, T 2 &
o ST 5 o WU B| Sk (A A 5 Ueh WISk WA © T SEeh! TEeh—oh @mEH
FT FerEd 9

a =cosou + cosPBj +cosyk

& ®9 § fqere fohan ST Hehal 2

TETET0T 13 9 AiEel 4 SR b & uftmror wEen: 1 ek 2 ® @en a-b=1, 9 wfeei &
Eieicakcauis cRCAIE

ze fem gen § a-b=11alI=13RIbI=2. sm:

Gzcosl[ aé'ba J:cosl(lj:E
lalibl 2) 3
TETEUT 14 AW d=0+j-KkdMb=i-j+k & = F1 & I HIfC
Tl q Gl d @b o o %1 o 6 e g wew @

cosG:?'—ba@Wﬁ?ﬂ%I
[allb|
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S ab=>0+]-k-(-j+k)=1-1-1=—
-1

Wm%ﬂ‘ﬂﬁ%ﬁ cosez?

3T 27 T 0= COS_I(—%) 2l

SaTEToT 15 A =51 — j-3K 3 b=1+3] -5k, 3uieu fF afew d+b 3R
d—b deee 2l
T BE A ® FR < IR AiEe deae B ® afg SR ik e g @l

Rt a+b—(5|—J—3k)+(|+31—5k) 6|+2]—8k

S d-b = (51— ]-3K)—(i+3]-5K) =41 —4]+2k

BRI ( +b)-(@-b) = (61 +2]—8K)- (41 —4]+2k)=24-8-16=0
3 b 3R a—b iae afer 2

3IITEATT 16 “vTﬁ{STa 2|+3j+2k‘_*—[ TR =1 +2]+Kk T 989 @ HifSw
IS I R Bt e Ll

- 1 10 5
1.5 = (2.143.242.1)= J_ 2
@ JO? @ + (1) Jo

SETETUT 17 3§ AW 53K b 39 YN © 5 |41=2, |b1=3 3 a-b=47 [a-b |
A hifeg|

1
bl

T 89 U € TR
la-b[" = @-b)-@-b)
—dd-da-b-b-d+b-b
= laP -2@@-b)+Ib P
=2’ -24+03)’°
ESISI la—-bl =45

IEETOT 18K 5 W "I |eW © 3N (X—4)-(X+4d)=8,d | XIF[ Hifsu)
Tl i 7 Tk U 9w €, TEAT lal=1. g% off e gen € 5

(X-8)-(X+a) =8

el X-X+X-d-d-x-a-a =38
el IXI* -1 =8 3feid_I1X1°=9
THfT |X| = 3 (sFifen WiEe &1 qRHAT Ta =R el §)
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SEETOT 19 F Gl g R b, % fow w9 14 albl (Cauchy-Schwartz
AR |

o & g% Tl Wesl ®Y W TR ¥ AR =0 3Foe b =0.aqd ¥ 39 feufa o
TH UM B T 13-b1=0=I311b|.SHT BH Head &id ¢ T% 1d1=0=Ib| 79 &H

. = C
la-bl <1 e Z x b
—Iéllﬁlz lcosB1<1 | /g
w1861 < 14106 A
la-bl <13
lallbl 10.21

SETET0T 20 < W g gon b o fA€ W |d+bI<|dl+]1b | (Frye-erafie)
Tl & g2 erafhent, I feafadi =0 b=0 ¥ Fesl ®Y ¥ T 7 (F 2)| 39T
M efifsT f 1a1=0«1b| qa

la+bP = (d+b)’=(a@+b)-(a+b)

—4d-a+a-b+b-a+b-b
= 1al’ +2a-b+Ib P (31t AR % Tt @)
< lalP+21a-bl+ibP (FifH  x<Ix|VxeR)
< lal+21albl+lb (ST 19 F)
= (al+1b N>

37a: la+bl<lal+Ib|

| Tt | =i frsger-srafie o @t awor 2t € (Swfa 33T 20 H) sveiq

la+bl= lal+Ibl,qs

IAC| = |ABI+IBC|
fog A, B @R C W@ <31 2|

SETETUT 21 TR fF 55 A (=2f +3] +5K), B(T+2]+3K) 3R C(71 —K) =@ =
T B9 W hid 2

AB = (1+2)i +(2-3)j+(3-5)k =3I - j -2k
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BC = (7-Di +(0-2)]+(-1-3)k =6i —2] —4k
AC = T+ 2T +(0-3)J+(-1-5)k =9 =3] -6k
| AB | =14, ‘B‘é‘z%/ﬁ R IACI=314
safery |AC| = 1ABI+IBCI
aa: fag A, B 3k C W@ 2

I 21 F A AR 75 AB + BC+ CA = 0 T TRt oft g A,
B 3R C 19 o wfiel =1 fmior =& vt 2

(et 10.3]

1. < wfewl dqen b o 9REO wEe: 3 uE 2 € AR d-b=+6 e A aqmb
% S T B A RIS

afee §—2§+3K 3R 3f =2j+ ke = *1 HO Fd BT

T {4 ] W RS | — | 1 9&9 1@ RSy

TR [ +3]+7K 1, W 77 - ]+ 8K T F&H A il

=vrizn i fau g frefafea 99 ol § @ % o a9t 8,

wn A W N

%(2?+3]+6I€), %(3?—6%212), %(6?+2j—3l€)
7% off Toiee fF ¥ Afew WER ©F W & Faed

6. AR (A+b)-(A—b)=83WIdI=8Ibl & af 14| W& Ib| 3@ =ifeu

7. (3@-5b)-(2a+7b) 1 HH @ HIfSQ

8. < @fewi a ek b % R 9 RIS, af e w9 7 9 37 o e
maﬁm60°%awmaﬁmm%%l

9. JIfc Tk A Gfew 4, o fau (X—a)-(X+4d)=12 8 a1 IX| Id shifsm)

10. AR a=2f+2]+3k, b=—T+2j+K 3R c=31+ ] smy=wRefF a+Ab, C
T o ®, 9 A H HE 0@ RIS
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12.
13.

14.

15.

16.
17.

18.

ofeyr demfor 463

Tulizn o < YRR Gfeel 4 et b & faw (d1b+1b14d, 1alb—Ibla = @ &l
g 4-4=0 3R 4-b=0,d 9w p o 9N w1 Fopd Feprenn ST Hehal 22
afg a,b,C weeh Gew T YHR R TR a+b+c=07d a.6+b.¢+¢.a%
@ I

% =0 @@ b=0, 99 &-b =0 R ™ &1 T & MEvTH T 2
T 3TV G A IW &1 gfe FHifsw)

Ifg frelt 1w ABC & 9fid A, B, C %591: (1,2, 3), (=1, 0,0), (0, 1,2) € i
ZABC @ HIfSUl [ZABC, 9fkeil BA T BC o ¥ &1 w0l 2]

Teise o 55 A(1, 2, 7), B2, 6, 3) 3R C(3, 10, -1) ®@ 2

Twitse fF mfewr 20— J+K, -3 5K 3R 31 —4] - 4k ws wH o &
il Bt T w2

I IR GRS & 1 ARAT ‘2’ © R A Teh YRR S ® Al A Uk "
afewr € A

(A) A=1 B) A=—1 (C) a=IAl (D) a=1/Al

10.6.3 g @i’ =1 qfger TUTT®R T [Vector (or cross) product of two vectors]

st 10.2 H T f-foria gfeomed wweifre frdens wsfa @t == #1 ot 5w
ugfa & eFTcH x-3787 1 ATHTE S[ATHT YHTH y-318] T A ST € dl e
z-31% &1 fagn o weh sferoned! (Wit S SN B ST © [STeRa 10.22(1)] 1

Teoh SrguTerdi feeesh ggfd § e <10 1 i STl hi ©FTcHeh x-3787 hi feem

T QAT Y-8 HT T et fha STl & At STST oI 2-3787 1 3R Tehd il
[3TeRTd 10.22 (ii)] B

V4
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TR 3 YR W & q b, # 9w PHEd axb ¥,
Faf fore ST & 8 axE < A6 1sin0A % w9 F v
fepen <1 € STel , a3 b ok &= &1 vl & IR 0<0<7 & |
7&l N wk W wfew & W fF afew asikb, S W o #1 -h
TH YR &b qem A U <feomedt ugfa @l fAffa e ® Vax@ﬁmo.za,
(STeRfd 10.23) AUiq Ifaqomad! 9gfd 1 4 § b & TWE A W I8 A HT Ko o
<ot 8
e 5=0 12T b = 0, 79 0 IRwIfa 7t © 31 39 feorfa & &0 dxb =0 gfsfea
F 2
ﬁ&TUT:
1. axb w wfgw 2
2. UF T & SR b YRR gikw € q9 axb=0 AR R Fad Al
a3 b Th T o WH (U W@) ¥ Auf
axb =0 ajb
fafered: axa=0 R ax(—a)=0, s v feafa & 0 = 0 qon fgeh=
feafa & 0 = nr, @ <A € feafeal & sin 0 61 99 7= & S R

3. aﬁ;ezﬁ?ﬁ axb=1alb|

4, ﬁmzﬁm%wﬁﬁwmwaﬁsﬁ j iR Koh
faw (emerfa 10.24), &9 T € R

ixi = jxj=kxk=

AAAAA

X ] =K, Ixk=1, kxi=]

5. WY UM i el 9 I A9 4 99 b o s" 1 Hi0 341@"&!10.24
o Frefafed &9 § e =i @

Tlalbl
6. 7€ HeS T § fon ier qorhet i fafw T e € it axb = —bxa
ara § axb =lallbIsinOA, 3@l &,b 3R A T faomadt wsfa 1 fffi s
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€ tofq 0, 3 Yb 1 TWEH THE HA B €l AR 10.25(i) wEiH
bxa=lalblsin0n, S b, a ok f, T feomed wgf =t fiffa w0 @
U 0,0 ¥ & 1 AR whF HH BT € M 10.25(ii) |

n

) 3TTeRTd 10.25 (i)
FH: AR T TR A R £ fF ASIRD S TF A FF Fa@ d E A A IRA,
T IS o d W e B IR A IS @ SR T @ e g 3R A s
¥ e 1 W e B i A = -1
T TR axb = lallbIsin@n

= —lallblsinOA, =—bxa

. U0 4 3R 6 & G o
jxi=-K, kxj=—T3Rixk=—]%
. g SR e 1 Word qiell ® FREfW wW@ € A BIe w1 e

%Iéxﬁléamﬁmiﬁm% <
91 & SFhe TR S STIER €9 ST 10.26 7%\
0
A

@m%ﬁﬁaﬁAchﬁﬂw:%AB-CD, D P B
3TTeRTd 10.26

W AB=Ib| (&1 g1 2) 31k CD = |a|sin6
3d: s ABC &1 &mwhe =%I5II§Isin9 =%I§x5l

. 95 @ 3R b A =IqET F1 Ter Jenel 1 FEd w1 € d T TS &
&l |axb| % ®Y H W e 2l
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Aepfa 1027 ¥ B9 U € foF W@
Fq+s ABCD &1 &5%d = AB. DE.

W AB=Ib| (fgar gem 2), @i
DE =lalsin0 21qd:

AR FqHs ABCD &1 &5%d =
Iblldlsin® =IaxDb| TRt 10.27

39 B e qUAEA oh & Feaqul N i e wl

TUTEH HISY OAEA 1 AR R oo = (Distributivity of vector product

over addition) 3% &, b 3k ¢ o dfew € IR A % afcw © @

() ax(b+c) = axb+axc

(i) A@xb) = (A@)xb=ax(Ab)

M A Wiew & o b uew 9 H B al+a, | +ak SR bi+b,]+bk
i ]k

fu g ¥ q9 SR WRW AR gxp = & &, a; §N & S Hha 2
b b, b

AT &1 U
axb = (ai+a,]+ak)x{i+b,j+bk)
= ab(ixi)+ab, (I xj)+ab,{xk)+ab, (jxI)
+ a,b, (jx ) +aby (jxK)
+ ah (kKxi)+a,b, (Kx J)+ayb, (KxK) (e 1 9)
= ab,(ixj)—ab,(kxi)—ab @i x])

+ 3,0, (jxK) +asb (kx) —ab, (jxk)
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= abk—ah,]—abk+ab;i +ab j—ab,

= (a,b; —a,b,)i —(ab, —a;b) j+(ab, —a,b )k
] oK

=8 a4 &
bl b2 b3

AT 22 AR d=21+ j+3K X b=31+5]-2k,q laxb| = HifSw
Tl A=A

P] ok
35 2
= 1(-2-15)—(=4-9) ] +(10-3)k =—17f +13] + 7K
ai [axb| = 177 + 37 +(7)? =507

SETET0T 23 WY (A+b) ¥R (A-b) ¥ W yF o Adaq W WKW @
HIfT &l a=i+]+K, b=f+2]+3K Tl
TATH UG E F a+b=20+3]+4Kk 3k a-b=-]-2K

T qiew, S d+b AR d-b I W @a 7, Fefatead g wed ©

]k
(@+b)x(d—b) =[2 3 4|=-20+4]-2k (=c, ARTARM)
0 -1 -2
SE| ICl = Ja+16+4=+24=26
3d; 3T Ak Ay
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ferelt et T &) oo feomd Bt €1 3F: & +b IR & —b W T e

1~ 2. 14 : . .
e |ES —=1 ——— | +—=k Bl g 7 (5 - 5 +b) 1 TF Rom
JEI J€J+J€ | @-b)x(a+b) g

SETE0T 24 T IS &1 &wa 9 wifse fwes ofid g AL, 1, 1), B(1, 2, 3)
I C2,3, 1) &

T ¥ U ® % AB=j+2k @R AC=i+2]. U gu a9 #1 &uha
1

—IABXACI 3

2
Pk

o ABXAC = [0 1 2[=—4i+2]-k
1 20

zafe IABXAC| = \16+4+1=+21

31d: erefe e %\/ﬁ%

SETETUT 25 IH i S H Aw T I fHh Tor g = 3( + ]+ 4K
AN p=f—j+Kk 50 & T 2

Tl fRdt g Tqyds #1 o qemd 4 iR b € A SEHT SF%A |axh | gN
T e 2

oK

3@ axb =3 1 4/=5+j-4k
1 -1 1

Tafeau laxbl = 25+1+16 =42

TH TR TEvIS &R (40 €l
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11.

12.
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|[wrgarareft 10.4]
g A=1—7]+7K 3R b =31 —2]+ 2Kt |d xb | HIfTY
e d+b 3R a—b I e e § O TR T B 9 4=31 + 2+ 2K
I h=i+2]-2K &I

I T A G a,f&mﬁ%,j&mﬂ%ﬁtﬁ%mq%q—rﬁ@
A S A O T WA FG RIS SR IHHB! T2l 4 4 o e 7 i
T9Iize fF (@ -b)x(d+b) = 2(axb)

A SR u T wifE, A 20 +6]+27K)x( +A] +pk) =0

feagem e M a-b=0 3 axb=0.9RW & 3R b & s F a9 71 Fredd
bl Tehd €7

T AT W 4,5, ¢ A ai +a, ] +ak, bi +b,j+bk, i +c,]+ck
®q ¥ g gu ¥ o iz fiF dx(b+C)=axb+axc

a5 d =037/ b = 0 @ dxb =0 eiar 21 #01 el Tea 82 S0 Wied o1
TR F e FHh

Tk 19 1 et T it fes i A(1,1,2), B(2,3,5) 3R C(1,5,5) €
Tsh GHIR TGS T Shel 1 HIfoTy fTgent Gor et afe a =i — j +3k @ik
b=2-7]+k gr fawifa )

M oifse afze 48R b =0 YR & fF |z§|=33ﬁ'{|6|=g,aa axb T
o |9 § At 43Rb & S F H R

(A) /6 (B) m/4 (C) n/3 (D) /2

T 3 o SNl A, B, C 3R D foer frarfa afew s

—|°+lj°+4kA, f+lj+412, f—l]+412 3R —f—l]+4lz,%"=h"f AR
2 2 2 2

(A) 1 (B) 1
2

©) 2 (D) 4
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fafaer 3argvor
FATET0T 26 XY-9a | 9t Al gfee fafem)

Tl WF ST fF F=xi+y], XY-0a & TH Ao e § (SR 10.28) 1 @
3TeRfd o STTHR & T & 5 X =cos 0 3R y =sin 6 (FiTH |7l = 1). 36feT &0 |fgw
r i,

(= OP)= cosI +sin6] o (D
% ®9 ¥ fo@ g B
e IT1 = \cos?@+sin’0 =1
Y
N
P(cos6, sin0)

—

X A OP'=cos6?
o 1 V)
X P >X P'P=sin0/J

A4

3TTeRTd 10.28
SH-SE 0, 0¥ 2, A% URefda giar @ fag P (3meRfa 10.28) A fgen # o4
X2+ Y2 = 1 o1 STTEY hidl © AR zo qeft Gofera feond wftwferd €1 em: (1) 9 XY-
1 | Y AR |iEY 9 e @l
SaEtr 27 AR fagen A, B, C 3R D, o feafa @afgwr #w: {1+ j+K, 21+5],

3 +2]-3K aiRi—6]—k , o a1 @3 AB TN CD o << 1 101 T1d HiforQ
frma sifSe fF AB @R CD W@ 2
T@ e HIT fF 3 0, AB 3R CD, % 1= 1 F101 & @1 0, AB 3R CD & = &
off To7 B
a7 AB = B 1 feufa wfewr — A s feerfa wfew

=2 +5)-(G+j+k)=i+4]-k
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EGIIY |ABI = \J(1)2 + (4)> +(-1)? =32
T TFR CD =—2i -8+ 2k 3iRICD =62

AB.CD
o c0s® = X RICDI

1(=2) +4(-8)+ (-D(2) 36

T 362 36

Hifeh 0 <0 < 7, THH W eIl ® foF 0 =7, ¢ <9l @ fF AB @2 CD U TR
& W@ Bl

=1

faremeaa: Kﬁ=—%€5,w@wmﬁ@ R op W@ gk 2

SETETUT 28 WM WY &, b @R ¢ o uikw 39 WhR € T |41=3,1b=4.1c=5
IR T W YSE, 3= T Aewl % AMEA W oddad € ql, |d+h+C| T i

e femgesn e a.(0+0)=0,b-(C+a)=0, C-(A+b)=0

1 lda+b+cl> = (@@

=lalP +1b P +1cP
=9+16+25=50
ey la+b+cl=/50=5V2
SETETUT 29 i wfewr 4,0 3RC wRtEM a+b+c=0 F HI® F@ T AR
|dI=3, Ibl=4 3R [Cl=2 AT u=a-b+b-C+C-a 1 T J@ HifsT
& ik d+b+¢=0,3afT & I € T

i-(@+b+¢c) =0
7T d-d+a-b+da-c=o
zafan a-b+ac=-la’=-9 (D)
T b-(A+b+¢) =0
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o a-b+b-¢ = -|b[ =-16 e (2)

.. (3)

o
o
+
o
o
I

4;

A _
(1), (2)aﬁ1(3)aﬁaﬁ@ﬁm%ﬂqﬁ%
2(a-b+b-C+a-€) =—29

29

2
SEEIUT 30 AR WER deaq W AR §, | @ik k, 1 fwomed gefd % ame

a=31—], =21+ ]-3k, @ BB B=p, +p, & w9 ¥ st wifog el f,
0% TR § SR B,, 6 % oead 2

T W S B, = A6, A TH SR T i B, =3M —Aj

a 2u=-29,ie.,u=

CE| B,=B-B, = 2-30i +(1+A)]-3k
ifen B,, & W e & W G-f, =0
a1erfq 32-30)-(1+A) =
31ereT A=t
2
— 3:\ 1/.\ =3 1:\ 3/.\ ~
ESISI B=51-71 R B2—5|+EJ—3k

g 10 UT fafaer goraet

1. XY-Td ¥, x-3781 &1 FIcHeh {90 o 911 amMmEd fSen § 30° 1 0T oA arel
R wiewn fafeu)

2. g P(x,y,2) 3RQX, Yy, z,) P faam ot wfew & ifaw gesh i afmm
RIGEIISIY

3. UH gt qivem Ko A 4 km Hordt 81 U 9vE g€ SW 9 30° ufyem i
&9 o 3 km =t 8 1R & Sl €1 WU o IR fag 9 eigen! o1 faeenmA
1 hifSul

4. I a=b+¢, 79 N 7€ GA € Tk 181=1b1+ICI? 39+ ST ! g e

5. x %1 9€ UM WA HIC 58k AT (i + j+K) TH A qiEw 2

6. @M a=21+3]-K &R b=i—2]+k o RoTH % TAI@ TH & Al
A HITST FSrEeh aiEm 5 5T 2l

2022-23



10.

11.

12.

13.

14.

15.
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I a=f+j+k, b=2f—j+3k 3R c=f-2]+Kk,MER 28— b+3cH
TR Teh A i3l AA Hifeq|

Tuise Tk fag A(1,-2,-8),B(5,0,-2) R C(11,3,7) W@ & 3R BgW AC
%l fafa & are $E9[ [ St

T fagsi P (24 +b) 3R Q(d —3b) I e arelt Y@ i 1:2 o 31U ¥ 9l
fawfsa = ot fag R =1 feurfa e 9@ #ifsw 78 o <erfse f fag P
W@rEg RQ 1 weA forg 2l

T TR A BT G 2 4]+ 5K 2R [ -2 - 3K T 7 foreho %
YOI T I A9 T HIFT| SR &aha ot T Hife)
ToIizw fF OX, OY TS OZ 18 o |l SR gor gu afeer &t fEep-ahrame

ot ¢ )

A AT a=1+4]+2K, b=31—2]+7k 3R ¢=2f — j + 4Kk . T T@n T
d o FTC S & @R b I Wl T MR ¢-d =15

TR [+ j+K F, AR 2f +4]-5K 3R M +2]+3K F armhe T e o
e |G o WY A [OAEA | o ST € @ ), 1 A Fd e
I &, b, ¢ 9O AT oiel WER weed feer § ot ufe & afker a+b +¢
el &, b e ¢ o el el ¥l g3 B

fag FIfST % (a+b)-(@+b)=lal’ +Ib P, IR et af &, b wae 2
Te fea gan @ 76 a20,b20

169 19dF o T3 § F&l W &1 999 Hifog

16.

17.

s g Akl 4 iR b o o= F FHOT @ F.b >0 B AR:

(A) 0<e<§ (B) o<e<’;

(C) 0<b<m (D) 0£6<Tm
T fifse 3R b <) O |fEy § 3R 9% 9 H F 0T @ A+b TH
e "y ® A

T T T 21
(A) 1 (B) 3 © 5 (D) 3
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18.

19.

*

*

*

*
*

*

Tfora

LXK+ 1.0 xK) +K.(Fx ]) =1 w1 @
(A) 0 B) -1 ©) 1 D) 3
Ifs < |ieel & R b o9 1 HIT 0T A |F-bI=IFxb | TF O TR B

A) 0 B) = o = D
(A) (B) 7 © 3 (D) n
qrTST
T g P(x, y, 2) 1 Tefd @R@ OP(=r)=xi +yj+zk & 3R ufiem

Y +y +22 R
Tsh WK o 391 T2 THoh T4eh-STUId Heaid & 3R AN Teil o 1l
TGk U&Y & Frefid @ 2

Tk WKW w1 qREm (r), Kep-3uE a, b, ¢ R fXm-HEEA (I, m, n)
frefafed &9 § Sarad o
a b Cc
| ==y m=—,n==
r r r

et 1 A onell A wH § @ W SR qiEw A (R

T He-anfeH FiES 1 AN TH TH FHIN SqHS o {0l § W g €
fsre! wer e K gu afew

Teh QYT 1 STE9 A T U 38k TRE0T 1 A<k O § uRRafdd 3 <l

? S A1 M R 1l RS BH o TIER Sl &9 1 T
o fomda T 2

faw gu Gfkw 5 & forw gfew a:%, AT foon o W Gy 3
fagatl P 3 Q fomer farfa wfew waw: g einh €, 1 foam ol Y =i
min S § FR B e fig R @1 R wfr (i) MM g,

m+n

mb — na

fadsH T (i) e fa9sH W, o ®9 § 9w Bial 2
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¢ AR 731k b S S 1RO Q7 o SR A ABA 5.5 =14l | cosd
o ¥ H 91 g1 €1 A 5.b & gen € @ ufkell gakb % = 1w

_.‘6
‘9’, cosO = ; Y 9 B Bl
lallbl

o I < W z3iRb o o= w1 HIOT OB A SR WK TOHHA
axb=1dllblsin@A s & ¥ I g1 1 ST A Th A Ak TR T S
43R b FiAlTd %W ol 91 & oledd @ &, b iR A SR
TreifoE frdeie agfa @ fafda ww €

o IR a=ai+a,j+ak M b=bi+bj+bk 3R ) T afxw T

a+b = (a,+b)i +(a, +b,) j+(a, +by)kK

Ad = ()i +(Aa,) ]+ (hayk
ab = ab, +a,b, +a5b,
]k
ﬁ'{ ng = al bl Cl
a2 b2 C2
UtdgTiien gy

TS Y13 o1 A= Afes 9Io o Teh Y13 92l (vectus) § g3 € e
e 7 TEO HEN M Wfkw fagia o yoig feem = fafar T 1800
AU WAL WAl €, S Caspar Wessel (1745-1818 ¥.) 3R Jean Robert
Argand (1768-18223.) 3 30 «a @1 a4 foan T e fdemss qa1 o foret fos
T@rEE w1 HEEdl W Uk HHY GEA a + ib o1 sathdt a1l e sy femen
ST SRl B Teh 3TARET 7O, William Rowen Hamilton (1805-1865 ‘st.)ef YT
&, "Lectures on Quaternions” (1853 §.) ® fsw t@mae o fau afer s &1
TN 999 Uge fohA ol wqeAl (quaternians) [F® Fvwa st faw @

e 0 8L a+bi+cj+dk. i, |,k % w7 o6l =R oo g@Ae w6
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T=ad) o e fafy afse 1 H-fadia safter & qon #33 *1 gwen w1
T o1 qefy g6 I&T 29 91 1 Teh 31a9d w3 T |ieer F1 ehou 31X 37
ANTHS 1 fo=R 98- <Al 98 ¥ Plato (384-322 1 I9) o T forsF wa gAM
Tfifer @I SRR Aristotle (427-348 81 Ud) & il @ & o1l SH 99T T
&I i Tea o T 3 te@n sifies ol &t 99 fshal 3l THIR Fqqs
o FEEHER 91 % | WS 1 ST Gehdl €1 Sl o gase w1 9e fEm,
It 1 A AfY T H foman ST Gehel €, T @S Sterin Simon(1548-1620%.) 5T
e a1 fefa | w1 TE1 T 1586 H I=I 9! WHgE, "DeBeghinselen
der Weeghconst" (IS &% &l el o f95id) H aall oF JRThe o SAHd™
fagia =1 foveror foran o fSrer SR A1t oF faeh™ | T e 9iadd gal
TR 3Tk 1% ot AN HT AUH Gehodd o 90T H 200 I TR T

T 1880 ® Uh oANH! wifdeh WS we WU Josaih Willard Gibbs
(1839-1903 €.) 3R Tk 3l I Oliver Heaviside (1850-1925 ) ¥ T
Tt o arfosh (AR AR I Fwiedfie (TfEe) 9F € JUeE H e afew
fagaiwor o1 gor feRan oMl 9 1881 3R 1884 H Gibbs "Entitled Element of
Vector Analysis" T T e GRdeh! SUaTE | 39 s § Il &1 T FHas
& i foeror fean gem om ety |fken o ATHEr &1 90 I & Hifd
D. Heaviside 3R P.G. Tait (1831-1901 £.) 1 9 & =it g fawa o faw arefss
IR fea 2

> —

L)
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ﬁri%rfﬂ'&r?w&rﬁr

(Three Dimensional Geometry)

«*The moving power of mathematical invention is not
reasoning but imagination. - A ADEMORGAN <

11.1 gffert (Introduction)

el XIH, Svaifter safhfd o1 eeae & g0y fg-forft
3R fa-faddta fooal o ufta o 2 @ 1 Sedl F
fafy qe difirg T 21 59 g o fused e o e
Tfell 1 ot Hehourtel o1 s1ea foman 21 o1 eq |igen
é?ahwﬁrraemf‘sr forta s=nfafa o S9am i) fH-fadm
Sfafa § 36 U 1 SR § fF I% 36 ST W
et Teel T gerael () a A 2

Ee) & foua o %ﬂﬁanﬁﬂﬁﬁﬁlmqﬁumﬁ@ Leonhard Euler
aAferepier UROTHT <1 WiEel oF ®9 H W hd €1 qetd g (1707-1783)

TIehT hIdTT &9 H 9t STaR 4 S e § feefd 1 ey sfid oIk foveromes
oo Jqd T HeR

11.2 Y@ & faep-shamE iR f&er-amuTa (Direction Cosines and Direction

Ratios of a Line)

A 10 W, THROT it o o1 fog § TR arelt wieer {1 L g x, y AR z-aned
3 T FA oL, B 2R y ST T 07 fEeF-hI01 Sheelid € del I iU ! G Hq:
cosa, cosﬁaﬁ'{cosyi'@ L o fqeh-shMEa (direction cosines or dc's )Fgardt g

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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afg ea Lt feen faudia & 34 € ot RKep-h101, 3197 Goeht o 37eif m-at, - 3R
Ty H S8 WA Bl 3 YR, fKep-hiaEd o fug @ge Wi €

7
A
Ay L
" P :
e s '
z :
r 1
Y :
B :
“Y0 y —>Y
X
X
3TTeRfd 11.1

M i, sfafer o <t 7€ Y@ i & faudia fenedt o g gehd © 31k gy sheh
e T e e
g o fau, 39 90 @ & T 9w W@ oA =feul 39 sifgdia feep-hiems &l
l,mﬁ?naﬁmﬁﬁ‘?mﬁﬁ%
feoguit siafer & < 7€ Y@ A gt fog @ &Y Tordt @ @ suh! - 3
# o fou, &0 ue fog 9 € T W o gE U Y diwd €)oo gt fag o g
e W A G e A A i A i s e
e A (&) B T

T @ o fSp-hiaed & Fuun §enel w1 W@ o fge-3TquE (direction
ratiosordr’s)EF%'v)l %IW&R’W%@T@EW—W L,m,nd TEEE—Q:TQNTH a,b,cﬁ?ﬁl
WWKG R f\c_'TQa:M,b:kme;ﬁ'{ c=M

¥ oEw feg-rgul i fop-wemd i wed €
M AT Tk Y@ ok f&eh-qu a, b, ¢ 3R @1 HY Rep-HEEA [, m, n 21 99
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ESiGiy [ =ak, m= bk, n = ck . (D)
LIl P+m*+n*=1
ERINIY k(@ +b+c*)=1
1
Rl k=%

\/az +b%+c?

ad: (1) 9, T@r =i ﬁ{EE—EIﬂ'FITET-I (dc’s)

b c
I=t—C2  m=+ L —
forddt Y@ & fau aft Y@ & Kep-3ru ®AN: a, b, ¢ €, A ka, kb, ke k= 0 5t
feeh - STaTell =1 Teh THE €| SEfIT Teh 1@l ok fXeh- 31Tl ok <1 T o qEgar g
ard: fordlt Tk W@ & fop-3rul & et 9HE '

11.2.1 @7 &t feep-HiagT & Tag (Relation between the direction cosines
of a line)

A AT foh Tk T RS 1 f&eh-hmE 1, m, n 1 oA
fag o < 7€ Y@ &% FHiR T W@ gifey i 3 W
g P(x, y, ) i@l P® x-3187 W o9 PA Wifag
(3Tepfd 11.2)1

OA «x
g OP=r. cosau=-—o == fS@ x = r 9T B 2|
r
Tt ghR y:mrﬁ'{z:nr.
ESiGiYy X+ +z2=rP+m+n?
LGl X+y +2=r
3 P+m’>+n*=1

11.2.2 g )%@a# &I e areit 3T &t fé?m:—aﬁwm (Direction cosines of a line
passing through two points)
FifF 2 fru figell ¥ 2= S et Yan o B ) T | frg T fage
P(x,, y,, 2) 3R Qx, y,, 2,) ¥ oA arelt @1 &1 fep-hrare &1 7 ¥R & 3
FTTHG € (PR 113 (a)]

H Sifee foR @1 PQ &t feer-hiarea I,m,n& L x, y 3 -8 & Y HI0
HOI: o, P, YA S
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480 R
oM ST P 3R Q @ o Eifay st XY-aa1 &1 Raen S W faerd €1 P ©Hh

I ofd SifaT s QS 1 N W fHerar 21 o1 wHehivl 519 PNQ #, ZPQN =y
(3TeRfd 11.3 (b)) 3EfAT

Z V4
Q
PN MQ
P N
Y Y
I) o
K
X (a) X ()
3TTeRTd 11.3
_NQ_3-3
cosy PQ PQ
Tl TR cosoL = xZP_Qxl 3R cosﬁzhp—éyl

amd: fogafl P(x, y,, z,) T Q(x,, y,, z,) T Sigd a1l @r@e PQ T feh-whiam

=X Y= L74 ¥
PQ ° PQ °~ PQ

&

STET PQ = \/(x2—x1)2+(y2—y1)2+(22—z1)2

feouft fageti P(x, y,, z,) 991 Q(x,, y,, z,) i SiIgH el W@rEs o feep-arqua =
YR ¥ fou s ged 2l
X=X V= Vs Zz—Zl,_":” X=Xy V= Vp 878,
IETET0T 1 AR Tk W@ x, y A z-3787 1 YT 9 o7 Fer A 90°, 60° a2 30°
1 10 S @ Al feh-sh e A ity
1

T HE g %@aﬁﬁ%—mﬁq l,m,n%l qd [ =cos 90° =0, m = cos 60° = E’
3
n:cos30°:§
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IETET0T2 A Uk Y@l o fKep-31ud 2, -1, -2 ® ol 3! fEeb-hIGTg F1a shiferg)
Tl fee-hraE fete &

2 1 )
V2D (27T P27 2 (1) (2
2 -1 =2
i 333

SarETor 3 q fage (- 2,4,-5) 3R (1,2, 3) F fHam arel @ #t fKh-HaE .
iUl

T B W € R R fage P, vy, 2) FRQ, v, 2,) F FEH Al @ w5
feep-eprarEa

X T X yz_yl’ T4

PQ = PQ PQ
&, et PQ = \/(x2 —x) 2+ (=) +(z—7)
Tl P &I Q HH: (- 2,4, —5) 3R (1,2, 3) €l
Tfery PQ = /(1 - (-2))> + (2= 4) + 3 (-5))* =77
safem @ fage Y frem A Y B -
3. 2 8
V71 11 1T

SETETUT4 x, y 3R z-31eq 1 fEep-Hrm I wifer)

T x-3T8T AL x, y 3 z-39& o WY 0°, 90° R 90° o VT ST | THIAY x-37e7
1 - cos 0°, cos 90°, cos 90° 31 1,0,0 F

Tl YN y-3187 3R z-3787 k1 fRep-shiare ®Aw: 0, 1,0 21R 0,0, 1 &)

SETET0T 5 quIiE TR fag A (2,3, -4), B (1,-2,3) 3R C (3,8, - 11) @@ €l

& A SR B & fier arefl Y@ o faeh-eram
1-2,-2-3,3+434q — 1, -5, 7|

B 3R C & et areft Y@ o faep-eqaa 3 -1, 8 +2, — 11 - 3, 19q, 2, 10, — 14 €l

o7 ® o AB 31 BC o f&ep-3fqid SHU €1 a7d: AB iR BC ®Wit €| W
AB R BC 41 & B s9afTss 2| 31@: A, B, iR C W@ fog 2|
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et 11.1]
1. A Tk W@l x, y 3R z-3180 o H1 HAIA: 90°, 135°, 45° % HI0] &G © al SEeh!
feep-ahiarE W SIS
Tk W@l 1 fEeh-hred T ity St Fwmal & @1el GHE i S 2
Ifg b a1 & -3 —18, 12, -4, €l 3Uh! [Keh-shiae 1 2?2
Tuisn fo fag (2,3,4), (- 1,-2, 1), (5,8, 7) W@ 2|
TH S # qenei w fip-dmET §a i afs e & osid fag
(3,5, -4), (= 1,1,2) AR (=5,-5,-2) &
11.3 3iafier W I@T &1 AHeI0T (Equation of a Line in Space)

we XIH fg-forfta a0 o T@nsti &1 Teaae & o qvaTq o7d &4 SfaRkal H T @i
o |fey den hrdid GHeRoT i | H|

e Y sAfgdtaa: faifa 2 2, afe
() 7% feu fog @ & 7 feen @ <t o @, @
(i) =& A fu T faget | g S €

11.3.1 € 7T faig A & SR &t 797 QU 1@ QiG9r b o GHIAT I@T T THIEH0T

(Equation of a line through a given point A and parallel to a given vector b )

n A W DN

gushifors e e & ga g O o @ Z b
T A fof g AT |few g 21 WM e R /{,
fog A9 M St qen KU T 9ieer 5 % TR A

@ (B AE e R R e fedt mes fag. < |
Pt feurfa wfewr 7 8 (empfa 11.4)1

=

T AP W9 b % TR § s1eiq AP=Ab , 5E 0
A TF SRt e Bl X b 114
W AP = OP-OA

7o Ab =F—d
foetea: g A SF Y& A o fau I8 Sl @ o fedt fag PRt frafa uem
T B ;TN T AR FHIHT B

F=da+Ab . (D)
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femoit A b = af + 5] + ck & @ W@ % K-S a, b, ¢ & AR Toeima: 4k wh @

o T&eb-3T01d a, b, B Wl b = af +b] + ck @1 o FHIR €11 =& b i | |5 G S|
|fE9T WU | HT w9 = T (Derivation of Cartesian Form from Vector
Form)

o e R Ru fig A S Feid (v, y, z) € @R W@ # R
a,b,c%WFﬁﬁEWﬁgP?ﬁéﬂW (x,y,z)%'l qd

?:xf+y}'+zlg;&:x1f+y1}+zllg
R I;zaf+b}'+cl€
T A Rl (1) | wfeeenfd ek i, j Rk, h TNl ! gl T T gH U
&

x=x+Aa; y=y, +Ab; z=z+Ac .. (2)
3 @ o grEe SHE 21 (2) 9 YrEe AR fadid e W, 89 UM B
YohH _ YT 274G . 3)
a b c
& @ 1 FAE GHHT B

fogut afe Y@ i feeh-HEET [, m, n €, A @ & T

Yz 1 Y=—hn _27% ¥
[ m n

SETET0T 6 T35 (5,2, -4) ¥ S a1elt qe | 37 + 2] — 84 o AR @1 w1 Wi
TN AT FHHN ! 1A RIS

Tl B9 9§,
G=5i+2]-4keR b=3{+27-8k
Ty, Y@ 1 Gieer qeiw B
F=5i+27-4k+A(3i+2]-8k) [(1) ¥
=feh T R e Rt g Py, y, 2) 1 feorfa afgw 7 2, gafac
xi+yj+zk =51+42]-4k+A(37+2]-8k)

= (5+30)i+(2+20) j+(—4—-80) k
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A1 faeliod %@ W89 i © %
x=5 y-2 z+4
3 2 -8
St Y@ o GHiE F FAE €9 e

11.3.2 & few @ %@’aﬁ @ S aret I@T T GHIEOT (Equation of a line passing

through two given points)
A AT U T W ferd J fagst A,y z) SRB(x,, v, 2,), 3 Feafa wfew swme
a AR p T (MRt 11.5)1

wH Tt ¢ Tk W fag P fefd z )
ot §1 9@ P @ W ¥ AR iR Few A 1 \ o Ip ™
. . . y T
AP=7—a T AB=0b-a W@ 9w ) w6 N
P Y1 R e & =k oiR e At SN

F—a=A\(b-a) 2 ’

= F=d+A(b-@),Le R .. (1) 0 7Y
S Y@ w1 afEer ek 2 s
afest ®9 ¥ AT BT TG BT A e
T U9 © R

szf+yj'+zl€,d=x1f+ylj+zll€,ﬁ?l;:xzf+y2j'+zzlg
= O & (1) § gfaeenfid 9 W g9 Ud © fF
x;+y}'+zl;=x1§+y1}+zll;+7»[(x2—xl);+(y2—yl)}+(zz—zl)l;]
i, 7, k o TOTeRl 1 G B W EH U € T
x=x+A0,-x)y=y,+AQ,-y)z2=2+A(z,-2)
A1 faeliod %@ ™ 89 U © 6
X=X _ Y=H 273
=X Yo=Y 7%
St Y@ o GHiE F1 FHAE €9 e
aTEtur 7 fagatt (1,0, 2) 3R (3,4, 6) ¥ B S Al @ 1 Wiy FHiehol [
Hifu|

o HA ofifST a 3R b fageti A-1,0,2) 3R B(3, 4, 6) % fefa @fw €1
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GE

a
R b=3i+4]+6k
FHfeTY b—d=4i+4j+4k

M ehfSe fof Y W fed foadt s fag P e feafa wfgw 7 21 em@: @ =
afser g
Fe=— [42k+0N 41+ 4]+4k)
x+3 y-5 z+6
TETETOT 8 T 1@ 1 HTd g FHIHL SRR 2
B
Tl ST T GHRI0 &1 JFF ®9

X=X _Y=Nh_27%

| 39 @1 T T THeRI0T

a b c
¥ qo T W BE I € T x,=-3,y,=5z=-6a=2b=4.c=2
70 YR et W@ g (- 3, 5, - 6) W BT Sl € qe 6w 27 +4 j+2k &
TR 2| 9 et o Yan w fem e fag w1 fefa afgw 7 @ @ Y & afw
TR
F=(=31+5]-6k)+ L (20 +4]+2k)
g U B

11.4 < 1@ ok HLT HIUT (Angle between two lines)

9 A fo L siRL, ga fag @ ora aeft @ Yend § foes faep-stguma e
a, b, c 3Ra,b,c, 8 T: A7 AGEF L R T fag paen L, R @& &g Q 2
Pt 11.6 ¥ &Y T wiewr OP 3R 0Q W fa=r ifsw) M <fifsw 5 OP 3R 0Q
o F= =T IV 0 7| 379 TR0 SIS R Tl OP 3R 0Q % ek FH: a, b,
cl3ﬁ1a2,b2,c2§|3€mmaﬁﬂwwe 7

/
a,a, +bb, +c,c,

2,2, 2 [ 2.2, 2
\/al +b +¢; \/az +b; +c;

T[: sin 0% ®Y H, W@IT o = BT B0 Q L,

sin@= ./1—- cos? @ @Eﬁ?{% o) 9 P v

B \/1 _ (aay+bb,+cic, ) 7
= ( X

a12+b12+c12)(a22+b22+c§) ST 11.6

cosO = S 9<d %I
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\/(al2 +b12 +c12)(a22 +1922 +c§)—(ala2 +bb, +clc2)2
Ja? +62+) (a2 +b2 +¢3)

_ \/ @by —ay b))’ + (b, =b e )+ a,- ¢ q) 2)

\/(alz+b12+c12 \/a§+bzz+c22

oot | 59 fefd & 5@ Yed Lo eiRL qa fig @ & R € @ ew
L, 3RL, % 99, 9 g @ Tor areft g e L, 9 L, o §1 Afg et
L, 3R L, facp-o1qaml o s fep-hramea & 7 = S L, % o1 £, m , n, 3R
L, fC L, m, n, @ (1) 3R (2) Frfafed e o

cos 0 =11, + mm, +nn) (FiifeR F+mi+n=1=0+m;+n) ..(3)

iR Sin © = (4 my —L,m, ) —(my ny=my m)*+(my Ly, =y 1) ()
ﬁaﬁ—aﬁmﬁ a, bl, ¢, #R a, b2, c, et i’@T@

(i) @oed €, Ak 0.=90°, iq (1) ¥ aa, +bb,+cc,=0
h_a

(i) TR 2, A 0 =0, FAf (2) @ﬂ:b

a, 2

319 &9 ] Y@istl & a9 1 10 Fa FA e g fu T 7 Atk 9 e
Fo=d +Ab FRF = d, +ub, o &= =7 HI01 § B

&)

by -b>
ad cosO = | ==
|b1||b2|
g w § o e 0 - 2N T4 (1)
’ a b, ¢
i h Y _ith e
by o ()

@
% o FHT T ST W@ (1) T (2) F KFH-TIG FAN: a, b, ¢, T

a, b,, c2% GEJ
a,a, +bb, +c,c,

2,12, 2 [ 2,42, 2
\/al +b +cj \/a2 +b; +c;

cos 0 =
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sarEor 9 fu MU TEr-g
F=3i42]—4k+NG+2]+2k)

AR F=5i-2j+n@Gi+2]+6k)

% [T HIU AT hITT

A UA ST b = F+2f+2k IR b, = 37 +2]+6F

<A1 FEnsti o wed il 9 7, gEfa

b-by, | |G+2j+2k)-3i+2]+6k)
cos 0= |==7|=
5|5 Ji+4+49+4+36
3+4+12] 19
T 3x7 |21
- e[
M = COS 21

SETE0T 10 {@1-g:
x+3  y-1_ z+3

3 75 4

+1  y—-4 z-5
i e+l _ y9

1 1 2

% e HI0 JA1d hIToT|

T Tl 1@ o fGeh-3u 3, 5, 4 3R S Y@ o Kep-oru 1, 1, 2 &1 9 5¥eh
o= T HIU @

o 3.1+45.1+4.2 16 16 83
V32522212422 | V5046 sV246 1S

3d: T HIU cos‘[8 \EJ 2

15

11.5 &t @3l o Hed =FAau &30 (Shortest Distance between two lines)
it o 9% 1 e weR yiiess e €l Sk |ie i ad 50 9 @1 e
it # = <T@t GHiaR © ol Sk s sl FAad g, Sk st were g4 gl
31 Tk @M o U fOg W gEd W@ W gl T dal
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3Geh rfafted efaler o, TEt ot @ Z
Bl 2 S T @ gfaesel SR 7 & gHiE@
gl ¢ arqd W wHt t@net o g
FETAT Bid § 3 3% formaeia @ G F

S
7

(skew lines) ed 21 SR 'H ‘_\D E

fa 117 § x, y ol z-o181 & srafaw [~

FOL: 1,3, 2 THE F STHR a6 FW T ° C >Y
foa w4 B A B

Y@ GE &d & foal & s & aig ST 1.7
W@l DB,A% I IW Bd o HH §
TSR g2 SeR o Tl o erfew 21 3 Y@ favmaeie @ it o gaia T8 € ol
et e off &1 €
< et & o HaE 9 TR e T Ut e 9 @ S U W W e
& fog 1 g0l W R feoa o= fog &1 e @ ura 31 difeh S9! afarE —=JAad 2l
A9 30 @Ee §Hi fauddeta W@st | @a gl
11.5.1 Fﬁ farvadacita ¥@rsit & sier &t 'g'ﬂ (Distance between two skew lines)
319 B9 @et o o9 i =gAae O Fefatea fafa g

T HW | A A 1 SR [ [ famacia e @ T Q
eh weftetor (ammeRfa 11.8) fefarfaa : L
Fo=d+\b, . (D) o
R F=ad,+ub, @) — 1 I,

T | W fag S foment feafa wfewr g, oiR £, R e ST 11.8

fag T fowt feafa wfew g, 2, <ifsw) 7@ =Fam 5@

afger &1 ufkmmr, ST 1 =Aaq 34 &1 fen o yag & °9 & §6E 8 (TR
10.6.2)1

afk 1 3 1, % 1 1 = Gl PO # @ 9w A 4, R, W oed ghi pg
w1 foon # s@E |fw 4 39 9K BN fR

7
H Sy

2

.. (3)

|

X
n:
| b, x

S

|

-

2022-23



-fadtg snfafa 489

GE| PQ =d

el d, =[AqH g |iEw 1 qREm g1 6 A g7 SR PQ o e 1 W 0%, 7

PQ = ST Icos 0l
. PQ-ST
R c0s 0= BQ IIST|
dﬁ(az _C_il) . —
=|—ys7 | (F® ST =a,-a)
(b, X by)-(d, — @)
= — 3) e NI
ST |5y x| Q :
U 31 =Aan <l
d = PQ = ST Icos 6l
. PR RCETANCETAN
| b X b,l
Eanipikav) (Cartesian Form)
e
A N U ) S
Yoo - b, G
3Rk l,x_xzzy_yz 2T %
o b, )
o ot &1 A U e
=% =0 7%
a, b, S
) b, G

\/(blc2 —bzcl)2 +(c,a, —czal)2 +(a,b, — azbl)2
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11.5.2 @RI ¥@T3l & otel i Q’?? (Distance between parallel lines)
I Y@t/ Ak [ FE@ E d 9 gHaed g 21 A & T e e

F=a +Ab (D)
S F=ad, +ub )
¥, wet | mfag s @ feafa wfiew g ok R fag T o (D) 1
=1 fefa @fewr 4, (emafd 11.9) = :
Fife [, IR [, FEaea €1 At g TH [, W
T T o 1 U P 7 qa L@ett [ SR [, o e B ) I
= = ITP| S (a7)
o whfe o gfeel ST 3R b o o= 1 107 01 a4, HFT 11.9
b x ST = (1b1ISTIsin 0)A .. (3
et T@nett [ SR L% 99 R 9 3R W 4 gl
q’{g ST_(12—al

e (3) 9 29 UM € T
b x (@, —a,) = |hIPT A (Fifw PT = ST sin 0)

31 |bX(d, —d)| = 15 1PT-1 (asla | =1)
zafere T Y@nel o o =Aad g4
d= 1PT1=| 220 =) | 5
15 |
SETETT 11 T@sd [ $iR Lo o ?fraﬂ T A shifery fSeer wfge gefiehor 2
F=i+]+AQi-j+k) - (D)
R F=20 4] —k+pnGi-5]+2k) e (2)

Tel FHE (1) 9 (2) B F =G +ADb 3R F=a, +pb,,q T FH W
W E

2022-23



-fadta snfafa 491

FHfeTY ,—a =1i-k
S b xby= (2f - j+k)x(3i-5]+2k)
ik
=2 -1 1|=3i-j-7k
3 -5 2
TH JHR b, Xby| = \J9+1+49 = /59
Tafery € T Y@ & ot 5 =gan g0
(b xb,)-(d,—a)| _13-0+71_ 10
b xby || NECINAT)

mmlzﬁw%r@aﬁﬂé%@aﬁlaﬁw
+2 ] —4k+A(2{43]+6k)

3R 7:3i+3j—5k+u(2i+3j+6k)aaaﬁavfran§asrraﬁm|
Tl E @ gER #1 (F?) 7w ®

G = [ +2]—4k, d, =3{+3]-5k 3 b = 20 +3]+6k
zafae tEret & o= & gl

i ] k
S| Bx@=-ay| | |23 6
- b 21
J4+9+36
C1-9i+14j-4k1_~/293 293 5,
N J49 J49
[woemaett 11.2]

12 -3 -4 4 12 3 3 -4 12
e E R e TR E R E RN M EM R AL
@t TR e €
2. <uiiey fom et (1, - 1,2), (3,4, — 2) ¥ BT SH arelt @ fgati (0, 3, 2) 3R
(3,5,6) " S arell W& W 4 2l
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10.

11.

12.

TIford

. 3uTEn o faget (4, 7, 8), (2, 3, 4) W B &H areft @, faget (- 1,-2, 1),

(1,2,5) " S arell @ & g 2

. T (1,2,3) 9 oA et T 1 wHier 9 i St kw3 i 42 j -2k ok

G B

. fog foweet fufa afew 27— j + 4k Qo a |fcw [+2 -k &t fen o 5

el @1 1 G IR HdT €9 § GHier 9 St

. IE W@ w1 HAE GHE A6 I S feg (- 2,4, - 5) ¥ St ® e

x+3 y—-4 z+48 & o 2
3 5 6

. @i@?ﬂaﬂ‘qwx—5=“4zzg6é|mmwﬂwm

eee. 3 7
|

. e g @R (5,-2,3) 9 M arelt 3@ %1 9k qen Hida w6 o GHieor A

EAIEL

. fageti (3,-2,-5), 3R (3,-2,6) ¥ T=RA orelt W@ 1 |iEw 94 wE w6

T GHIeRTOT i G HifTa
frefafed @i & = &1 S0 Th Hife:

() F=2i-5]+k+V@Bi+2]+6k) 3R
F=Ti-6k+u(i+2]+2k)
(i) 7=31+]-2k+L(=]=2F) R
F=2i-]-56k+u(3i-5]—4k)
forefafad Yar-gm & St 1 F 0 T R

x—2_y—l_z+3a?|_{x+2_y—4_z—5
2 5 -3 -1 8 4

()
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13. f?’@@ﬁ%@qxf y+52 i %:%:%wa’a%}

14, @t =42 ]+k) + A0 —J+k) R F=27—j—k+pQi+j+2H)F
s St A U A hIfe:

. x+1 +1 z+1 x—3 5 z-7
15. e = y_6 st y_2 % o9 1 = 50 T
Hifu|
16. Y@, for wfke gefero frefafad €, & &= %1 a9 50 9@ it
F=(G+27+3k) + MG =3]+2k) 3R F=4i+45]+6k+1 (27 +3]+k)
17. Y@, fet afker geienor fefafead 8, o e 1 <A 9| i
F=(=0)i+(-2)j+B=20k I F=(s+D)i+Q2s=1)j-@2s+Dk

11.6 9ARdT (Plane)
T THAA I e €9 W 0 R S gkl © afe Frefafiad § 9 E e vd 91 a8
(i) G 1 Afiers IR get fog @ goael 1 gl 91 €, 1ufq sifirels &9 o gada
T THHIT
(i) =& Tk fog 9 ToRar & SR G 7 fXwn o deed 2
(i) e f&u T & @ fegeti @ R 21
e B THACl o WG T Hied G0N i W |

11.6.1 3T9Tq ®T H THAT T THIFHIOT (Equation of a Plane in normal form)
T Edd W faER wifse et gor fag @ ofeed g d (d#0) ® (SR 11.10)1
gfg ON qof f55 @ da1 W ofa & e ON &
IRV A A e |few & 79 ON =d A
21 A T foF Toael W i fog PR gafe,

NP . ON W @« 2|

>N

3@ NP-ON =0 (1)
e ofifst Pt feufa wfewr 7 & @
NP= 7 — d i (FHifs ON+NP=0P) X
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494 R

TG UHR (1) &1 &9 FefafEd 7
(F—dn)-dn =0

q (F—=dn)-n =0(d#0)
el Fon—dn-n=0
1iq Fon=d @E n-n=1)

N

()
IE WHAA HT G GHIHT B
FAT B (Cartesian Form)
TUAe &1 G THE0 § W@ 5, GEdd % SAed TR 9y 81 HF e §Haa
WaﬂgﬁEP(x,y,z)%l GE

613:7:xf+y}'+zl€
qH AT 7 T K- [, m, n 81 A

A=1i+mj+nk

Fon ok HE 1 (2) W Wiqeita i W B UM ¥,
(xf+y}'+zl€)-(lf+m}'+nl€)=d

33[8?«'1 Ix+my+nz=d .. (3
I8 TUAS 1 AT THH B

Tl (3) WERM e € fF Ak Fo(ai+bj+ck)=dTH
A 1 HEY FHEHOT B @ ax + by + ¢z = d THAA 1 HIATH GHIHOT & SET
a, b 3 ¢ GEAA o Al o fKep-oua 2|

SETET0T 13 39 HUA 1 AfEer Hiehor [ Hifer St g forg @ %aﬁeﬁm%

SR @ fog o s aifreta |t 27 — 3 4 4 (7
T WM AT ji=27-3j+4k BT
i 20-3]+4k _20-3]+4k

lil — J4+9+16 J29
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AT gHde o1 A TR

oy —3A 4 6
[r NRANGT j 75
TETEAUT 14 WIAA 7+ (61 -3 j—2k)+1 =0 R Y o5 ¥ Tt T A9 TR e =t
feep-ahiare ¥ i)
T THAA o FIq FHHLUl 1 36 YehR ook TRA1 S Gehal B:
F(—6i+3]+42k) =1 (D

CE| I—6f +3j+2kl=36+9+4 =7
TaferT (1) o 21 9ali o1 7 9 9N & W EH U © 16

S o HHdA 1 GHE 7 = d % B9 6 B
m@w%ﬁﬁﬁ:—gh%}+iéwé€mmmésﬁwﬁg
Y oA 21 36 WER 5 F fep-wwma 0 3 2
77777
SETET0T 15 §HAA 2x— 3y +4z-6=0% a1 fog ¥ 30 9@ it
Tl it qe1 o Afels o feeh-eTumd 2, -3, 4 € THA sqeh! fEeh-shieme
2 -3 4 3 4

S22 +a 2P a? 2P (ca e mhfd_d_

THFTT T 20— 3y + 42— 6= 0 ST 20— 3y + 4z = 61 /20 § T FT
W EY I R &

2

4 -5
R AN AR
ﬁ?%lx+my+nz—d,aﬁmﬁ%3ﬁﬁaﬁgﬁmﬁ@d%l%@ﬁ"ﬁ

THael 1 gt fag 9 %%l

ﬁ
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496 TTfoTd

SEETOT 16 Ha fIg 9 ¥9ad 2x -3y +4z-6=0
R TS T od o AR o RN A Hife
Tl TH ST ga fog o 99de 9% STel T ofd o
R Pk FERTF (x,y,2)® (ST 1111
HHQ'@TOPQ?WWTHX Vg 2l
Wﬁwwﬁaqﬁmaéﬁmﬁmﬁm%ﬂ
i ® fom

2 3 4 6
NN RN TN
. 2 3 4
&l OP o feh-erqurd @,@,@%l
FHifeh T @ & fap-hied SR fep-3ua THEA e 71 ST
x oz
1 _ _13 _ 1 ) ¢
«/_ V29 «/—
2k —3k 4k
i ST T s

Euﬁﬁw&ﬁwﬁuﬁwﬁa%ﬁmmuﬁ%ﬁak:%
mm%m&ﬁ%mm(ﬁ_—lg%j%

29" 29 29
(@ feolt| afz g@ fig @ wwaa 1 5@ J@ R wEad % sfyels @i
- [, m, n & 99 A9 H1 9IS (Id, md, nd) Bl T

11.6.2 T fe€ QiI9T o ercia aor few fig @
ZIhT ST aTet AT T WHIEHT (Equation of a Z

plane perpendicular to a given vector and

passing through a given point)
siaRe o, Ueh U U 9fkwr o ST dd 3 gHdA P(x, Y 7))
& W § Wq TH U M Pox, y,.z) WO 9

Y
YR 1 shadl Teh THddl 1 31 g & (2fem /
ST 11.12)1 X T 11.12
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oM i foh gaaa Tk fag A, fSrgent fearfa
Al G €, ¥ S € iR Gfew N o oea 81 °H
wifer o el w freht fog pep feafa wfew 72
(3Tmepfd 11.13)1

aa fag P guae o fem gran 8, 9 3 haa

>Y
aﬁﬁ,ﬁmﬁ%,a&hﬁ.ﬁ:o.mx ~
AP=7 - . T8feTg 3TeRfa 11.13

(F—d)-N=0 (D)
¢ FHAS 1 WY THIHTOT 2|

Eanipikay (Cartesian Form)

AT R e @ A (x, y,, z) 3R THGA W FE P (v, 3,28 71 N &
fEeF-31qud A, B @ C®, qdl

G=xi+y j+zk F=xi+yj+zk st N=Ai+Bj+Ch

&l (F—d)-N=0
zgfeTT [(x—xl)f+(y—yl)}+(z—zl)l€](Af+B]A’+Cl€):O
33[8?«'1 Ax-x)+By-y)+Cz-2)=0

TETET0T 17 39 T i WG AR hTdia SHiehiol 1 shifery, s fag (5, 2, — 4) ¥ S
? @R 2,3, - 1 fKp-3rquma orelt ¥@r W e 2l
T T4 S € b g (5, 2, - 4) o feurfa wfew G=5712 }—4f ® IR 9wl & o
1 sAfieta dfeer N=27+3 ]k 2
THIT, THAae w1 WY GOl (F—ad)- N=0¥ 9 2|
B [F—(51+2]—4k)]-(2i+3]—-k)=0 e (D)
(1) = g &9 § TR HH W eH 6 €, o

[(x=5){+(y=2) J+(z+4)k]-2i+3 j-k)=0
B 2(x=5)+3(y—2)-1(z+4)=0
3791q 2x+3y—-2z=20

N

S A 1w GHERO 7
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11.6.3 @17 2maGte figei’ & gl W aret
quaed @1 WHIEYT (Equation of a plane
passing through three non-collinear points)
M ST gaaa R e 09 sat@ fagett
R, S 3R T o feufq wfeer wawn: a,p 3R e ¥
(3TMptd 11.14)1

gfser RS @R RT f&u @aaa ® ) gafag .
Tfee RS xRT o9 R, S 3R T w1 sr=ifee ST 11,14
FH A T T A B HH AT I o
#1E farg Pt fearfq wfewr 7 1 s@fele R 9 ST a1l defl |fee RS xRT W e, g9de

&1 GHiHl (F—d) - (RSXRT) =0 ®
7 (F=3d).[(b-a)x@-a)]=0 . (D)
IE d oTE fagati | ToRA ame guda o THIl 61 Hikw

ki DA <

| Feoutt | SR wfen ® A et fig e =i e
22 9fE fag w &1 Y@ W o € qd S99 e ael e SHdd
B (3Mfd 11.15)1

3 GUdS Teh T o Y3l i ifd g el

fageti R, S 3R T & sfafde & ol i
T o Y3i o S aTel T H5E R STeEht 11.15

Eacipikav) (Cartesian Form)
qﬁ?’ﬁmﬁg@ R, S 3ﬁT T ﬁé'?ﬂaﬁ SHHRT: (X1, y1, 21), (X2, V2, Z2)3:ﬁ'{ (x3, y3, Z3)%|
A Y for gHael W Rt fog Pop fdeme (x, y, 2) 9 3o feefa afcer 721 @@
RP =(x—x)f +O-y)]+@-2)k
RS =(z—x)f +(2—y) ] +@-2)

RT = (x:s — x) i+ (s — yl)] +(z—-2) k
1 gl i 9w YT o g (1) § giaeeed i W g9 UW © 6

X=X, Y-y zZ—Z
X2=X1 =N Z-%4
X3—=Xy V3= P 23—

SilsiE| 'I%TS (x1, y1, 21), (X2, y2, 22) 3:ﬁ'{ (x3, y3, 23) g T T o THAA oF THIRIOT kT
HTATT T B

=0
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FEEruT 18 fageti R(2, 5, - 3), S(=2, -3, 5) 3RT(5, 3,~ 3) ¥ WM a1l FHae shi WiesT

TRl F1d SHIfT)

T HE W G=27+57-3k, b=—2-3]+5k, c=5{+3}-3k

9 G, b AN E W S o HAA 1 |y e frefafEd 8
(7—5)(§Sx§?):() ()

a (F—a)-[(b-a)x(c—a)] =

g [F—(20+5 ]-3k)]-[(—47 -8 j+8k)x (31 =2 ))]=0

11.6.4 GHAAT & THIGIUT &7 3id: GS-B7 (Intercept form of the equation of a
plane)

TH 3= |, B0 WHAA o THIHT i, SHeh gR1 fewmnell W e fd: @< & ®9
T FHON| T AT A T FHIHT

Ax+By+Cz+D=0 (D#0)?I (D
T AT T g x, y, 3R z-378f W e fd: T FAN: g, b 3R ¢ (SHT 11.16) T

TR : TGS x, y 3R 2180 W A FWg (a, 0, 0), (0, b, 0), 3R (0, 0, ¢) R Therar 21

z
-D
Tgfeq Aa+D=0?3ITA=7
-D
Bb+D=0?3ITB=7
CC+D=0'<’TIC=T Q (0,5,0)
T HEI ] a6 TR (1) § ufaeenfud @i P (4,0,0)
WA W EH U © TR X SR 11.16
R A o))
a b c

S #d: @ ®9 § gudd 1 s g 7

IETET0T 19 39 FHAA H1 GHIHTOT JG HITST S x, y 31 z-378f W %wHe: 2, 3 3R
4 3d: @ HEd Bl

T HE oS, FEdA T GHE

Xy z
—+=+—=1 . (D)
a b c

T a=2,h=3,c=470 2
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500 o
a. b 3R ¢ T 9 F (1) § yfaeenfya 6 W 89 guda &1 1 gHe

§+§+§:1 A 6x + 4y + 3z= 12 I HLd 2

11.6.5 Fﬁ fé(r gaael & Hl'(\'IU&sC‘"'I g T 17 Fiel THEAA (Plane passing
through the intersection of two given planes)

AR S, SR n,  wEaw, foe Wi ]
F: F.A =d, AP = d ¥ T G
v W fem frd fag w1 Refd afw o <A {

TR 1 T HM (SR 11.17)1

o 50 T R feom fah fig 9 fefa wRw s @ T
[ =d 3R 75, =d, SR 1117
gHifry A o qeft arsafaes @Hl o fow g9 T © T
{-(n,+M\iy) = d, +\d,
Hifh [ Wes ¢ Ty 98 W & e fag ol dqe s 2
T THR THIBI 7 - (7, + Aty ) =d, + \d, FFq@ 7, i Frefaa e € S ven @ ok afz
EAEIEN| f,nlaﬁTnya?WWﬁaﬁWW%ﬁa%@aﬁwwml
o7d: guaell Foii, = d, R 7 ii, =d, o W W@ o 9 9t fRd gude &
THHT F- (i, + M) = d, + M, ©) (D)
HAE B (Cartesian Form)
A ®Y o fag A

i, = Ai+B, j+Ck
i, = A,i+B, J+C,k
3?|'{ F= xf+y}'+zl€

@ (1) &1 uiefda &9 2:
x(A+ M) +y B, + AB) +z(C, + AC) =d, + Ad,

a0 Ax+By+Cz-d)+ MAx+By+Cz-d)=0 .. 2
S 9w A o fore feu wmaen o ufdessd 3@ 9 gk SH ot et wmae 1 e
HefteRTor B
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SEETT 20 WHAA 7. (F+ j+k)=6 3R F - (2 +3] +4k)=—5,% Wi qen fag
(1,1,1) ¥ ST a1el 99aa 1 9l FHier 9 it

T jiy=i+j+k I A, = 27 +3]+4k ¥Wd, =6 I d,=-5%
AT G 7 - (7, + i) =d, +Ad, T TN FH XV,

T+ j+k+0Q21+3]+4k)] = 6-5A

S|

Rl TA420) 7 +(14+30) j+(1+40)] k = 6—5A (D

SRl A U arifesh e 2l

F:xf+yj+zl€,@el WEY Ud ?

(xi+y J+zk)[1420) 1 +1+30) j+(+40)k]=6—-5)
a T+2A0)x+(1+30)y+(1+4N) z=6-5A
a (x+y+z-6)+A 2x+3y+4z+5)=0 . (2
e FIIHR 3refiee wuael fag (1,1, 1) § a1 €, o T8 fag, (2) i "qe &am
1M

N

S|

1+1+1-6)+AQ2+3+4+5=0

gl e
14

A% T OF & (1) § gfoeenfyd e W 89 99 7, TR

: (1+§)5+(1+2)}+(1+§)l€] - 6—2
7 14 7 14

N

10, 23, 13- 69
Bl Pl 2ie22e 20| = =
: (7”14”7 ) 14

R 7207 +23 ] +26k) =69

S gHad &1 s1dfie gfew T B

11.7 St Y@Tell &1 WE-aeia g1 (Coplanarity of two lines)
T ffse fF 9 9a T
F =G +Mb - (1)
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502 T

e 7= dy+ub, © ()
T (1) fag A, et feafa wfeer g, 8, ¥ €/t STt € qen & 99 81 W (2)
fag B formet feafa wfewr 6,2, ¥ Bt ST 8 @20 b, % IR 21 0
AB = 4,4
T Y@ We-aela ¥, A iR Fad K AB, by 3R b, We-qela 21 21efq,
AB.(bx b,) =071 (d,— d)(bxb,) =0
wHAT B (Cartesian Form)
o efifete fop fageni A @ik B o fdenes s (xl,yl,zl)E»ﬁ'{ (xz,yz,zz)%'l qH fifeg
& b 3R b, o Reb-31I FH: a, b, ¢, TN ay, by, c, Bl T@
Kﬁz(xz—xl)f+(y2—yl)}+(zz—zl)l€
b =a,i+b J+¢ k; 3 b,=a,i+b, }'+czl€
T4 @ We-qcd €, A% SR haa AR AB- (b, xb,)=0 & fr=fafed #dta &y
¥ = Y THhd T
Xpo=X1 Yo=Y L%
o B -0 . ()

a, b, )

SaTET0T 21 9ISy f Y@

- - 1 -2 -5 .
XH3_yol 270 g XLV 2270 o w4
31 5 g 2 s

T AR BH WA € fF x =—3,y, =1,7,=54a,=-3,b,=1,¢,=5
x2:—1,y2:2,z2:5,a2:—1,b2:2,c2:5

319 frefafed IR o1 W) 89 94 § R

=X NN LT 210
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11.8 =Y HUAH o e AT <hIOT (Angle between two planes)

UftaTaT 2 € GHdel o W= 1 iU 3Tk SAfNelel o HEFE IV gR URHd 7
(3Tepfd 11.18 (a)) M GfNT for =l 1 wodell o e &1 &1 9 2 al 180 - 0
(3TRT 11.18 (b)) ¥t S¥ek = =T 101 1 €H = HI01 hl € Gl o siiel 1 i1 il

M A o T, 7o =d, 3R F-7i, = d, O 19 B HWO T 79 TR Tl
fig 9 gadell W) @9 T tfetsi o o= 1 R0 0 2l

n, - n,

ad cos O =

ln | 1n,l

S1fireial o el Rl RITT
maal/?{\790 -(90-9)]
n, — _)/
0 n,
/ v/
0 HHAA 2 ",
S 3 ' 180-0

T I
@ STFfT 1118 ®)
| fowrot | guder wWeR e € AR 7., = 0 3R WEIR € AR 7 N

7i, TR

HAT /Y (Cartesian Form)
qH <fifst T
A x+By+Cz+D =03 Ax+B,y+C,z+D,=0
o o= 1 6101 0 2
d wHqEl & Afirera o fasp-3gua AW A, B, C, 3R A, B,, C, 81 zHfaT
A A, +B, B, +C, C,
\/Alz +B +C; \/A§+B§+C§

cos O =

1. aff 9 FHde TR od © d9 0 = 90° 3 TH TE cos O = 0. 31
cosG:AlA2+BlB2+C1C2:O
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TETET0T22 & FHAEl 2x+y—2z="5 3R 3x—6y—2z="7 7k s 1 shio] Figyr faify
SN F hifS)

T | AT O W19 R HIU T 7 S Sk SATeAs] o S T IV &l GHAA
feu o geiteon 9 wHae o afew stfica

Ni=2i+j-2k3R N,=3i-6]-2Fk 2

Ni-N, Qi+j-2k)-3Bi-6]-2k) (4)
B 0= | ——|= _| £
O IN NG | JA+1+4 Jo+36+4 21

G4

37d: 0 =cos 3

SETETUT23 & WHAA! 3x — 6y +2z="7 3 2x+ 2y — 27 =5k = 1 U 1 BT
A x+B, y+C z+D =0 3R A x+B,y+C,z+D,=0
¥ % W W U@ 2 A =3,B=-6,C =2
A,=2,B,=2,C,=-2
32 +(=6) (2) +(2) (-2)
JE w67+ 27) (22 427 427

9i: cos O =

10 | 5 53
Tl7x2J3] 73 21

Tqfeg 0 = cos™! [ﬂJ

21
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11.9 90 ¥ faw ﬁa@ <t Qﬁf (Distance of a point from a plane)

|9 ®Y (Vector Form)

ww fag p fower feufs wfewr g o w wwaa o, fowe @i 7.4 = d

(3TeRfd 11.19) W fo=m wifsy
V4

N

V/

T, T,

p R
----- T a

a N N N Ly
..- Cd

o d. ... v o I
K- U |
X

(a) X (b)

3TTeRTd 11.19
TA: f9g P9 wHaa 1, % WHIR WHAA 1, W foeR ISy g9de n, o stfiets
T GEW 4 B A SHH GHEO (F — d)-A=0 2l
A FeA=d
o:, qa 95 ¥ 39 9uaa &1 g ON' = G- 4l ¥ 39faC P& 9wadt n, ¥ 38
(3Tepfd 11.21 (a))
PQ=ON-ON'=1d - d-il
2, S Tk 95 @ A Eae W wd H1 e g1 3ehta 11.19 (b) % AT ew 36 whR
1 IR Ty Y wehd 2

1. afk T 7, 1 THE 7. N =d, % §9 8, @ N A WA 8

amm{a—'a-gl‘d' 3

2. T S5 OW ¥Hqd 7 . N=d &1 0 %%(aaﬁa:on
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FAT B (Cartesian Form)
M AT 7R P(x,, y,, z,) T e fag @ fomen feufa wfewr 4 € 9o e wwaa &
AT FHRTOT
Ax+By+Cz:D%
GE Ei:xlf+ylj'+zll€
N = Ai+Bj+Ck
3d: (1) o R P ¥ 99dd W e i @ialg

(xlf+ylj‘+z11€)-(Af+Bj‘+c1€)—D|
J AP +B?+C |

Axl+Byl+Czl—D|
\/A2+B2+C2 ‘

SETET0T 24 95 (2,5, -3) T WHAA (61 -3]+2k) =49 T I@ HISC
T W G=27+5]-3k N=6i-3)+2k3Rd=4.
ey fag (2, 5, - 3) 1 f&U wwaer @ b 2
(27 +57-3k)-(6i—-3]+2k) —4l
161 -3]+2kl

12-15-6-41 _13
T 36+9+4 7
11.10 Tk T 31X Ueh WHAA o il AT hI0T (Angle between a line

and a plane)

Y@ 3R 99ael o Sifieid o o9 o ohI0 T U

TR 2 Tk @ SR U Huae o T R B, ety —> /%@1
(complementary angle) I3 Bl € (3ehfd 11.20)1 / %/

|fE9r ®U (Vector Form)

T ST o Y@ &1 THE F =g+ Ab & de -
HHAA o1 GHRTT 7 -ji = d 81 99 @1 3R gHaa 5 STERT 11.20
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Afirera o = #1 F0 0, FEfafEd g 5 o B S "eRar 2

b-ii
b7l
3R 39 YR @ IR GHAA ok S T HO ¢, 90° — 6, 5N TGT 7 37

sin (90° —0) = cos O

cos O =

b -ii b-n
Flq, sin ¢ = a o
[b1 1nl
x+1 'y z-3
ISTETT 25 @l 5 =3 S
EAIS L

Tol A AT foh YT SR TEda o sifietd o o= &1 wIu10 B XU T Yan 9o 99ad
& THIHION i AW 9 § FHd HH W &H

F=(—i+3k)+A(2i+3]+6k)
3R (107 +27-11k) =3 9 & &
R b=21+3j+6k 3 ji=10/+2]-11k

Qi+3j+6k)-10i+2j—11k)

3d: sin ¢ =
\ V2 + 3 +6 107 +22 +11
— 40 8
= ———'?fﬂ = l—
| = 3= o o= )

|[woraeft 11.3]

el el F e e b A G s i e B
EUSIGEETIS LS
(a) z=2 b)) x+y+z=1
(¢) 2x+3y—z=5 d) 5y+8=0

2. U GHAA 1 WEW GHHOT T HIS, S get fag @ 7 W g W e, iR

qfeer 37 +5 j - 6 k W feia 8
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10.

11.

12.

13.

TIford

. Trefafeq gaaet 1 S THw 19 RIS

(@) FG+j-k=2 (b) F-2i+3] - 4k)=1
(©) F-l(s=20)i+QB—1)j+Q2s+t)k]=15

. Froifefen feofem 4, 7o fig @ @9 T o9 & TR % R 96 S

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
() x+y+z=1 (d 5y+8=0

. Trafafea sfas o siaid Tuact &1 afey Td S THET 19 HIfST s

(a) f85(1,0,-2)F S & iR {4 j—f "uaat R Aferd 2|
(b) 13 (1,4,6) T ST &1 3R {244 FHq@ R sfoca Tk 2|

. S GHAA! 1 GO A e S fefeiea @ fagei @ e 2

(a (1,1,-1), (6,4,-5),(-4,-2,3)
(b (1,1,0),(1,2,1),(-2,2,-1)

. TEAA 2x+y-—z=58N FC T Fd: Wl I A Hifor
. Y HHAA 1 GHEH0 1 I G y-318 T sidEE 3 3 S a2 0X

& GHId 2

. SH HAAA H1 HHIHOT A HINT S EEAE 3x -y + 27 — 4 = 0 3R

Xx+y+z-2=0% Hideded qen fag (2,2, 1) ¥ € S 2|
IY THAA H1 G THRTOT [ RIS S gHael FL(27+2 ) -3k) =7,

F.2i+57+3k) =9 o yfaesea @ (2, 1, 3) ¥ ST ST 2l

et x+y+z=1aﬂ12x+3y+4z:5¢qﬁ%ﬂi@©%ﬁwaﬁaﬁamaa
x—y+z=0T Aded da 61 GHRLT T HIFST)

guqelt, fSmer |few i 7- (27 +2 j—3k)=5 3R

F-3i—3]+5k)=3 ¥, o a9 &1 %I @ HifT

forefefad gei o S i for s faw T adel o g7 TR © e weed
€, ok 34 ferfd o, 5190 3 9 @ Gk € 3R A &) oAead @ Sk = w1 H0
1q hifeTdl

(@) Tx+5y+6z+30=03R3x—y-10z+4=0

(b) 2x+y+3z-2=03Rx—-2y+5=0

(€) 2x—2y+4z+5=03R3x—-3y+6z—-1=0

(d) 2x-y+3z-1=08R2x—y+3z+3=0

(6) 4x+8y+z-8=08Ry+7-4=0
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14. frefaftad goi o g e T fog o e Tu 9 g9aet w50 F St

fog auaa
(a) (0,0,0) 3x—4y+12z=3
d) (3,-2,1) 2x—-y+2z+3=0
(© 2,3,-5 Xx+2y-2z=9
(d) (-6,0,0) 2x-3y+6z-2=0
fafaer 3ergvor

SETETUT 26 U @I, Th 5 o a0l o | o, B,y, S, I A € af fog it R

cos® o + cos? B + cos? Y+ cos? 0 = 3 zZ
T Uk T, T THRI0ER Tk il € foEent CO.0Dp0. 4, 0)
e, HerE 3R SeE §9E e 2 @0,a)G -
gH wifsie f OADBEFCG T ¥ fS¥eh! 9 (a,a,a)
ST ¢ A T B (3MpTa 11.21)1 o B(o,a,f)}{
OE, AF, BG 31X CD =R faervf 7] & Aa,0,0) D@, a,0)
E\:ff\algaﬁ O de«a EﬁWWWOEam a;rq;ﬁ[‘]‘]’z‘]
ool OE & feep-whiarea

a—0 a—0 a—0

Vil v+ Nt +a*+a> NP +d +d°

1 1 1
B BB

1INl 1 11 e 11 1y
\/5’\/5\/5’\/5’ V3743 V33T 4B
oM ofifSe €t T W@ St OE, AF, BG, 3R CD, & |19l 9T a, B, Y, 3 8 10T et

?
GE cosoc—\/f (l 4+ m+n);cos B= \/*(—l+m+n)
1
cosy= \/7(l—m+n) cos 0 = \/f(l+m—n)
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a1l ek Sied W EW UM © TR

cos® o + cos® B + cos? Y + cos? O

3 [+m+n)Y+H+m+n)P] +(U-m+n)?+{+m-n)]
:%[4(lz+m2+n2)] :% (FAfH P +m> +n*=1)

SEET0T27 SH a6 1 GHIELOl A ity e fag (1, - 1, 2) sfafae @ @ik S
Fodel 2x+ 3y —2z=53 x+2y-3z=8% ¥ Y% W o4 2|

7ot feu Tu fog =t sfafdse & A aqaa w1 FHiwI
AG-D+BG+1)+C(z-2)=07%I (1)

Foel 2x + 3y —2z7=5 3R x +2y—3z=8, % ¥ (1) gV Y« FHIA W & 8 o
S 1 WA T T EH U B T
2A+3B-2C=03RA+2B-3C=0

T FHHLN 1 Bl I W EH U © o A=-5C 3 B =4C
3T A= FHEH B
~5C(x-1)+4CH+1)+Cz-2)=0
3T Sx—4y—-z=17
SaTETuT 28 f9g P(6,5,9) @ fagaii A(3,-1,2), B (5,2,4) 3R C(- 1,- 1, 6) N
fuiftd woae &t < 9@ i
&1 WM Wity o wHaer o |9 fag A, B, @en C €1 fag P wHdel W o« %1 U
D@1 g4 erfie g PD o Al € S&f PD, AP &1 AB x AC W U89 2|

I: PD= AB x AC o 3Tf<3 SohTE WKy ael AP 1 Sl ToH®e 2l
e AP =37 +6]+7k

ik
AR ABx AC =| 2 3 2/ =12{-16]+12k

-4 0 4

. 3i-47+3k
AB x AC & oTfewt ey = —————
X E_GFT_E: \/ﬁ
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o PD = (37 +6]+7k). 2 -4j+3k
J34
_3VM
17

forereua: fag A, B 3R C 9 oA a1t Hodel o1 HHI1 T1d shifoq 3R ad fag P
HT HHAA | U TG Hife

SATET0T 29 3FTisY fom T@md

x—a+d y—-a z-a-d

o-9 o o+ 0
x—-b+c y-b z-b-c ,
3R By " B " Bev He-deita 2|

T F8 9 ¢ TR
x =a—-d 3R x2=b—c

y, = a y,= b
z,=a+d z,=b+c
R a = o—9 a,=B-v
b = a b,=8
c,= 0+ c,=PB+y
CERSINEED
=X Y=V L% b-c-a+d b-a b+c-a-d
a, b, a |_ o-29 o o+9d
a, b, %) P-v p B+
TR fo=r wifsul
T w9 I Ted WH W SEd W eH U 2
b-a b—-a b+c—a-d
2| o o o +9 =0
p p P+v

Fiifer gorm 3 fgdta w9 gue 21 ofd: <91 e gg-aeid 2l
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IETET0T30 39 fag o feunier T siferg sl fageti A3, 4, 1) 3R B(5, 1, 6) 1 fietH

el {1 XY-ae Sl et B

&1 fagefl A @R B9 M orelt Y@ w1 |iger qeienr:
FE30+4+k+A[(G5-3) +0-4)]j+(6-1k]

e F=3i+4]+k+0(27-3]+56)% v (D)

T ofifs Pae fag @ el W@ AB, XY-d1 &1 Sfdesg il 21 ad fag P feefa

T x7+y jF ETH R

7 fag erayd & Wit (1) 1 "= & 1 (F0)

ERIGY xi+yj= G420 +(4=30j+(1+50Mk
§, G aiR £, TOTR H oA B W EE I T

x=3+2A

y=4-3A

0=1+5A

TIPS THRN FH TA FE W EH UMW © TR

31d: e fag o fdens (E ? 0)%

g 11 ¥ fafaer gonaet

. feenu & 9@ fog @ (2, 1, 1) foem aeft @, faget (3, 5 -1) @R
(4,3, -1) & Twifiq ¥ ® &4 2

2. qﬁﬁw@@ﬁﬁﬁ%—mll,ml,nlﬁ?lz,mz,nzﬁﬁmﬁ
T A R oS @ H K-
mn,—m,n,n l—nl,l m — lz—mI%I

3. ‘o"’f%@ﬂaﬁaﬁﬂ@WSﬁW,WW—Wa,b,c@Tb—c,c—a,
a—bel

4. x-31& o AR q1 JaA-fog ¥ S arel @1 1 FHwO Jd RIS

5. afg fagefl A, B, C, iR Do fédwme w99 (1,2,3), (4,5,7), (—4,3,-6) 3R

9,2)% d AB 3R CD @i & &= ol hI01 1 STy

sk
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10.

11.

12.

13.

14.

15.

16.

17.

18
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fz FEmt x—1 _ y—2:z—3 sk x—lzy—lzz—6wmng
-3 2k 2 3k 1 -5

ql k1 WE J1d hifeg)

85 (1,2,3) 9 S arefl @21 96 7. (§ 42 j-5k)+9 =0 e W@l F
qfcer FHieR T Hifsu)

9 (a,b,c) ™ 1 oA A TA 7- (G + ] +k)=2 o TR T HT FHHT JA
Hifu|

et F=67+2 j+2k+A(@-2]+2k) @R
F=—di—k+n@i-2)-2k d= % Za9 g0 76 SIS

34 fag o vl @ wifew el fagat (5, 1,6) 3R (3,4, 1) 1 e @t
W@ YZ-99 ! S 2

34 fag o vl @ wifeT el fagat (3, 1,6) 3R (3,4, 1) 1 faem @t
@ ZX-d9 ! e 2

39 fag o Fdensr Tra shifery sl fageft (3,-4,-5) 3R (2, -3, 1) ¥ oA aredl
@, gada 2x+y+z:7a?WG|Tﬂ'T%l

fag (- 1,3,2) ¥ S ot 941 WAl x+2y +3z=53 3x+3y+z=0% ¥
Y% T oA THAA 1 GHHIO A il

I fag (1, 1,p) 8RR (—3,0, VTHTA 737+ 4 j-12k)+13=0% To= gl
R feod &, @ p 1 °9F F@ Hife

oAl 7G4+ 4+ E)=13R 727 43— k) +4=0 F WS W@ 9 WH
I qAT x-3187 o GHIA dcd T GHIHIOT J1d hifoTd|

afg O et fag qen fag P Fidwnss (1,2,-3), % @ fag P9 WM =t @en OP
o Tgaq a1 HHIR FMd HIfUl

A 7. (G+2 ] +36)—4=0 3R 727+ j—k)+5=07 U= @1 &
fdfele T el 92 G 7. (57 +3 j—6k)+8=0 °h eed el Hl HHIHIT
d hifeq|

g (- 1,-5 - 1009 W1 7F=2i—j+2k+A3Bi+4]+2k) 3R FHa
Fo(l—j+k)=5% ufdessa fag & wea &t < 9@ wifsu)
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19. 83 (1,2,3) 9 SH aeft q2n GHaell 75— j+2k)=5 3R 7-GBi+ j+hk)=6%
TR @1 1 AT GHIH0T Jd hifa)

20. 3 (1,2, -4) ¥ S ol S A s ’“;8:y_+lé9:z;103ﬁT

~15 y-29 z-5 .
x3 =y8 =Z_5 W o @ T A G [

21. I T GHAA F IHATEE a, b, ¢ 7 N TR GoA fag 4 @ p 7w T @ fug
1,11 1
aﬁmﬁ?+?+—_

C2 p2
Tl 22 @R 23 H WEl ST 1 T BT

22. T GHAA 2x+ 3y + 4z =4 3R 4x + 6y + 8z = 129 &= HI 0 2

(A) 25T B) 43FE  (C) 835 (D) % e

23. 9Hdd 2x—y+4z:53ﬁ'{5x—2.5y+10z:6%':
(A) TRER < (B) THIH

(C) y-318 T i i 2l (D) &g (o, 0, %)@ T €

aRTIT
¢ U ¥Er i feep-shEed W g et w1 o7 fTen o e s s
1 HIEEA B 2l
L g W&@%@aﬁﬁ%—aﬁw l,m,n%?‘ﬁlz+m2+n2:1
* T faget P(x,y,z) 3R Q(x,y, z,) H fHAH ol @ #t fep-hram
XN=X% TN 7% ¥
PQ ° PQ ~ PQ
Sk PQ= \/(xz - x1)2 +(y, - Y1)2 + (Zz - Z1)2

¢ T @1 1 faep-3muE 9 ged S W@ i R wiged o geeem
2t €l
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2 qﬁ{@i@ﬁﬁ&j—m l,m,n?::ﬁ'{ﬁ‘@‘—aﬁqﬁ a,b,c%?ﬁ
a b @
lz\/a2+b2+c2;m=\/a2+b2+c2;nz\/a2+b2+c2
¢ fawmaeia YTamd sfafe #1 9 W@d s 9 9 g € @i A 8 gfaesd 2
g Yt fafa= ol & Bt 2
¢ faumaeita Y@reil & sl sl sIur o8 w107 @ St R g (adiFa g

fog 1) 9 fawmdeta TRt § ¥ yoie o qHia St T8 3 Ufaesdl e
o de § 2

& % ll,ml,nlﬁ'{ lz,mz,nzﬁ%—waﬁﬁi@@a?ﬁﬁwe 2
GE

cos O = Il L, + mm,+nn)l

¢ R a,b,c 3R a, b, c, Tep-Tgam@ aed q F@net & d= B A HO
0% da
ag, b b, + ¢, B

\/alz+blz+cl2 \/azz+bzz+c22

¢ T 9. fag et feafa afkwr 5 @ 9 o Al ok 9few 5 & gai @
T Tfew FHFE 7= G+ A b Tl

* 85 (x,y, ) S o Y@ 5ot Keb-FET £, m, n &, H FEHHw

X4 _Y~ N _27% 3
[ m n

& < fageti ook fearfa afser a oIk 5 € 9 ST arelt Y@ o qefieRtor o1 gfeer
THHE F=ad + A (b —d) R
¢ T fogew (xl,yl,zl)?:ﬁ'{(xz,yz,zz)@ M aTelt W hT HIATE THIRIOT

cos O =

o ) SRS S YU
Xy — X Y= =4

¢ AR R @A =g +Ab I F=a, +Ab,, F HA F IR O T @

El'bZ
15, | 1D, |

cos0 =

2022-23



516 T

. zrrqa%@aﬁx;xl =XTHh 274 g

1 m n

B _2Th Y s gamwme ¥

[, my n,

cos O =1L, +mm,+nn,)

¢ I fawmacia tae o S $ FHAae 50 98 WWhe § S QA et W
R

¢ AW F=a +Ab IR F=d, +ub, % 9= FAaE g

(b xby)- (@, — G@)

| by b, | @
o AT ITH YN 2Ty BN VI 2L o
4 b, ¢y a, b, c,
st =

o Sin®2 T V1 42 N

aq b, R
2l

) b, ¢

\/(blc2 —bzcl)2 + e, —czazl)2 + (a,b, — azbl)2

b x (d, —d,)
b1 | ©

¢ T 9Hqq, FEE g fog 9 30 ¢ 9o wEaa W qa fog ¥ sifved sahE
ofew A 2, w1 9w ®9 § THHEO 74 = d T

¢ & gHAd, fSEst g fog 9 30 ¢ e gaad o SAfad i feep-amed
I, m,n %,EFT@ﬂWUTlx+my+nz:d%l

¢ T fog fogen feafa ofkw 5 9 oM aren ik 9y N W od q9dqe &
THIH (7 -G ). N=0%7I
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@mmﬁg(xl,yl,zl)ﬁlﬁaﬁﬁ@ﬁﬁi@mﬁ&j—w@m&
B,C ¥, W T THIA 1 FHHEWA (x—x,)+B (y—y,)+C (z—z,) = 0 &l
T s fgel (v, v, 7)) (0, ¥, 2,) I (x,, ¥, 2,) | S A FHIA BT
iRt 7

X=X Y=y -

=% =N L=l

X3 =X V3=V 3%
= fogeit foror feafa afwr g, b @R ¢ 1 sfdfdee & orel THde @
| FHH (7 ) . [(b-a)x(E—d)]=0
Th wHa S R &6 (a, 0, 0), (0, b, 0) 3R (0, 0, ¢) W HEA &,
ThEwm =+ 2+ 2 = 13

b ¢

a
AN 7-7i, =d, AR F-ii, =d,h FTessd H oA dled FHAS 1 HiEw
THEI 7 - (7, + Miiy) = d, + Ad, T, & LT W=t 2|
et
A x+B y+C z+D =0
A,x+B y+C z+D,=0
o Yfdesed ¥ oA alel THAA 1 FHIH0T
(A, x+B y+C z+D)+MA,x+B,y+C,z+D,) =03l
AW 7 =G, +Ab @R F =G, +pb, T-aE € AR
(@, =G (b xby) =0
af% ST @ fagett A(x,, y,,z,) T B(x,, y,,z,) & Tl € T THAEAD

Xo—X Y= L4
a, b, 9}

g =g =0

a2 b, @
< e o |iee ®9 7+ i, = d, AR 7 -7i, = d, & A $Th el 1 = HI0T
| 7, -1, |

9% a9 0 =cos’ —
|7, 7, |
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i
W@ F=d+Ab 3R TA F-A=dh 5= H A &0 ¢ T T

dedl Ax+By+Cz+D, =03

A x+B,y+C,z+D,=0% & % <7 H § T 7@
A A, +B B, +C, C,

\/A12+B12+C12 \/A§+B§+C§

e w9 °, wH fag fome fufy afkw g 2, 9 @

ld—a- Al B

TF 9 (x,y,,z) 1 T Ax+By+Cz+D =08 [

0 = cos’!

Ax, + By, + Cz; + D
JA?+B?+C

— Y ———

L)
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‘ If@eh WA Linear Programming '

+* The mathematical experience of the student is incomplete if he never had

the opportunity to solve a problem invented by himself. — G POLYA +»

12.1 gfHeRT (Introduction)

el smensti o eq Was THeton iR fa ufd G ol jeaeAis L i
TrEet | 3 Sran W foer-famsl Y g €1 wen :
XI¥H & & =R RE ol Waw srafiene o Paw
srfeRst o feRml o sTeidr freunr 9 g fHehter o
famg & sremm X gk §1 M § wE erwEnt H
sraftemat/ et o e afisferd ©1 39 stear o &n
o smtgemet/aden & fE & A" S w© g
rfaeh e 1 FHEAS ®1 T HE H TR H|
Teh WA S q aEgeti S oW 3R it
@ Ll 21 a9 o fau @k 9@ Rs 50,000 3R
T & foIu e 60 aEgel o foI T B UH He W e
Rs 2500 3% T sl W Rs 500 1 @@ A 21 o .
THA Tl © foh ok o1 1 =Y o8 Rs 250 3R Tk el i o= § Rs 75 o1
A1 HAT bl &1 A Aifoie foF o qeft segetl 1 o= Tkt € fSeht o o7 wlisan
¢ @9 g S =edl @ fF fralt Oe e e # wdie =iy af suere fe
TR R IHHT Tohed oy Afershad |
TG YRR 1 gt Y 9= YRR T gEeel § oy o1 stfuhdHientr 3R
AT <1 JAqHIH0 G 1 F919 f5ha1 Sl 2, Seauehil T9emd sheelidl 21 o7d:
TRAARN GHE | AfUshan oY, =ZAq9 ARG 91 G 1 =HaH SuEr gfmfed #)
e g TEd T TR o T Hewyul YRR i SedHai GHe € $iR
SWeR SfeaiEd seaisil g9e Wt U Was W e €1 SEn, e,
weue o e o forega e o hRor Waeh Wome GHerd sreafie Hewd i 2|
TH S |, B0 5o g THE SHEd 3R Sl Seld faft grn ee e
1 AT FU| TAfd 39 YRR G ®1 g Feprer o fou st fafued o 2
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12.2 %F@muﬁummaﬁ?mnﬁraﬁu@wmnear Programming
Problem and its Mathematical Formulation)
T 70T TR formet STRierd SETeur o WY YR id € S foh &1 =R Ui el wwe
o TIUT TR0l ST2fe T JidEd 1 ARERH STl 36 ISEL0 § 51 S
@ fw
() =M o o i 1 ASH A HiHA a1 <A ok G | e e wehdr )
9o Afafiaa =% faw & fafa= Femrees fafual 9 fafa= oy s geem)
(i) o Nl meweyl fefqal o1 sreriel &1 ff quEy & S8 SHew faw itk
Rs 50,000 e Hifird € qen SHoh UG Afushad 60 a&gatl 1 W@ o g wom
IueTed 2
M A o o 1S el TEl @ligar shaet Aeil o @iied 1 fHvEa S €,
AT 98 50,000 + 2500, A 20 Al 1 GE Fehel 71 39 feafa & 3@ Tohed oy
Rs (250 x 20) a1 Rs 5000 gr
M AT o 9 1S O 7 TULHT hael Hal & Ted S =97 il 21 e
€ AT TGS Rs 50,000 T AR H 50,000 + 500, e 100 HTE= &1 @R Fehall
21 W o8 Sherel 60 T 1 B T Hehdl B 3Td: 98 60 SpGA! WS WIS ok forq wed
g o 38 "het a9 Rs 60 x 75 314fq Rs 4500 & gAMI
Tt 3R ot aIgd IR HoreATd 21 S o fou 97 10 T SR 50 FEt @i
1 =T T ehal 7, Fleh SUh T 60 TEG3T 1 W H1 T I B 79 feafq
T IHH Fhel ¥ Rs (10 x 250 + 50 x 75), 3L Rs 6250 A
Id: B9 A0 L ¢ Toh WATeR oA = = fafee o gru stolt o aidn
o1 T Hepan B 2R fafs=1 e Fismiet st srommeR faf= ey a1 wen|
319 e IE 2 T 39 S0 om Uity o) sifrehan o U e ok faw fRe geR
e & =few? 39 U9 1 SR A ok fou gH T 1 M Gt S w6
T R A8

12.2.1 QHQT &7 TMOTAT GABIOT (Mathematical Formulation of the Problem)
T AT foh Asi 1 @y 3R HiEE w1 ge y @ 5w e wliE 2
TR x 3Ry FORR €, 21fq
xz0
20
Hifr o=l iR pfdai % gen worEs TEl e gehdt 2

} (R STRY) (D
(2
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R (FER) W AfrwRdd o9 R (FEF T Rs 50,000 ©) 1 FROW FH F
eI § IR AR o U ohee tfushad Seqel (Tl T8 60 §) i W@ o fog
T 1 R B

T €9 H e FH W

2500x + 500y < 50,000 (freT =aw )
B S5x+y <100 .. 3)
R x+y <60 (HTETT ) (4

A 39 YhR 7O S =edl € SHH oy Z (W) Aferehan g i fo

x 3R y o e o ®9 U FEfdiad YR O o o <1 Fehar @
7 =250x + 75y (SME Held FHEA ©)
Ted HHE 1 37d g w9 § gfiEfdd g S e
7 =250x + 75y 1 AfIHAHIHIT HIFTT
el =y FrefatEd ©

S5x +y <100

x+y <60

x>0, >0

Ty & ash o Z o1 SAfshaeienol ST @ e B = el e
sttt & ®9 Fo fagm frefml & =@y = fee T #) g o= gaed of
& o Yaes o 1 AR e S @ STeifeh o =R arelt e erafienret
o w9 ° g faviv fraf@l o sretiy =9e oy o 21 UE geeet ) Waw g
THET FEd B

1 ok Iaeh WIITHA SHE 98 T9E € S 5 x 3IR y S %9 3He =R & T
g wer Z (ST Iega Ho Feell §) 1 $edd gEd/Sgedd GHTd o
(Afersha® = =IAqH ) 1 heH W Heiferd 21 ided 7E ¢ foh =R SRui quiies § 8k
3 Wk eraftemet o qgeea aw Rl w1 g i € fas 98 9 agd ? %
oe o gt v ey e ® Sefn gume 9@ aed @ o fasiy dom o e
[ERIEEEESIcRCEal

A 5 9 o 79 31 F Ul (TSR TANT S B YRl €) Rl SR ®9 9
R w0 fent for wam g9 ek g gaeet § e
IRTT Te HEF B Z = ax + by, &k a, b A B TR SAfumaEiwOr W
FAHIH 1 § Tk e 3899 el Hedwl B
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ST SR | Z=250x + 75y T ek Se9d Her €1 = x 3Ry g
N FHedn B
Y Tk ash GUET G9E o =0 W g @it a1 geientor 91 gide
ey HEA g1 qfaad x> 0,y > 0 UK HeliY HEa &1 Sue SIe H (1)
T (4) qF SEHESA HT GH=IT FRY FHEed Bl
AW GO GG e e o o1 srafusieti o ayes gr i T
S ERT (TN} W x 3R p ) H Waeh B I Afhad A1 FAaH Y, IEad gETd
T e 81 Waw FE gaed T fafine geR s gead gETd 99e 2l
GETd GRS AR 5/ Al qe Hidat i @ § Tgo Toh 5ad Gid Goe qef
as T w1 R # T 3SR 2

19 &H fae=m 0 T e s U 99e & 69 YR 8o S 2l
M ™ H T had Ao@r fafy ¥ & gefud ©h

12.2.2 ¥aer QIOTHT GEETen Wt g7 & i eEty faf (Graphical Method

of Solving Linear Programming Problems)

wenl X1, § g9 i goh © o o woR < = 1 3Ry § G Waew st
Rl 1 et wiwd & a1 SmEa fafy g &a I #d B1 o ' e 12.2
¥ fod=m &1 g2 o iR gl & a9 #1 9Hen #1 Seoi@ | 979 76 39 gHE
1 SRG R B HUI| 379 g A@sh G o &Y Yoo el Sl @ Gie:

Sx +y <100 .. (D) Y
x+ty<60 .. (2)

x>0 .. 3)

y=0 .. (4)

g 1 &1 oM@ (SMifea &) o
SEHHTT (1) ¥ (4) 9% o gN fra
gft srefaell & Swafs fogel @ fffa €
W & H I fog =l (SHerEt) &
Uil IR i o Fem e o forg ge
foened T&d Yl €1 THIOY I8 & THE e o —— .
1 T 4 e (TR 12.1)1 7 llO \130 40 50 60\70
BERCIIR UED f\ag pepapes MG | ﬂ'{q‘r{a e Y 5Sx+y=100 x+y=60

FHEA AERfT 121
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31d: &9 = w1 g &+ 2

FETE & 950 99 o foau s @ JRmeT 9ue & RO el x, y > 0 dfed
goft SR gR1 e SYAfes & gETd &5 (A B &) wed § STehfd 12.1 §
&5 OABC (SHIfehd) THE o foiu qETd & 81 e &5 o Afarie s &85 8 9
G &5 HEd B
AT &1 9Hg QUG &5 oF 3id: 9N qA1 HT oh 9t fog eyl oF gETa 'd
FEAN T SAHA 12.1 § GET & OABC & id: 90T 9o T & geft fog wmen
o GHTA B eI wed Bl S o faw f6g (10, 50) WHEN %1 T YETd g
2 @R 3 g&R 55 (0, 60), (20, 0) s *ff &t T

GHTA T o Sel 1 hiE Al 95 SFYETd B hEeldl § S & fou feg
(25, 40) TEE 1 ST B 2l
TEAH/ITHead (GETd ) B6l: U0 &5 | ig f9g S 3 Had &l sead 7H
(SAferhay 1 =FAE) <, T TRAH B HEA 2

39 B9 2@d ¥ T gETd &5 OABC ¥ W% foig (1) § (4) o # wed g
eiel 1 W w1 ¢ IR UH od fag ¥ 7e we ¢ € fe w9 Sivd e
Z=250x+75y o Afushad A Tt 95 1 fhd R T 3 1 9o 3 39 fafd
%1 B B o Toq 80 T q0E o1 ST S S fom e g weenet wi e
F ¥ 7ot fagia (SmaRYd) B1 T THA KT SYIMG T Tk ok fqug-og ¥ @R B

T 1 A o T ae S S o ferg R gETd an (ST 9g9) 8 SR A
& 7= ax + by 32T Her €| W9 Z 1 Tk A TH (SMfushan a1 =Aa9) € <l
Feiell | Feiferd =R x 31X ek iRl gR1 o7 81 9 98 $aH I GHd &
% ®H (M) W smaferd gF =fe

uHE 2w TR U Wae Jume e o T R GO e € 991 Z=ax + by Seed
e 21 3% R URag & 8 99 $899 He Z, R H <HT sifeshan $iR =Haq 7 T
2 3R 37 ¥ Y& R 4 (corer) Tog () W feora e 21

feoguit AR R STIREg 7 q9 S29F Fel 1 Afrhad a1 Aqg 9 1 A & i
B Hehal g1 fR oft afg =g form™ 2 df R o 4 fog w e =gy, (vg 1 ok

FER)

SWieR ST W R (YET) &5 o S fag 0, A, B 3 C ¥ iR fogati o
fodetien S KT W B =241 (0, 0), (20, 0), (10, 50) 3R (0, 60) FHH: AT fog & o1
&0 g fogetl W, Z 1 | T I 2
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€ TH YN e
O 8T ok VW | ZoF W W
0 (0,0) 0
C (0,60) 4500
B (10,50) 6250 €<— | =Afishad
A (20,0) 5000

&a e w2 o oge@e 1 feen dsE (10, 50) steiq 10 B IR 50
il o Bligd ° sifushan @9 ghm|
@ fafy # f=1 Wi &1 wfaw €
1. Yfas JurEA e s U &5 T HISe iR STk S faget (vid)
1 @ e @ steran  Y@netl o ufaess fog i <1 st it wHiEw w7
Feh 39 fa9g &1 A SIS

2. S HeM Z=ax+ by ® WM Yk A f6g W Fd ity 7 R M SR
m, 9T & fagati W eifeshan den = o wefia e )

3. () v& gET &5 uReg €, M 3R m, Z o eiferhad iR =ad A 2
(i) U fefa & S gETa & eraiteg @ dl en Fefafaa fafy s swE s
4. (a) M Z I Afeehad M od © 975 ax+ by >M §R < 1d-ael &1 i
fog gETd & | 7 92 eren Z Wi siferhan 9 Tl 2

(b) I TRR, m, i Z 1 <[AaH 1 4 B AR ax + by < m g 9w Gat
arefdet SR GET &5 W HiE fag WA T €1 Sl Z T iE <aH
T+ T 2

T 319 D IR ok g HiAE fafy & u=f w1 e w:

SETET0T 1 3TerE g T s 9T §uern #i gd St

1= el o sFad
X+y <50 . (D)

* GETA & H B g &9 w1 @ wiE f6g g @ S @ e & ufaesed fag @

o U Pk GHIRT TR %1 GETd & ufieg el Sl @ A a8 Tk 94 o ofdid IReg
el ST Hehal B e 3H STufieg whed | ofuies § i ® o gEwa e et off feem o
it &9 @ S S Hehal 2
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3x+y <90 (2
x>20,y>0 .. 3)
Z =4x +y &1 fYhad HE Fd HitaT:

el STeRd 12.2 H SMIfhd &3 (1) ¥ (3) o el o e & g1 Muifa gema

& 21 9 Frdiert td © o gETa &% OABC Reg 81 HiIY 6 Z 1 SAferehad HH
4 & o fou eiE fag fafy w1 v i

& fog 7 | A
(0, 0) 0
(30,0) 120 <« | eferekRad
(20, 30) 110
(0,50) 50
aTeRf 12.2

HHF fagail 0, A, B @R C o Fenss swaw: (0, 0), (30, 0), (20, 30) 3R (0, 50) €l
39 YAF HHE g WZ w1 99 I H F
aa: fag (30, 0) W Z &1 stfehad @M 120 21

IEE0T 2 sTerEd fafy g fre e wiures guen w6 gd st
=1 el & Aaila

x+2y>10 (1)
3x+4y <24 .. (2)
x>0,y>0 .. 3)

Z =200 x + 500 y % =aH HH T HIT

el SRfd 12.3 ® BHEIfRd &, (1) ¥ (3) & Faudl & e gr fyifa gema
&5 ABC @ S uReig 81 4 fageil A, B @R C & Fewns a9 (0, 5), (4, 3) 3R
(0, 6) €1 B9 T fargafi W Z = 200x + 500y 1 & G H &
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Y a B
1 s fog | Z o 9 9=
(0, 5) 2500
(4,3) 2300 €<—| =FTaw
(0, 6) 3000
(10,0)
X" 0 t t t t t t t t v{\_\X
Y’1234567& 3 42y =10
3x +4y =24
3TTeRTd 12.3

ad: f§g (4, 3) W Z% a9 AF Rs 2300 91 gl 21
SEE0T 3 N fafy @ f1=1 wwen &1 ga Hifw:

1 el o Sfaa
x + 3y <60 . (1)
x+y>10 .. (2)
x <y .. 3)
x>0,y>0 .. (4)

7 =3x+9y 1 a9 IR Afushad A 716 Hif)
T Hod Ued 89 (1) 9 (4) d i Waw stbenei o Fehme o gHTd & 6
e Eied 81 GHTA &5 ABCD w1 3ehfd 12.4 ¥ fe@mn wn 21 & aiierg 21 i

e fog | 2% 9 we
Y Z=3x+9y

A (0,10) 90
B (5, 5) 60 <— =T

C (15, 15) 180 AfershaH

D (0, 20) 180}(_ (38 T=du &)

(60,0

x+3y=60

TR 12.4
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fagail A, B, C @R D& fdeniss et (0, 10), (5, 5), (15, 15) 3R (0, 20) €| 1€ &4 Z
o =ad iR sifreRan I 9 w0 % g wE fag fafa @ swEm ww@ )

It | g9 gETd & f9g B (5, 5) W Z 1 S[AH AN 60 WE Hd B

Z 1 SAfehan W GO &5 o < g fagetl T C (15, 15) 3R D (0, 20) W
120 W= BIal 1

froguit Tt SifST o e ST o, e s fageil C 3R D, W 9HH g8
& @t B, @1 ST fog =t stferehad 9 180 Sei=T e 21 U ferfet | < it
fageti &1 e 1ol Y@rEe CD W y&is 65 @ C @ik D +ff Wk €1 stfereham oM <o
g 98 36 feufd ¥ off ¥ T Ak I fig 98 =Aaw 99 s i #

TETEAUT 4 STeEE fafy g e Wed Z = —50x + 20y 1 =<Aq9 71 fEfafEd
et o SFId TId HIf

2X—y>-5 .. (1)
3X+y23 . (2)
2Xx -3y <12 .. (3
X>0,y>0 G

ol a8 g 79 (1) W (4) T o STHHI0 e §R1 GETG &5 & 7o Eied
21 3Mepfd 12,5 ® QU & (SEifhd) @ @ 21 fiemon wifse f gum e
TIfEg 2l

319 B9 S fogstl W Z &1 79 ot 9 &3

X . AT 85 | Z = - 50x + 20y
(0, 5) 100
(0,3) 60
(1,0) -50
(6,0) -300 < |99 ®H

."7 8910
Y (6,0)

3x+y=3 MR 12. 5
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TH HROM ¥ eH T I © TR i 65 (6, 0) W Z W g HE 7 -300 2
1 0 HE Tohd € foh Z 1 =8 M -300 B2 A i fop afz & afeg e
Al T8 Z 1 Fad HE A (W 2 W) Bl el 39 e @ © o gEd & sies
21 38T -300, Z 1 =<[aH A € o Tehar @ IR T oft| 58 ween o6 frehd
F ok fory en frafafaa sl &1 e g @

— 50x + 20y < — 300
SR —5x+2y<-30
R Sife ifSTe fop emei@ gr1 o ot erefaet o gETd & o Swats fag ® a1
21 =fe 3o swEtTs fog €, @9 Z o1 A" WM -300 &l €I ST, Z w1
A -300 AT

St fom amepfa 12.5 o fem@man o 1 g’ien, Z=-50x + 20y, 1 9S4 HeliE o
e H =Ham 7 & R

IO SEELOT H o Y " B HWHA C 6 Z =—50x +20y, (0,5) W
Afersham T 100 W@l €2 3Heh foIu, Site sifey o a1 — 50 x + 20 p> 100 1 3@
FET &5 o Y IwEtTs fag T 2

saretur 5 Treafafad SeRidl o STdd, Z = 3x + 2y 1 FAGHRIT hiTT:

x+y=>8 .. (1)
3x+5y<15 .. (2)
x>0,y20 .. 3)

T IrEfEemE (1) © (3) &1 ofeiE Wifay (SMehfd 12.6) | 91 IS GETa & 8?2
e TH il 22

T 12.6 ¥ 9 A6 T Wbl ©
o T P g T 2 S el e
T WY T Y Toh| 3Td:, AT I
gHT B e 2
feuuit 3T & foment fad=m &n o™
T H ok ¢ TG YR W B §9
Yaer dome THENE w1 HE e
1 Iooid H B

(1) GETa & Hel Il agyl Bl B
(2) 3BT WA &1 STfysad (A
IAqH) A GETA & & MY W
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(w1 W) feord Bl 81 A% SE9F Wor & & &iAE fag () ww @
AAfeshad (A1 =Aa9) I FIH H & d 9 fagen o fHem Al e w
oI g off TmE stfusan (a1 =Eaw) |3 S

[ oot 12.1]

e fafy & fre e g wEensti i ed St

1. T s1aqel o sidfid Z = 3x + 4y 1 SAfIHaHiIor Hifad:
X+y<4,x 2> 0,y=20

2. 99 oYl o AT Z = — 3X + 4 y T FAGHRIIT HITT:
X+2y<8,3x+2y<12, x > 0,y>0

3. =1 oAt & SFad Z = 5x + 3y 1 Al Hifsu:
3X+5y £15,5x+2y<10,x 20,y=>0

4. T o0l & @A Z = 3 + Sy 1 FATHRIT FHIfIT;
X+3y 23, X+y >22,XYy>0

5. T ool o SI@Td Z = 3X + 2y 1 FAGHRIT FHIfSTT;
X+2y<10,3x+y<15,Xx,y=>0

6. T STal o AT Z = X + 2y 1 =AAHIRIUT HiTST:
2X+Y23,X+2y>26,X,y=0

fe@men o 7 &1 =gae 7 < foged @ erfere fageti w wfea & 2

7. T sE0dl & AT Z = 5x + 10y T AAHRIT TAT SATLThaHIRI0T HIToIT :
X+2y <120, X+y=>60,x-2y>0,%X,y=0

8. T ool o SI@A Z = X + 2y T IATHIHIU G SATIRAHRIT RIS
X+2y>100,2x -y <0,2x+Yy <200; X,y >0

9. =1 TaHl o S{did Z = — X + 2y 1 STferehadiehor Hifera:
X223, X+y=>25x+2y>6,y>0

10. =1 s1aqel o Sidid Z =X + y 1 STehaHiehoT Hifsr:
X-y<-1,Xx+y< 0, X,y 20

12.3 Y@ dumAA wwEnstt o 9= Wk (Different Types of Linear
Programming Problems)
% Hew ol Fas FoumH gred e geeg €
1. SR Heleh TOeTd 38 YohR &1 gaeel o 0 96 & @ foh fafa= sarat
& fohad 1 o9 | T fAfy=a smfe, 99ia o =, s 9 o o | o=,

91 o T, T HERUl MM | Yeh ITRA i WA o fay T onf =1 3fte
H T@d gC Afshad o9 FAE ST Henl
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2. IER Heith UG 39 YR &1 aeel § 0 9 & ¢ f6 f&afa= gR
o HZeh/qI9eh el SRR § foraqt e o wam fore Sid s o9 g diven deil
1 <[AqH STEYIS HE1 HH § HH AN T I 3

3. UfieE Gesh THe 30 TR 1 gEensti § 0 uded oledl 1 97 &
& fore ot / srae o fafe= sl W feer fafa= SRl o Seareal st SioH
o Reed =@ = Bl
e B TH YR i po Mg AU FHS hl T A =My

SETEI0T 6 (IMER Haleh TUE): Th 3R a9 &1 YR o A3l &l 36 YR e
<redl @ T fago o faafi A= w2 =0 9 %9 § 7nie 3R faafim C &1 w2 %0
T A 10 AR BN AT 16 2 " e AWl kg 3R 1 AR faetae C ufd ke
B wleh 99 119 1 Aok foeifid AWl kg @R 2 ames foeifim C fa ke 21 fean
2 T 9fd kg 95 11 @i | Rs 50 3R 9 kg 9isd 1151 @l & Rs 70 o
g1 38 YR o Wisd THL0l 1 <" god Jd i)

gl o TR fagor § 9T 1o x kg @IR 99T 11T y kg 1 &0d: x>0y >0. 89
Yed el W e |Rof s €

i O yared | Mmavdehdr
I II &IECTR:D)
(x) )

faefia A 2 1 8

(FH/kg)

feerfi C 1 2 10

(artsh/kg)

ard(Rs/kg) | 50 70

Jf fagor & faerfid A 1 &9 @ %0 8 e 3R faefid C o 10 79 8
wfen, ord: Frefaiea ety w8 &
2X+y =8
X +2y>10
9T 1o x kg 3R 9 11 & y kg @S 1 &l Ged Z € w8l
Z =50x + 70y
3T FEE 1 o g Frefefea 2
o=t el o efafa
2X+Yy>8 (1)
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x+2y>10 .. (2)
x,y>0 .. 3)
Z = 50x + 70y =T =LATHIHIUT HIFTT
STHIRN (1) 9 (3) T o TTeral g fuifia gETTa & &l eerfa 12.7 ° fe@men
T R

Y .
AT f8g | Z = 50x + 70y
(0,8) 560
v % 2,4) 380 <— | =H
(10,0) 500
X
2x+y=38
3TTeRTd 12.7

Tei &9 2@d § foh gEa e erafieg 2l
&4 s fage A(0,8), B(2,4) 3R C(10,0) W Z &1 HH 1A Tl

arelt #, 55 (2, 4) W Z 1 o % WHE 380 €, M EH e Fehd © 16 Z
=[dH 91 380 © (F?) 915 HifT fop @ & efieg €1 gafere e frefefaa
STHIRTUT 1 Ter@ Tie el

50x + 70y < 380

SRInY Sx+7y<38
ST & ok fae for o= eraeiieor g freifid kot gen siefaet, gEma &5 o @
1S INARTS g T 21 3epfa 12.7 ¥ €W 3w © Toh el &g st fag el 2

ad:, g (2, 4) W Z 1 W a9 7 380 {1 SEfAT SRR foaet 6t geea
frsron 2o WS 1 Y 2 kg 3R 9911 % 4 kg o THH01 a9 1 8 Tehdl € 317
3T ASH o Sqid fHson &1 =Fa9 ¥ed Rs 380 ghI
SETETUT7 (TS AHE) fordHi w1 T Feshrl |iHfd o o & EHell X 3R Y i
MM o T 50 R GfF T Gl X 3R Y T 9fd 3R A1 HT HEA: Rs 10,500
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3R Rs 9,000 =T SHH @1 741 81 el X 3R Y o faw srqqor f=smn & fog
M- %o <1 A 20 forex den 10 forex wfd =R wam femen smar 21 5@
sTfafie Tge i ¥ S[Et it 9 dag aae R AR Staafel va wsfaa @t
STe-gReT TG YMHATT Y A1 800 fotex & 31fars 9 =1l ydeh wda o forg fohat
f &1 TEed BT AT dqMfch AHAT oF Tohel TN 1 SATRAHR fohan ST Heh?

T T R X wOa o faw x 3R ff qon Y w9e o y 3R Y &1 sTeed =il
21 TEd: x>0,y >0

X ®HA W Yfd gRA @19 = Rs 10500

Y ®Hd W G FRA &9 = Rs 9000

AT ped &9 = Rs (10500x + 9000y)

TS 1 O e e 2
11 eraiel o Sfaid
X +y <50 (9fF dat Sany) . (1)
20x + 10y < 800 (IMHARM T YA Geeh aren)
SR 2x +y < 80 . (2)
X>0,y>0 .. 3)

Z = 10500 X + 9000 y T 3TfereheaHiehiul iy
e B (1) ¥ (3) dh TRl Feh™ o1 efei@ ©ied 81 Sfehfd 12.8 W &
&5 OABC &1 oifeha fe@mn o 21 Friemr sifsg o gama &5 ufag 2

Y g g | Z = 10500x + 9000y
\ / 00, 0) 0
50
w0l A(40,0) 420000
30+ B (30, 20) 495000 < |eiferemaH
20+ C(0,50) 450000
10+ A (40,0)
X" t } t } X
0 10 20 30 \SW
Y x+y=50
3TTeRTd 12.8

g fagati o fdee swHe: (0, 0), (40, 0), (30, 20) 3R (0, 50) T SLFA T
Z = 10500 X + 9000y =T A 37 TS W epter1 =ifew daifr 39 IS i 7 fman <
Hoh fSE W atfirhad o9 B 2
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31d: Gffd 1 X ®Ha % 7T 30 BeRA 31 Y WA & 20 BRI 1 AT BNl
qifer eAfereham o9 Rs 4,95,000 hT & Hoh|

SETET0T 8 STEA W ga&n (Manufacturing Problem) T THfoThal Sl Th
SR % & T (IREE) A SR B AR &1 AT A % YA A S % fw 9 sm
52 $R 1 w21 Giferst w3 o T o € SEfsh T9 B o Ys W % S H 12 5
5 q Uiferel W 3 9H T3 ] STEvIHl B 71 g9F qe oty wE o fe
IcTed Afushdad | HS HHL: 180 T 30 &1 SHUAT FHAT A o Fedsh T W Rs 8000
A A B o Yk 1 R Rs12000 T o9 AR €1 TG A I T B o fohad
T 1 2Aferehdd oY wEE o foau gfq gwe fior s =nfew? gfa gwe stfueray
o M 2?

Tel UM ST & Tg1 A o T kT H@N x ® 91 T B R T H1 GEA p T
AT sped o9 = (Rs 8000 x + 12000 y)

37 Z = 8000 x + 12000 y
37d THR U USH HEE 1 T geiehtor frefetaa 2
=1 SeRdl o A
9x + 12y <180
31emiq 3x+4y<60 (TG H FERY) (D)
x+3y<30  (uiferst 1 e )
x>0,y>0 (R STeRY) . (3)

Z =8000 x + 12000 y k1 3TfHhdHIeRIoT HIfSTT
Wasw st (1) ¥ (3) gu fuifa g@m@ & OABC (®m@ifsd)
afrepta 12.9 | fe@mn w1 e iy fop g e aiteg 2

3x + 4y = 6020

X'< t >X
o 10 ANy o>
;l'(’ 2000) x+3y=30

3TTeRTd 12.9
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Yeeh i fag W SEYE Hel Z 1 | 1 O i TE § St fop e wwroft
o fewrn T 2

AT fog | Z = 8000 x + 12000 y
0 (0, 0) 0
A (20, 0) 160000
B (12, 6) 168000 < | sifermaH
C (0, 10) 120000

A 39 B (12, 6) R Z %1 3tferhad A Rs 1,68,000 U1 &1 37d: SHol bl AT A
o 127 A A B T 6 T oh IR W SATHRTH AN FHAA o6 fAC HE AT
R srfereham @19 Rs 1,68,000 BT

[ wommarett 12.2 |

1. YT S YhN o HoF P 3R Q i 36 YR Toerm =medt € T fagor o faarfm
31eEl o 8 U faeifa A den 11 ok faeifiq B @i 9is9 P&l @FTd Rs 60/kg
3R HisT Q 1 @A Rs 80/kg €1 WIsa PH 3 "ieh/kg foreifir A @i 5 Aieh/kg
faaife B wefer 9ed Qo 4 wiieh/kg foreifid A 3R 2 Aemh/kg foeifi )
T K1 = AT 1A i)

2. U YHR o oheh i 200 g ST A1 25 g oF (fat)h! LIS Bl © qel
TN YR o oheh o TAT 100 g STT AT 50 g T 1 SAEYIHT Il &1 hehl
w1 Afeehad G aare S 5 fohell e qen 1 el | 9 o9 "Wehd ®, ¥€ A
forn T © fF SRl 1 AR % fow oyl 1 e TR @

3. TH HREA Y 19 % e q01 fohohe & dodl ad &l T o9 tohe a9 &
feru 1.5 w1 wifer 999 a1 3 52 RICYHR F1 THY odl 81 T fhohe dodl
F IR HE H 3 = A GHT qe1 1 5l fUeushi 1 99T ORIl 81 U feA
o wrEH o fafa= 75 W Sy ACE 9 o 42 5 3R RIeusR w5 ok
24 52§ e T 7

(i) ehel TR aoal i fohal T@n § S WY 1 sREl 3l e § s
T2

(i) 9% Yohe 3R Sl W A9 HAW: Rs 20 41 Rs 10 & df HR@H 6
SAfRaH M9 @ HITSC IS HREE [ &Ha § FHE H

4. T TrfoeRdl 92 &R diee 1 FEio w3 1 T Yohe 72t o fwfor | wefig A
WU H R WA B W 3 5 HH HTA USAl €, Selfeh Teh Yope sied o i
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T3 u AefiA A W SR | S WA B W %W T usdl B g€ A W
Rs 17.50 9fdl Yehe 3R siieel W Rs 7.00 i Yohe o1 MM €1 9 gfafe qefsi
1 fiehad STAM 12 52 fman Su af vee (F2 3R diee) o ferd Uene
Ioqrfed feru s aifer siferera® oy e ST Heh|

. T HREH H < GhR o U A R B d €1 ek of 01 § &1 T o WA
1 IRl gl ¢, Fed weh i iR gudl s 81 U Yehe U9 A
o ot 7 4 fiee o 8 6 fame sx=iera |efiA, 9 T Uehe 4= B
o i § 6 e o o) 3 fime gxa=iier 9eiia &1 %/ e 81 9o
wef foreht ot fem o foru sifirerdd 4 =2 &M & foru Suersy @1 fofar 99 A
o Ycsh Yohe T Rs 7 31X U= B o odeh Uehe W Rs 10 1 o9 A 81 T8
Hd gU o swrEn § fftfa @ 9= o Yehe fas W €, T st fr wfafes
o tene fafe= =il o e S FSTed e Stfrehad 81 qen SAfuehad v 31
Hifu|

. T IR S Fmiar TS ot 3R dehel & € 9 ¢ Yok oh fwior o
Teh TIEH / e 3R Tesh WER 1 TEvdehdl Ugdl 81 Th o o fofor o 2 =2
TEA/TeA 3R 3 5 TR w1 SEvahdl Bidl &, Selfsh Teh IS oh Fmfor & | e
T/ AN 2 ¥ ST &1 TEvdhdl Bl 8 A w1 WY wiared
Afershad 20 3 3R TS/ T L0 Fidfed fereran 12 52 o fou sueisd
21 Th o7 & fohl T Rs 5 3R T IS &1 fash! W Rs 3 &1 o9 il 21 98
T gy for @eft ffifa o9 @ik 9ie foe o 2, @ saRy o fmio s gt
St A ST TR ey sAfueRdd =12

. T O wEge % IS Wi fag w1 fmio et 31 A TR % fa Wi fog
o Frrefor o 5 fiee wed 3R 10 firfe sied o @d €1 B WehR o wfd Sfa fos
o fau 8 fife wred 3t 8 T Sied & o €1 fean € o @ & fog
el THA 3 T 20 T 9o Siigd o faw 4 52 Suersd €1 &E A YR % Fid
9% W Rs 5 3N Y% B YR & Hfd fag T Rs 6 1 @19 €A1 21 Fd HifSg
o o9 o eIfusaHieRol o T Y&® YR o fhar-fhas wfa fagl &1 s
)1 FHfo 3 =feu?

. T GRER T YFR & ol Hoget-Th Swhelq 91 IR SO didset 7T, fomeht
HTHS HE: Rs 25,000 3R Rs 40,000 ERT, S=- 1 A1 o6 ©1 98 1AM
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10.

11.

TIfoTd

oM ® foh el 1 ot wfgew Wi 250 T @ eifu T el U FhR
o U o T 1 W& T4 HI 578 FIRHTR Sifeshas o9 W shid o forg
TUE Y A% e e fE % fog Rs 70 @@ 9 @ifush 2 € SR Afg Swher
T W SHAT o9 Rs 4500 3R GEet T4 W Rs 5000 <14 &I

. U 99 Ueid § HH W HH 80 " 9fHA A R 100 |5 @S g ey

T TR % 9T F, 3R F, 39 €| 9eF F, 1 A Rs 4 970 A5 3R F,
1 AN Rs 5 9T A 21 6 F, %1 Th S | %7 § F7 3 95 e
A SR 4 A @S T1F, T 90 ThE § E ¥ HE 6 T e A #R 3
A @iet €1 TR Teh Maeh TOET G & §9 § GAOG I 39 R
1 ZATH Yo T wioe, few 37 3 Aival &1 w2 ofR SH =Fad W
a2l

< Yo o I F, 3 E, 81 F, ¥ 10% TEISH 31R 6% HIEhife o7t €1 qel
F,® 5% e a2 10% Hehiie o ¢l fagh 1 feufast o1 wham &
o UYETd Uk fRE urar @ foF SH etoelt et ok fotT 14 kg AeeieH 3R 14 kg
FIEHIE ST i SERAHAT 2| A F, FT I Rs 6/kg AT F, FT Hwa
Rs 5/kg €, Feieh YehR o1 feha1 Soteh SUa o forq =nfeq difer = gea ™
Fifd diveh dedl et okl =[AaH T 4 2

frfafed st R 2x +y < 10, x + 3y < 15, %, y> 0 9 fuifa gam
&9 % w1 f6g: (0, 0), (5, 0), (3, 4) 3 (0, 5) ]l TANE Z = px + qy, &l
p,q>0, p a1 q o fou Frefatad o siq gfasy sfad @ i Z w1 eifeshan
(3,4) 3R (0, 5) I R Hfeq g €

(A) p=q¢ (B) p=2q (©) p=3q (D) g=3p

fafaer 3qrgvor

SETETUT 9 (BN HHEN) Th TERMETE  95ai P 3R Q 1 ST *id gU T foei
R TIR Tl €1 959 P ohl Toieh ehe (FSras 30 wm sfafae @) o sfewem & 12
Tk g qcdl oh 4 WiSeh, FIeid o 6 W5k 3R foeifid A & 6 A Sfafae &
Seifer ST | o WisT Q o Uehe H iy ded oF 3 W, WIE dcdl o 20 HIH,
IS o 4 HEeh SN foaifid Ash 3 Ak i ¢ SER § %8 4 %1 240 HEH
ShieYH, T el oF hH W HH 460 TSI, 3 hieeiel o i ¥ 21feh 300 Al
aTufara &1 TE Wi o feRdd Uehel o1 ST foRen ST difer SRR ¥ foeifid A
T 1 =AaH fRa ST oo |
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T " fop ofsE P 3 Q o Uendl 1 G wESl: x 3y 1 TWeEd: x>0, > 0.
TS TS 1 TR e FE @

= =gl & ofaia
12x + 3y > 240 (hfee@m 1 aRIe) S 4x + p > 80 (D)
4x + 20y > 460 (N8 dcd 1 Feie) el x + 5y > 115 (2
6x + 4y <300 (R HT HY) 3G 3x + 2y < 150 (3
x>0,y2>0 x>0,y>0 .. (4)

Z = 6x + 3y (faafid A) o1 =IAdHRT0l i

AR (1) | (4) T 1 ATCE el (1) ¥ (4) T o 3idid Tehfd
12.10 ® T9iten 7o 21 SEE grAfked GEd & (SEifhd) W LA A S ufteg 2

x+5p=115
ax+) —gp X150
3TTeRfd 12. 10
i fageti L, M 3tk N & fdenies sawt: (2, 72), (15, 20) 3R (40, 15) €1 2 fegati
W Z % uF Trefataa groft § feon = 2
i fog (3) | Z = 6x + 3y

2,72) 228

(15,20) 150 < | =Fmam

(40, 15) 285
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ROt |, 79 Z 1 9M 65 (15,20) R <Fq9 U 21 37d: GHEN H USH SHeEi o
i eI A o1 A a9 99 e Siefsh 95 P 15 Tehe 3R 9T Q% 20 Yok
%1 ST TR SRR oF Ye ¥ fohan S| forerfia A 1 =Aa| 9 150 91 1 8l

SETE0T 10 STE Waeht 9Hem (Manufacturing problem) T& STIRH o $REM
o i welie 1, 11 8R et &) wefts [ 1R 11 tfershad 12 513 deh =eflq ST a1 &real
Tt g1 Satr HeA 111 9fafed &8 9 %9 5 5 = =ieq) fHaforesdl shael a1 TR
& TMEE M 3R N &1 3T F3dl 2, TS99 veisr o Scared § i w1 o1 strersaehal
B 81 M 3R N o Y% 3R o Uk 1 IR § A =i o Gd o 999 (s
#) o= fafea groft & fgu @)

IAE | WYNA O o 9ua ("l W)
I Il 111
M 1 2 1

N 2 1 1.25

€ S M W Rs 600 Ufd T 3R @& N W Rs 400 Ui =7 &1 & § @19 shar
21 AMd g o 3Teh geft Scurg foek o €, TSkt Seare foran T €, @9 7 wifee
5 v® 3R & fhad T 1 Scaed fohan S, foad o o1 2Afishaienor 82
aifureham @1y A ghm?

&1 WA T Saa M eIk N o =17 shi §&A1 sl x 3R p 2l
ST W el A9 = Rs (600 x + 400 )

TST GHE 1 T Yo 9 Frefted @

Z =600 x + 400 y ST AfIHaHIHIT HIFTT

el ey frefatea 2
x4 2y < 12 (MR [ Tl (D)
2x +y < 12 (WRIA 11 R STeRY) )
x+%y25(ﬂ'§’ﬂ7‘f [ T =Faqe) .. (3)
x>0, y>0 .. (4)

& FeEl (1) § (4) 1 oA id 21 Sehfd 12.11 § @ T g
ABCDE (3™ifehd) € foen =re@ieli (1) § (4) a ga i@ fean mn 2
el SIS foh GHT & qReig 8, S fageti A, B, C, D 3R E o e s
(5,0) (6,0), (4, 4), (0, 6) 3 (0, 4) €1
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SAfehay

3TTeRTd 12.11
7 i fageti (wef) | Z =600 x + 400 y 1 94 Fr=fafted el § faan w2
& &g | Z =600 x + 400 y 1 A
(5,0) 3000
(6,0) 3600
(4,4) 4000 <—
(0,6) 2400
(0,4) 1600

T @A ® fop 95 (4, 4) Z o1 sifushad ®H 21 ofd: Scaesh 1 SAfushad
Rs 4000 &9 HAM o T Y&eh STE oF 4 TN 1 SARA AT =MM8Ul

ST 11 Uags Waieh 99 ( Transportation Problem ) P 3t QT TIMl W
T HREH T &1 37 T 9 9HH A, B 3R C W forg @9 feqt § 99 W ®1 89
feul 1 Areifesh Aowaehdl HEW: 5, 5 X 4 GHEE ®T T, S fF P A Q Hi
Tt HREHI 1 IS &dl 8 3R 6 7 B

gfd = wfterd =@ fre wnofag 2
/Rt T (Rs H)
A B C
P 160 | 100 | 150
Q 100 | 120 | 100
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yeieh HREM | fordd T 9HE Y feut wi AW s fSee ufews = = 82
[AqH qREed =F F B

T STOPTd 12.12 §N 3@ HHEN & fEfeiad ®9 | ofe fma S Fehar 2

3TTeRfd 12.12

T foh A1 o6 x T Sy 7 1 wR@F PY HEI: A 3R B et &1 91 w9«
(8 —x—y) M &I Cfeqt g% I STwm (F?)
3Ad: x20,y2>0 3R 8—x—-y20
a7erf x>0,y>0 3 x+y<8
79 fell AW 9HH ®1 Wies AEFHal 5 A0 g1 Hifh P HREH § x T
feql A 1 99 ST ok B gEfaT SHREH QW (5 —x) 7, fell Al 9 Wi woeeq:
5-x>0,3aq x <5
T THR (5 ) AR 6 (5—x+5-y) =x+y— 4701 HREH Q¥ Hu: feul B 3N
C i 9l STAM| 37d:
5-y>0, x+y-4>0

SR y <5, x+y>4
ol uftee ==, it Z g fean e @ e 2

Z=160x+ 100y + 100 (5—x) + 120 (5—y) + 100 (x +y —4) + 150 (8 —x — y)

=10 (x— 7 y + 190)
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sfere guen it w9 § frefafed ®9 9 =59 1 ST gt 2
=1 el & Aala

x>20,y>0 .. (1)
x+y<8 .. (2)
x<5 .. (3)
y<5 .. (4
x+ty>4 .. (5)

Z =10 (x — 7y + 190) T =ITAHIHIUT hHifSTT
= (1) § (5) gr feiifia sefed 859 ABCDEF g6 &5 8 (3T 12.13)

}(
| x=5

)
xtyld \5)
N BoANE Py

< 'y

/2'\ \D(s 3)
A(0,4) 2__\ ><5,0)
X'¢
(0)

J" F(4, 0} \

Y
3TTeRfd 12.13

TR HIfTT o qET & qfieg B GETa & o &I fage & fewms
(0, 4), (0, 5), (3, 5), (5, 3), (5, 0) 3R (4, 0) &1 &A1 37 fagaq W Z 1 A 10 HW &

S

x+y=8

w58 | Z =10 (x - 7y + 190)
(0,4) 1620
(0,5) 1550 <« 2
(3,5) 1580
(5,3) 1740
(5,0) 1950
(4,0) 1940

gt | 9 ' ® TR f9g (0, 5) W Z 1 =A™ wH 1550 21
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TIfoTd

1q: g2 ufieed feurfd o STIER SR@M P 5,0 3R 3 7 iR wrR@H Q ¥

Fae: feql A, B3R Cd® 5, 0 3R 1 1 s e g6t feerfd & @ =an ufteed
=g Rs 1550 &I

1.

g 12 U¥ fafaer gonaet

IR0 9 T A HIfSU| 2AER H foafdT A i A6 1 STfeeshdHishol i o
ot g Wsg & fohan Yohel o1 STEM B =IfRU? SRR o foerfid A =)
STfehay AN R ©7

. U fHEM 9 9HR % =R P 3R Q i fhemar (fagor) 21 P YR o =R, e

g Rs 250 Ufd St Sifer 9ok dcd A o 3 W, @l B o 2.5 AR SN dc
C o 2 T Tl € Sefeh Q WehR ol =N TS7&eht Hed Rs 200 Wi e €, 9veh
T A T 1.5 |, A B W1 11.25 W IR dcd C o i Heeh @l 2
ek el A, B, 3R C 1 =Aa STEvaehdrd sl 18 |, 45 Hh 37 24
A &1 U YR o el 1 GEA Hd iy difn AL o g Ot
o <aq 717 s & g 9ol 1 =Fan ged 4 @2

. T ERMEE < TR o 9l X 3R Y i 38 YehR et =medn © o fasor &

foaifm A, 1 &8 9 %9 10 95k, faaitd Bl &0 9 &7 12 A5 3R
foarfm C =t 8 u & 1 kg oial H foertae &t mmen frefafes arot § <
T 2l

A | faerfam A | faetfim B | faerfim C
X 1 2 3
Y 2 2 1

95T X% | kg 1 94 Rs 16 3R 959 y o 1 kg 1 god Rs 20 81 Fifsd MER
o foau fasm &1 A9 qed 9[ &)

. e fid € 9RR % fgdi A 3R B &9 21 39 3% o foru fmio o =

Tl 1 STETFHAl TSdl & S Tedeh Yeh o et o o o forw o wme
(fel ) fre=farted 2

faei™ & yar i

I | 0o |1
A 12 18 6

B 6 0 9
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Yook | STfuehad 6 S Wit o foy Sueied 81 9% A YR o e i
ol W Rs 7.50 o9 3R B W o el T Rs 5 T o9 @ ol 39z foh
Aferehad o9 e o foIy 9fafed A ¥R & 15 faedq 3k B ¥R 30 e
faffa em =few)

. T BAR e A 200 ACGRN &1 A0 KU Ghdl 21 GIF gUg A0 H
fehe W Rs 1000 3T T& Soft o foshe T Rs 600 1 &9 HHET S Hehell &1
TR ®H § FH 20 i guH 9oft o fou smidd s 21 et g gof
1 el A W HH 4 TH G0 T Si o fIhe | A T i S 9 2
A HIGT fF Y% YR o fhdi-fead fewme a9 S0 dife o9 =1
FAfereRaHieRTr 81?7 SAfehad oy foha 272

. 2 I SR A SR BT WSRO & e 100 fEee 3 50 foeiea @1 5=
A TIH 1 ghEl D, E 3R F W 31 Sqeledl 31 gl €, et Steeaehand
HEI: 60, 50, 3R 40 fodea B

JEri ¥ gwEl 1 ia feece e =@ f= anoil o o er 2:

ufa foeiew uRess == (¥udi o)
/| A B
D 6 4
E 3 2
F 2.50 3
R =19 o AR o fere amafid =1 ufiee SR fhan Se? =Aem qiteH

I F1 72
. T 9 @A § 7 feql A 9 B €, foeht arward swwer: 7000 feret 3R 4000
foret 1 &1 @M g @ e 99 D, E 3R F o faw eyl et €, fomeht
HTETAHAT HHA: 4500 TaeT, 3000 Teret 3R 3500 foret &1 21 feut & Ueier quf
1 At (km o) Frifhd ROl o SER 2:
FREt (km o)
w/H A
D 7
E 6
F 3

N A W |
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9.

10.

TIfoTd

I% UMd gU i aReed = i 10 foret W ufd fReitiet 1 v 7, 5@ i

foh SRt <MY ier ST ST, S aRee =4 o1 =[Aaei<l 81 STu? =ad
= R

. T el SIS 310 1§ T Yeh o @Il P oS 3R Q FE 1 TN T Hehell

21 00 o Yo el § SIS, WIERINE 37, T R S w1 ann (kg
o) Groft 7 fean @ €1 wdieror Hehd <4 @ TR o i W 9 %W 250 kg BRI
e, Y Y HA 270 kg WER R FAKH H Afuss W A 310 kg I
AT 2|

I Ieureeh oI ok foiq el S arell SIS 1 A 1 AqHhIOl BTl
TMEdl & a1, Uk THY0 & fohad Sl o1 ST BT =ifeu? fHes s arel
eSS 1 FreTaw A N 87

kg‘lﬁlﬁ?ﬂ

s P | &iEQ
BIECISE] 3 35
TIEhIN ST 1 2
e 3 1.5
FARA 1.5 2

ST Y9 8§ W & Ul At Ieakes am | e S areft AgeisH &1 A
1 SR THIHT T © dl THH0 o fohdd Sl i THeran S =nfew? fherd
S ATl TEISH 1 SATehaH B = B2

T TEeA at, A @R B & YR i Tfeal &1 FHfo st 21 Hifshe wleri
A SYets HEEAl U Hohd fHorn @ fop wfiwfea Scaed =R wfd 9w 1200
Tfeal o sifurss €Y g1 wIfET 3fR B YRR i Tfgal w1 et o eifusk | A
TR & TfeAl i el B THeh Afalte A TR T TfeAl 1 Scaed R TR
TR 1 Tl o Icqe TR % o T4 @ 600 T Afuh B ARk HT A R
B yeds Tfgar WX wuI: Rs 12 31X Rs 16 T 19 HATE 2, oATH 1
AT R aHIho I o fU I o fohde T o1 AI<fess ScAET il =Meu|
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qRTST

¢ T Maw GUHT GHE o7 THE ® S e 94 o g He o sead JH
(SHferha o1 =IAAH) R A HE W GeAd Her whi LTI e Hed 8 S
Hiteid 7Te 81 foh =R oI e 3R Waen srewiiston (el ek =iy wed
?) 1 HE wW B =W B FHH-wf Foies =1 wed € SR RO 2

¢ Fo Ty e g gaeE Fefated €
(i) STER Heeh Foe
(ii) Seare Hareht wEE
(iii) wReed Heef woe

¢ Tt EEl 3R RO SHAHl x > 0, y > 0 g Ui SwatTs &,
W W GHE %1 GET e (I 8 9qeud) shedd &l

& THTA & o 3fd: AT o e Eiid fag el o G gell i wEiia i €
G &5 o W& A1 ok fRE o fog o S gd wed &

¢ I & H hIE {5 5 I2¥F T h1 $RaH HH (AR O =JAad) Th
I R A W T T Fed &l

o frefafad yoia ek e geeel S g T o o SuRed Jew o B

TN 1: 4 TR R U s W qee o oy gETE &9 (ST 9g9S)
2 3R 9 T Z = ax + by 23T HoH B N4 Z Tk 2ad A (AU
o =AAH) 1 € el aeh SR =R x 3R y g SHeiE o &9 § et
2 T8 Toq9 0 GEd &% o % S fag () W g & =few
TN 2: A R R T s GO g9e o fau gETd & (SUe 9g9S)
%SﬁTqﬁTﬁFZ=ax+by3€WW%IWQﬁQRW%WWW,
RH TH sifuhaq iR Tk =™ <A & a1 ¢ 3R 39 ¥ A fag Rk
i fog () = feom = 2

¢ A gUTE & Sufeg € q9 sferhad a1 = eifede § T ot 8 g
21 qenfy IfE 7% sifede § €l © @ R o s fag W feem g =mfey

* = fag faf: w as g9 #1 g 1 & fau 7e fafa fm osf o
forafaa Bt 8:
(1) @ o gue & U &9 H T HIC q91 389k i foig

(ftst) =1 T e
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(2) Y% & foIg W LT ®eH Z = ax + by HT TH A@ Hife@l AE
oAifery & fagetl W eiferhan iR =Aa9 A HHT: M ae m €l
(3) A GETa &5 uReg €, @ M 3R m HH: Se9d Held o SAfeehad qel
=[aH | €
IfE GETa & uieg € a9
(i) SEYF e 1 M 3MfUshad 7 ® AR ax + by > M o gr1 T ge
sefael GO &5 % WY HIE SaAfTs fag 7@ wEa 21 s=en sevd
W 1 SAfshad 7 e 2
(i) SETA oM h1 FAAH HE m € AR ax + by < m gN Feifa g
aefder SR GETa & H e fag S9afTs & B1 ST 3EXF e
HTE FAH TF T 2
& A gET & o | HAE fSgSA 1 TEaH HH T € YRR &1 2 el aFl
IE Ay A <AAH I YSH HI € 99 I <A foge i fae ol
ErEE & e off fig ® off S YR 1 3aH B 2

AfrETia fewuit
fgda fova g5 o, 9@ g FOOE &1 Ao o, SEE R owmed @@
Z[dH =9 W Afwar w1 w8, e wumEe fafy sifae | o)
e W o @ § WeH WA 1 gAqd &4l T L.Kantoro Vich @l
sTfeRT tefemet F.L.Hitch Cock 7 1941 H fohu) <Mi < wdd &9 9 & fepan|
9 YA i GREET-HHEN o AW § S T H 1945 § SIS St
G.Stigler = Iaeh WU THE, o SHd IEaH SRR Heell THE 1 9 |
T 1947 § G.B. Dantzig 7 U <&rar qui fafyr st faueien fafy o =m @ ufag
2, 1 g fen St e W Seenet o wiHd W 9 gl H i w9
fafu 21
e womee fafy W gRfees s SE o wRO 9 1975 | L.Katorovich 3R
SRR T TSR T.C. Koopmans 1 312f ¥ME # Add JWhR Y& foha
TN GREhE T STavdeh ATeaa o SANTHA o 91 e &3l ol Sfedt Toesti
o sk g gfafy o eyEn § STk gis 8 @R

— % —
L4
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(UTfaeRdT Probability)

*®* The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE

13.1 95T (Introduction)

Ted 1 Hest B g Wigehdl i fhdl agfeas whem (S das et
1 TS o Hfed B i AMRFad &1 79 o €9 | 9
ol BHY B TUES QUA. shiedme (1903-1987) BRI
Hheartea efiedia gfteehior o1 ST=nT fefan o SR wifdear
1 qleror o gRoTE W IR we o ¥4 H fefia
fe eam T ToEae ufomm &t e wifaeear
srfumfedta gfteshion @i senfiene fagia (classical theory)
T Treherl ot Ty st off| T9 THEETT o STIHR W ghA
STHaq fassl Tafte i weel w1 Wiwd 7 &1 ot 5o .
wifehdl o A e ot stemEA TR 21 ew st | Pierre de Fermat

7 forelt =121 i wufds® Wf¥eRdl (conditional probability) (1601-1665)

o IR H faeR &3, Safer fFet o= e o "fed 81 &1 ga1 a1 99 2, a1 36
eVl STEURUN i Hedl ¥ I91-THT (Bayes' theorem), FTshdl 1 0 1 qen
Loy TS o o) TS| B9 5w = (random variable) 3R $Eeh Wifehdl s
T AEUl STAHROT ! S GHH qeN fhEl Wiaehal Sie o 1A (mean) 9 YER0T o
TR o BT 1™ o SAfH AT H TH Ueh Hew@YUl STHAd Wifdehdl ded (discrete
probability distribution) & &R # @7 58 fgug sie el =1 €1 36 e W gq @
wlieror ot foer uRome wmHEEeT B §, S @ TR 31T | el T @l

13.2 wufaser urtaerar (Conditional Probability)

1oft aF B TRl SIe T WIfeRdl Sd e T == & 2| IS B et ufest wafe
FI Y A T e, 9 F fRE T we o wfed @9 i go 1 Jud SO e
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1 WIfFehdl T ISd1 2 ST 36 U3 o ST o [0 Ueh I15ieseh e W fo=m &t
e uftomy Tagwe )
MY, T A = (fair) Tkl &1 IBTeH & Tder0r W fouR wifau) @ adero
1 gfqesl THfe 8
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

aﬁ$ﬁm%?ma%EH%quﬁﬁﬁ%mﬁa%uﬁ%tﬁﬁﬁﬁ@aﬁqﬁﬁmr%ﬁﬁ%

F Gehd &1 O U E s “=gad 31 fod gehe 81" SR F s ‘et faeeh W
2 yefyid B o el i 2

GE| E = {HHH, HHT, HTH, THH}
R F = {THH, THT, TTH, TTT}
ESIGY P(E) = P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
111 1 1 .
BERACAERE R
R P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
_1.1 WAL
8 8 8 8 2
g & E N F = {THH}

g P(E N F)=P({THH}) = %

I7e UM offSe e o o R i wedl faeeh W U2 gehe el @ et s F
Hfed g€ ®, d 1 E 1 Widehdl 1 €2 F o §fed g &1 gar W 7 fifved € f6
E &1 Wifaehdl 1 3 o6 fau 39 fasel fagei w fa=r 7=t foren smom 5w wsa
fosreh W 2 7€ B1 W E o foIu 58 gue @ ufaeel g S 9 sl 35Ukl STaqe
F o9 71 31 37 Tl #, 59 efafied g A v9 9Rdd H I 9 € foR g
T UQ AU Agfessh Tderur o &9 § gogrl 91fet fereen gfaest gafte shae 3= aftomt
%1 Tg=ag & S foF S F ok 3T @1

S| F %1 9% gfagel fog it E & ot 3l &; THH ®1 37d:
F ! 9fqeel ¥afte AMd g o1 E &1 Wifoshdl =

1
4
Rl FwaﬁamﬁmwzﬁmEﬁmﬁw=%
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el E &1 39 WIfehdl o1 Sufde Wiided #ed &, Siafh 91 © {6 =e F Hfed
& T €, 3R 8 P (E[F) g1 <@Iid 1

SMHP(E|F)=i

e ST foF F o o 19d St 51 E o off 31 ehdl ©, E 99N F o 91l 37add
e €, S E N F o wfaesl fag €|

31d: €9 S E 1 HYfdqse Wiidehdr, et i € foh S Fosfed € g € i
7 JPR ¥ 9 F TR 2

_ (ENF) =k a1 wieeet feigeti &1 gen
P(EIF) = F o 3T a ufaaet fagsti &1 §e
~n(EnF)
~ n(
319 3791 9 T I wfaeet wmfe & sagel &t Fad wen ¥ fawfad F W g9 e
g f% P (B[F) &l f=1 whr § foran <1 gan ©:

n(ENF)
S)  P(ENF
P(E|F) = ZEF; = (P(?)) ()
n(S)

e Hifew o6 (1) aft 7= & S P(F) = 0 31&fq F = ¢ (F12)

Id: BH WUfaaY WiFehar w1 751 YehR © 9RwifiE o "ehd €

uftermer 1 Ak Eden F e agfess e o ufieyl gafe 9 gefud < e €,
Al Fon wfed €F &1 gol W, E 1 qifashd Fefatad 9 9§ 9 e 2t

P(ENF)

@ , Safeh P(F) # 0

P(E[F) =

13.2.1 @ufaser qrfaehar & T (Properties of conditional probability)
7H of f& Eqen F gt gfaed gufie S« @ wemd &
TuT 1 P (S|F) =P (F|F) =1

P(SNF)_P(F) _,
P(F) PF)

& 7@ ¢ f& P(S|F) =
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P(ENF) _P(F) _,

P(F)  P(F)
1d: P(S[F) = P(F|F) = 1
T 2 A% A IR B ufasel gHfie S w1 R < S § 3R F TH 1 Wl 36 UHR
g 7 P(F) 20, d9
P[(A U B)[F)] =P(A|F) + P(B|F) — P[(A N B)|F]
fagiy ®9 9, aff A IR B oW ervest s e,

P[(AUB)|F)] = P(A[F) + P(BJF)

ESID I P(F|F) =

& Wd ® T
P[(AUB)NF]

PIAUBIF)] - —— o

_ P[(AnF) U (BNF)]
) P(F)
(W=l o WelTs W Hiwer o s 7w gu)
~_ P(ANEF)+P(BNF)-P(AnB NnF)
B P(F)

3 P(AmF)+P(BmF) P[(AnB) N F]
PP P(F) P(F)
= P(A|F) + P(BJF) — P(ANBJF)

& A dOT B WRER TUast @ a
P[(A N B)|F)] =0
= P[(A U B)|F)] = P(A|F) + P(B|F)
3: W9 A qUT B WER STqdsl FeAW g al P(A U B) = P(A|F) + P(BJF)
T 3 P (E'[F) =1 P(E|F)
1] Wl A e T P (S|F)= 1

= P(EUE)F)]=1 FifF S=E U E'
- P(EF)+P (E|F)=1  ¥ifeh E N E' TER el TG 3
31 P (E'|F) =1 —P (E|F)

3L 379 FH{J IR |
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9 4
IS 1 AR P(A)=%,P(B)=E aﬁtP(AmB)=E,a’t P (A[B) 9 wifsTu)

P(ANB)
P(B)

_4

&1 89 4 € o P(A|B)= 5

\\o|;\-l>

1
IETETOT 2 U YNER H < o= B| A 98 71 & Toh o=l § ¥ 9 Y HH TH o=
AgHT B, dl Al oA o IS B HT A Wi 272
T U AT b TG 1 o g TSH! i TUd Hid &1 THEI0T 1 Hiaeyl Tafe 8

S={(b.b), (g.h), (b.g). (g.8)}
M ST E de F shewr: ffafaa see 1 guid 8:

E:'SHi o= @goh ¢
F:'a=ai § 9 %9 4 &9 0% o< o

W

@ E = {(bb)} 3T F = {(b,b), (g.b), (b,2)}
9 EnF={(b,b)}
o7 P(F)=%3ﬁTP(EﬁF):%
1
_PENF) 4 _1
gy PER =5 H "33
4

SETET0T 3 Uk 990 H @ S | 9 10 q% YUl for@ Y 1@ T SR S oresl e
T TN 30 T W T w1 Agesdl fehten A AfE ag 9| 7 fE e e e
W He 3 9 ek 8, O 39 G % U BN %1 o Yiaekdl 272

T A ST o A 52T FehTel T e W wH Eew € 3 B e (et T e
W HeN 3 9 98l 8 &l fefud w3 €1 gH P(A|B) 1 ST 2l

78 Tlie 1 giaesl @A €:S=1{1,2,3,4,5,6,7,8,9, 10}

LiE| A=1{2,4,6,8,10},, B=1{4,5,6,7,8,9,10}

3R ANB={4,638,10}
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5 7 4
& P(A) = 15 P(B)—EaﬁTP(AmB)_E
4
P(ANB) 109 4
ad P(AIB) = —p o :170=7

10
SETETOT 4 TH qreenen § 1000 faanef €, fw 9 430 wiefwal €1 9 9@ ? fF 430
o W 10% Tefhal wen XIIH Yl &1 o wiiehd € foh Wk agesan g1 e feenedt
el X1 H vgdl ® 9% 78 9 ¢ T 5 e famnef et 22
& M AT B o2 argesen 51 e fornedt wmen X1 H v 8 SR F e f agesa
<1 T fernedi gt B, *i o4 i &1 W P (EIF) T T 2
430 43

CEl P(F) = —— =043 3R P(ENF) =——=0.043 (H?)
1000 1000
P(ENF) 0.043
GEl = = =0.1
PEIF) P(F) 043

FETET0T 5 Ueh 99 ! 1 R SSTH o A& § ¥ A a1 B &l 7 9&R 9
it foran T 2

A ‘A SO W WA 4 YR BT
B : ‘'Tedll S8/ W TEA 6 IR qE 9 | W@ 5 Yehe gl
Ife B o1 =fed g faan @ 2, @ s A &1 uifiekar I it

o Wiaesl wafe | 216 9iom €
3, B = {(6,5,1),(6,5.2), (6,5,3), (6,5.4), (6,5.5), (6,5.6)}
(1,14) (1,2,4)..(L,6,4) (2.1,4) (2.24) ... (2,6,4)
A= 1(3,14) (324)..(3,64) (414) (4,24) ... (46,4)
(5,1,4) (5,2,4)...(56,4) (6,1,4) (6,2,4) ... (6,6,4)

3R AN B={(654))
6 1
CE| P(B):%aﬁ'{P(AmB)zﬁ
R
e pAB) = LAOB)_216 _1

PB) 6 6
216
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SETETUT 6 Teh T 1 & IR ST 41 3R Tehe g2 WSt &1 AT 6 9 T @
4 o =Id9 T&h 9R Yohe B i HUfqas Wehal F1d hiferg)

&1 UM ST E S S8 4 1 qH Tk 9R Wehe g1’ IR F EeAl (S arEl W
Yehe TS H1 AN 6 B’ U B

ad E=1{41),42),(4,3),(44),4)5),4,6),(1,4),2,4),3,4),(54),(6,4)}
R F={(15),(24),(3.3),(4.2), (5.1)}
mw%ﬁP(E)—— P(F)—%
qqa EnF={24),42)}
CIC] P(ENF)= 326
37d; difsd Tiehdl
2
P(E NnF 2
P(E|F) = (P(;) ) =%=§
36

it T B 3 Thel W faer fman € fSer @ aRom waEee € g adeon
& fou v wufgey wiftedr 1 oo foren 21 qenfu gufdes wifrear 1 @@t
TR, ST9e w9 W, 39 feufd 7 ot v w1 S wehdl §, 59 Hifeis s gagee
T gl wifaehd@eti P(E ~ F) @ P (F) %1 9Rehe agq@R fepan s 2
3TET Ffafad ST 9 39 |6 |
IETET0T 7 Uk fogeh i S8eH o qie W faar sifsw) afs faass w fad wdhe @
@ faaer 1 I4: 38TW W AR fager W 12 Jehe & d Tk 919 &1 Heh| A w1 ‘&1
¥ HF TH U Yohe A 1 wfed B fem ww ¥ (H,H)

T U W 4 § S T& Yk A1 i gufaey ﬁa(H)

WIfaehdl T it (HeT)

ol Therr o o e 13.1 @ e fear S (E)

Thdl T1 39 TR o fo H gaRE Fed =T §T3;

wher %1 gfaest gafte & g ‘52
S = {(H,H), (/L T), (T.1), (T.2), (T.3), (T4), (T.5), (T.6)}  amepfa131 (1O
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el (H,H) =witar & % 39 Somil W fod wee g1 &, 9o
(T, i) <eiien & o et Soe W 9 wohe gon s, o @
%l Bk TGS | The Tel

ad: 8 wifers =S (HH), (H,T), (T,1), (T.2), U4

= 1111

(T’3) (T’4), (T’S), (T)6) W-Q-T‘ 454912312) 'qz(T)
111 1

IE,IE,IE,IE'Qﬁaaﬁﬂfﬁﬂﬁiﬁ'3ﬂ'3ﬂ1¥¥ﬁﬁ'%,§ﬁﬂ'ﬁﬁ

o= 132 9 = 2l SRR 13.2

A & F 521 “=FaH T 92 Yehe BF1 3R E S
‘U8 W 4 9 9E @ Yehe B’ i <9I 2

Gl F= {(H,T),(T,1),(T,2), (T,3), (T,4), (T,5), (T,6)}
E = {(T.5), T,6)} 3R ENF= {(T,5), (T,6)}
SE| P(F) = P{(H,T)}) + P ({(T.1)}) + P ({(T.2)}) + P ({(T,3)}) +

P ({(T.H}) + P({(T.5)}) + P({(T.0)})

11 1 1 1 1 1 3
= —+—t—t—t—F+—F+—==
4 12 12 12 12 12 12 4

1 1 1
. PENPH=PHUTH)+PUTON= 1775 =¢

2712 6
L
o P(EJF) = P(E(;)F) =%=§
4
| womraett 13.1 ]

1. af€ E X F 39 %R 1 wead ¢ f& P (E) = 0.6, P (F) = 0.3 31X
P(ENF)=0.2, @ P (E[F) 3 P (F|E) 9 sifsr)
2. P(A|B) 9@ IfST, oI P(B) = 0.5 3R P (A N B)=0.32
3. ARP(A)=0.8, P(B)=0.5 3R P (B|A)= 0.4 I HifSQ
(i) P(A N B) (i) P(A|B) (i) P(A U B)

4. P(A U B) I Hif =g 2P(A):P(B)=% 3R p(A|B):§
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qrfeshdl 555

I P(A) = %,P(B)= % aﬁtP(AuB)=% T HIfe
(i) P(ANB) (i) P(A[B) (i) P(BJA)

frfafed 999 6 9 9 % P(E|F) 9@ sifsg)

6.

10.

11.

12.

13.

T foaeh & A9 9R IeE T e
() E: @90 3o1@ W foq F: 9gelt <M1 sore R fod
(i) E:=am < foa F : 1fishag weh o
(iii) E : eifersrag g1 72 F: =JAaH q 92
T feepl &1 Th IR IV T B:
(i) E: U feeh W 12 Yhe el € F : Tk g W fod yehe eiar ©
(i) E: g 9 Wehe &l Bl € F 1S fod Yehe =&l el €
T U ] dH IR ISTel T
E : T 381 W 9@ 4 Yhe B
F : Ugcll 31 3Bl W FHHW: 6 T 5 Gehe el
e Ui fot o wma, fuar o ¢ agesw @ €
E: 99 @ il @ @l © F:foa 751 § @2 ®
T Tl 3R Tk el I ohl STl T 2
(a) O W G AR HT AN 9 TH hi Fufasel Wikl A wifee Jfg T8
A 2 T el T W S Y g3 B
(b) TG W YW &A1 AN 8 TH i Fufasel Wik T Hifee afg 78
J@ 8 fF e T8 W Yehe §ET 4 § %Y 2
Teh I U I STl T 8 HENS B= {1,3,5), F=1{2,3}, 3G = {2,3,4,5}
& fou fr=fafaa Fm@ wifsa:
(i) P (E[F) 3R P (F|E) (i) P (E|G) 3R P (G|E)
(i) P (E U F|G) 3R P (E N F|G)
A o foF S oH oTel SI=e 1 SIgehT A1 TIgeh! BT THEWeT €| 9% ferddt aiear
o g o= B, d S o=l o ASH! B 1 HUfde Wiehdr # €, 9 T fea
T 2 R (i) TSI S el € (i) FAdH Tk ool dgat 2
T YR1eTeh o U 300 TeI/TH YHR o 3THM T 200 /3T YR o
T3 U9, 500 Tg-Tashedid FehR o SEM W9 3R 400 Tg-Tahedid YR o
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e T 1 HUE {1 AR I o WUE W U WY AN I Sl €, A Th
3T U9 i ag-Toshedia BH &1 Wifdehal 1 8N 2

14. ¥ Tz 7o 2 for <1 il ol Sk W Wi WAy - €1 g weme
AN 4 M ST WiFHAT F1d SIS

15. U U™ &1 Thehd o W0 W =R SifNw) Ik 9™ | Yehe 9@ 3 &1 PN
2 A U W G $oh SR A g o W Y § ql U THaeh i 99|
SIS IAdE Teh U W GEAT 3 Yehe e A e © o s {fgeeh ) 02 yehe
B’ & Gufqs Wifeehar Aq e

Frefefa ol % 8 o W T TR T

16. A€ P(A)= %,P(B)=OHEI P (AB) ®:

(A) 0 (B) % (C) uftenfiya =&t (D) 1

17. =% AR B sl 39 ¥R € & P (A[B)=P (BJA)#0 &
(A) AcB (B) A=B (C) AnB=¢
(D) P (A)=P(B)

13.3 TfIehdr oAt Rk T (Multiplication Theorem on Probability)

qF ofifSw 6 E don F s wiasel wufie S &1 < seAd €1 wedd wqsed
ENF SF seieli E e F o =fed 8 1 39fdl 81 371 9idl § ENF 528t E aen
F o F9q wifed g w1 9iial @1 521 E A F 1 EF o foran s 21

W B T ST EF 1 Wifehdl 10 3 1 SAa9eehdl gidl 81 SIE0 o forg,
T o 91K T U1 FeRTe o wemn § g9 fAg ueT ‘Uw eee o T I R
Wiforehdl T1d i | gogeh € Uehd &1 AT EF 1 WTehal A i o foq ex aufas
WIfehdl T SUAT Y € ot fom e fe@mn T R

TH WA ® fF wed Foh fu M W wea E &1 wufqas wifdkdr i
P(E[F) 511 S31id ® @i 38 frefeiead 9 9 o o3 2l

P(E[F) = %,P(Fﬂo

I uftom | &9 forg 9o © T
P(E N F) = P (F) . P (E|F) (D
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gifeRar 557
Y 9% off 94 © fo

P(FIE) = PEAE) pg)20

P(E)
el P(FE)=% (Fifs ENF=F UE)
31 P(E N F) =P(E) . P(F|E) (2

(1) &R (2) =i o @ eF 9 e € fom

P(E N F) = P(E) P(F|E) = P(F). P(E|F) Si& f P(E) = 0 3R P(F) = 0
SWieRd IR i WifFshar 1 U FE’ wEd €1 STET Tk 3SR o
SETET0T 8 Ueh Hersl H 10 el IR 5 G 78 €1 T 1% Tk o «I% Teh Fehrel St

& 3R veel 1T T o fhrer W UBe arue T W@l St €1 6 it o e |
Y g g o1 oo Tagwed 2, @ <1 sl 1] ke &1 R wifdeRdr 872

%ol A fF E ‘Teelt whieft g o feher’ 1 S @ S F gEd el g & e’
%1 5 21 84 P(ENF) AP (EF) I T @1

31 P(E) = P (Yecit Tt & hreft 7ig F—ichm-u)=%

w1l & fean T ® o6 veedt el o shiedt 11 fepedt @ ereiq e E wfed € €,
79 HETA H 9 HICA g 3 5 WHR 1% 1@ TE ¢ SWAAT, T g Fredt B T Wiahar
S o et 73 1 e B T A €, $S IR TEl hadl F k1 Gufde wifashdr 2
3@ B 1 wfed 8 9 2

@i P(FE) = %
79 Wfehar o UM fe g & u B @
P(ENF) = P(E) P(FIE) = P(E) . P(F|E) . P(G[EF)

109 3

T15714 7
3 & 31freR g2TeN o foTq WTfrehar T TUM fEW A E, F 31k G T wfasel gafe
1 T §

P(ENFNG) = P(E) P(F|E) P(GIENF) = P(E) P(F|E) P(G|EF)

TH YRR WIRhal o6 TUM a9 1 foRaR =R a1 SAfuek weisti o faw ot foran ST genan
2| frefetfiaa Seren diF seiel o forg wiftrenar o U fom T geid wed i €|
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SETETOT 9 52 TNl i 3ToS! W@ Hel T Tee! § § U oh a1% Ueh o Il for1 gfaeentyud
U fehTel U1 UBSl q) U 1 SIENE SR R T TR BN 1 91 IRl 87

T " o T K 5121 Fertenl T O aewie © ' SR A S fHehTel e ue gen
2’ ! o B & Tl g6 P (KKA) T Tl 2

4
3 P(K) = 5

T EP(KIK) 98 91 8F W fr ‘Teet Frebre T e 9ReE @ R Sl T 6
SIEIE B 1 WIehal i <idl 21 o1 el | (52 — 1)=51 7 € s i areeme @
wfime PKIK) = <

fdqd: P(A|KK) SR fehTel TTT Ui o1 3oRT B 1 Wfdsel Wikl € ST foh e
A & o <1 S1eemE ved € febred ST g €1 o1 el ¥ 50 U @ T ¥

safere P(AIKK) = P(AIKK)=510
WiteRal o U P g eH Wiw e © T
P(KKA) = P(K) P(K|K) P(A[KK)
4 3 4 2

= X X =
52 51 50 5525
13.4 W7 ¥2T¢ (Independent Events)

52 Wl w1 e § W U ww FreRrer o e W faer Sifs fied g difers
T i FHEHEE WA T €1 4f€ E du F e ueet ‘fepen e wwn faE
2" SR TRTen T U U SeebT @' 1 e A ©,

P(E) = =L o P(F)—i—i
) =573 52 13
Y € ‘E R F' e fehten T o A€l 1 seht @7 i o Rl ©, St
1
P(ENF)= o

a: P(EFF) = ———=

1
PENF) 5
PF) 1

13
a?ﬁﬁP(E)=%=P(E|F),WWW%%WF¢H&H@#@‘\E@=|T%W
E &1 WifFshal W g 9919 &l Sl 2l
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& Ig ot ora ® fR
1
P(FIE) = (I;F) 32— pp)
4
T P(F):%:P(FlE)w%ﬁmEamrﬁa%ﬁﬁwﬁm F I
WIiehdl T I FHE T e 2

3Td: E 9o F39 TR &1 9eA1E 8 fof forelt Tk sre o oifed e a1 g o) sren
T WiIhdl W HIE g9 T et 2|

TH YR 1 SR *l @[T geg’ FEd 2

TftTT 2 < U E 91 F %1 T6as U shed § A
P(FI E) = P(F) S&is! P(E) #0
P(E| F) = P(E) St P(F) #0

31d: 39 R H P(E) IR P(F) 1 Y=RR &F1 699 €|

319 WifgeRdr oF oM a9 |

P(E N F) = P(E) . P(FIE) . (D)
IfE E iR Feads wemd e @ (1) 9 &5 9 e § TR

P(E N F) = P(E). P(F) )

3d: (2) o SYAN 9 TH T TSR i Waadl i (Efaied we 9 off gt
L THd B
aftarer 3 WM of B3R F et agfess qdemn o faeel wmfie &t 91 weard ®,
E 3R F @3 7ed gt ® At
P(E N F) =P(E) P(F)
feugoit

1. < w=Aei EqeNF ! WIfd (dependent) ed €, 9% o T = & erefq 4k
P(ENF) = P(E) . PF)

2. wf-wedi T weel SR e STyes HeAe o W9 wH e 81 S el
‘Tors SIS T QR SIS 1 Wiehdl’ o 9 H & TE § 5« T I
FqeSt A T qRATS CHeR’ % ®q H 1 TE g1 $Hoh ST, TET
et srest § wig off aftomm ad weft TE e Tehdr © fohg e sene §
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oftomg @ré off 8 TR §, 9% Toe He e 71 TIRdd s g @i
e STgerst s waEef 7 E
TR v o, A < U e s sedl € fent ufehdr IR €, @ 98 WER
aTTerstt TEf & wehdl €1 faetma: afk < e Wihehdr el WER Tvest gt
Al €, o 98 T@as el 8 Wbl &

3. < agfess T W@ds wEdn €, 9 Yoish ¥ I E 3R F ok faw, sl E
B THe @ g F g wer 9 Heifed €, sesti E a1 F o U |1y wfed
B 1 Wk, ST G ieor H9= fohw ST, WifreRar P(E) 3R P(F) o ToH%e
o SIeR Bt €, FTent ufteher ST Therml o SR U STel-3Ter TR S
21 @19 P(ENF) = P(E) . P(F)

4. 99 =weAeh A, B 3R C &1 Was Fel 9 ¢ 9 iR shed A

P(ANB) = P(A) P(B)

P(ANC) = P(A) P(C)

P(BNC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
Ife Syl | U 9 9 9 Th 9 9 ToF & Bl © dl & TE SES bl s
&l el S 2l

IEETOT 10 Teh I 1 Teh 9N ISl Sl 21 ¥ U8 TR YIed & 3 1 799
2, % E 9 IR ‘Ul W 9w e 99 2, &1 F ¥ frefua fean se ar sard 9o sed
E 3R F @67 87

T B9 S @ foh 39 e o giaest s €0 S={1,2,3,4,5, 6}

@ E=1{3,6},F=1{2,4,6! 3N ENF={6}
el P(E) = %% P(F)——=— AN P(EN F)——
T P(E N F) = P(E). P(F)

31d: E 3R F @ad el ¢

IETET0T 11 Teh MM (unbiased) 99 ohi T SR ST &1 HH o A 2T T8l
IoTe W favm g ura g’ 3k B we ‘fedt e W foavm e g g g9
21 T A 3R B o WA 1 THE0 Hifu)

T W&'mﬁ%ﬁﬁmm&ﬁaﬁwaﬂwnﬂﬁaﬁ

1

P(A)_— ﬁ'{ P(B )=%=5
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1 & P(A N B) =P (31 o1 § faug @@ ura g
91
36 4
11 1
9 P(A) . P(B)_EEZZ
Eeel=roe] P(A N B) = P(A) . P(B)

31d: A 3B w@as el B
IEETOT 12 A Toeepl =61 I8Ten T 81 WA o E s CdH fad @ d 92 wrw g
I F ¥ =Aag < Fod 9 B SR G s ¢ sifurshan <1 e e e ki fefua
%W €1 T (E,F), (E,G) 3R (F,G) W hiA-shi1 | Tas 22 SH-5H ¥ THa &7
T e w1 yfaeyl T ®

S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

T E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
3R G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
e & EnF={HHH!, EnG={TTT}, FnG={HHT, HTH, THH}
21 4 1 7
oo P(E) = ==—,P(F) =~ ==, P(G)=—
(E) s 2 (F) 2% Q) 2

1 1 3
PENF) = PENG) =, PFNG) =

T P(E) . D) = x5 = PE) PG)=p < =-Lai PR PG = x L=
37d: P(E ~ F) = P(E) . P(F)

P(E N G) = P(E) . P(G)
AR P(F N G) # P(F) . P(G)

ZEfeT e (E 31 F) as € Stk 72 (F 31 G) 3R (E 31X G) T 21
FaTET0T 13 g #ifST ff 9k EiRF < Tods e @ df B SR P off wds gi

T Hife Ed F @as 8, g§fau
P(E A F) = P(E) . P(F) )
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ot 13.3,% 39-31@ ¥ 98 W ¢ fF ENF3IRE N F TER T9ast 8 3R W &
E=(ENFUENF) T 5
Fifh ENF 3RE N F 1R et ¢, E oF
Zhfere P(E) = P(ENF) + PE N F)
gl P(E N F) = P(E) - P(E N F)
=P(E) ~PE).PE) (DF | (BENF) — X5~ (E'NF)

=P(E) [1 — P(F] meRfa 13.3
=P(E) . P(F)

37d: E 3R F @45 5o ¢

| Frmoit | st v e v s wwa § fEoAf

(a) B 991 F &&ed &
(b) E @1 F a2l

SETET0T 14 A% A 3R B s WG € df A9 BH @ =[AqH Tk o € 1 Wikl
=1-P(A") P(B)
T P(AMBH ¥ =q9 TH 1 &) = P(A U B)

=P(A) + P(B) - P(A N B)

=P(A) + P(B) — P(A) P(B)

=P(A) + P(B) [1-P(A)]

=P(A) + P(B).PA")

=1- P(A") + P(B) P(A")

=1-P(A") [1-P(B)]

=1- P(A") P (B

[ et 13.2]

1. A P(A) =§,P(B) =§ AR Aden Bds et € @ P (A N B) F1@ Sifsu

2. 52 Ui i U TSl | § Agssdn T faeenfud fehw u < v ket T <t
T o el TT 1 BF 1 Iiehdl 1A hifsa)

3. R & Us fesd 1 fleror 399 O 9 Gad i agesan fa gfawenfya feu
B FehTel T fopan Stran 81 afg i fFreprel 7T W or=s ©F di fesd i faent o
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11.

12.

13.

qIehdl 563

fIu Teftepa e ST @ oTren sTeeliehd Y 24 €| U fesan e 15 ey @
S 9 12 39 9 3 WU W B, o T o foIT Teiiehd BF 1 Wifsrsharl o
EAIEL

. T A TR 3R T AT T okl SSTel T " o A Se ‘faees W faa

TR BT &' SR B A U T W@ 3 U Bl §' I Frefud e 1 Fra
HIFY o o2 A 3R B T & o1 @12
Th U W 1,2, 37 W F IR 4,5, 68 W Y T U F| W U i SISl
T HE o A ST EH 2 SR B EeAl CHe o W 9 fore T R, 6
el ot g1 A 3R B w@ad 87
UH of EAeNFS SN 38 YR € T P(E) =§,P(F)=% aﬁIP(EmF)=§?ﬁl
M E qe1 F @&as €2
A IR B UE el & W € el P(A)=%,P(AUB) :gasm P(B) = p.
p 1 HE T SIS 4 (i) TN TWER Svest g1 (i) et s B
T ® A 3R B @ds 528 € 92 P(A) = 0.3 XPB) = 0.4. T«

(i P (A N B) (i) P (A UB)

(i) P(AIB) (iv) P(BIA) S shifsq

ﬁTﬁWﬁ'Aaﬁ'{BQ{ﬁ%,ﬁﬁP(A)=i,P(B):%aﬁ'{P(AmB):%?W
P(A-TET 3R B-7&) 9 shifer)
mﬁAHmBWWﬁ%aﬁIP(A):%HmP(B):%aﬁt P (AT iR
B-T&f) =i.WA3ﬁTBWWﬁ%?
A 3R B @da st §t T € el P(A)=0.3, P(B) = 0.67

(i) P(A 2R B) (i) P(A 3Tk B-el)

(iii) P(A 1 B) (iv) P(A 3R BH &¢ ft 7f) 1 9 7 *ifer)

T U I qF 9N ISl Sl © A H 9 %Y T o) {9 G g 8
ifehal Ad ShifTa)

q e u areg 9 o ufaeenfua foeu frerrell st @1 e § 10 el 3R 8
ot T € A Wik A RIS (i) T A o w6 (ii) T el T gEd et
2l (iii) TH el a0 O @A
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14.

15.

16.

17.

18.

TIfoTd

T Taiy Te 1 A SIUB g &3 &9 9 8 F3 1 YIaehard el %ﬁ'{

%%lw&ﬁ,wﬁm@,wwaﬁaﬂmaﬂﬁ%,aﬁmﬁwm
EAIELAED
(i) THE g € Wt @
(i) STH § TLIq: HIE Th THE A HL ol &
AT ok 52 O 1 e G TEEl § U Wl Agesd e st 81 et
¥ 9 fora geneti § e E @R F w@as 22
(i) E: “fFepren e ox gpH w1 ¥
F : “fehten T ao geen
(i) E: “Fehren 0 9o et T 6 @
F : “Fieptell TR 91 U A1G3TE 2
(iii) E : “FehTen T U= Uk SIS A1 Tk ST @7
F : “fHehTenl 7o U1 Tk S A1 T T ©
Tk BEEE | 60% fenefl &l 1, 40% AU T SR 20% A STEER gd B
Tk B I AG=sA I Sl 2
(a) Wifrehal S HIfSTY fom o = df &t ik 7 & SISt 1 er@eR et 1
(b) =% o€ &t 1 SrEeR ugdl € i SUeh s i 3T@ar f ggd arel g
T IfIehdl 1A FifsTl
(c) A o€ IS 1 PR Ugdl € af 3Ueh &l 1 3r@ear ff gg+ ol g
EIRIPETIISIGEETIS I
e UGl 1 Tk SIST SSTell Sl © dl Yeh U W EH S9N Sl WW i
1 Wi frefafad § 9 = 272

1 1 1
(A) 0 B) 3 © 5 (D) 3¢

T FeAE A S B % WO @A #Ed ©, AR

(A) A 3R B TEHR {qesl & (B) P(A'B') = [1-P(A)][1-P(B)]

(C) P(A) = P(B) (D) P(A)+P(B) =1
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13.5 SI-UHA (Bayes' Theorem)

M effsrg for &1 St 18R 11 few 7w &) e 19 2 g 3] 3 ot 1 €1 3K S
¥ 4 T 3R 5 o e 21 forelt wh Ot o 9 U 7% argesa Febrell Sl €1 g4

W@%ﬁﬂqﬁﬁwﬁw%mwm%mwmﬁ%(mﬁﬁwn
49w faeie @1 (9 o §%) e w1 Fepter 1 wifierar off 99 1 Hehd 81 3=
vl H e ferdht fae w1 &1 g feprer w1 wifrehar @ R geRd €, 9f% g e
T F T iR AT O o Frekelt T ?1 AR 70 59 o1 Y WifdeRdr i
THd © fop Wig forddt fodiw 91 (WM & Sen-10) 9 Freprelt 7€ ® afE ed freprelt T T
1 W1 T4l B2 Tl g6 Se-11eh I 1 Hiaelid (reverse )WIehdl Hd Al @ Seifeh
TR 91X B ATel S 1 g9 9 €1 Ui i Wi a1 7 giaer wiendr 9
1 THE 1 GHHM fda Wiehdl o STAN gRI a1 €1 Sk R s T G
‘S-EE o W W ST ST € S ST geiadd 1763 § Wk g ol S ue
o HOF o YA U U9 SMET Ueh YR 3R F yRis qiom w R s
13.5.1 T Uiagel @Al &1 @9TsiT (Partition of a sample space)
e E L E, ... E & Sead &1 gfaeel gafe S o faursm & fefia & € ok
(@ E,NE=¢,i#/,ij=1273 .n
(b) E,UE,LU..UE=S73dud
(¢) P(E)>0,%% i=1,2,..,n% g

T o H, W B, E,, ... E Ufaeel Tafe S fawem # fefu et € af
A T SEYH €, GHU § AT STh! ARl YRR 2

ITEOM: T @A § fF B WA E IR SEAT | med B/ ufaey wAfe S #
fasrem € #ifF ENE =¢ 3R EUE =S.

a-3Tt@ Tot 13.3, @ &9 ST | Werol Y Tehd € T 7% E SR F ferel wfeeet
Tafte S, o G i & TN €, @ {ENF EF'} 99==4 E &1 T a9 2

wg=sq {E'"F,ENF,ENF} ¥9=s9 E U F & T fa9nse € iR aq=d
{(ENF,ENF,E NFE NF} gl gfaee S & fausH 2

319 T HYU Wfaehdl i UHA & fag &
13.5.2 W'l'uf UIfaehar st 98T (Theorem of Total Probability)

A9 & {E, E,,...E,
SeAE L E, ,...,.E %I Il YA 8| °F difan A gfaeyl wafe & 9@

n
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el ©, 4,
P(A) = P(E,) P(AE)+ P(E) P(AIE) + ... + P(E) P(AIE, )

= Y P(E,)P(AIE))
j=1

suufs & 0 2 76 E,E,, ..., E, 9foeel Tt S &1 weh fawse @ (ot 13.4) 3afem,
S=E VEU..UE ..(1)

3R ENE=0Vi#jij=1,2 ..n
Y 9@ § foF fordt seA, & foa
A=ANS N
=AN(E UE, ..E) ———

=(ANE)UANE)U.UANE)

WA TANE, SiRANE, FA9: T B, iR B % Suaqes € 3l i # j, % fog
IR € T %), ij=1,2...n% T A NE R AnE i erg €
ESISIY P(A) =P[(ANE)UANE)U..U(ANE)]

=PAANE)+P(ANE)+..+P(ANE)
S| P(A NE) = P(E) P(AIE) #if P (E) # OVi = 1.2,..., n

Wifirehal o TUH e gRI BW WA € T
zafan P(A) = P(E) P(AIE)) + P(E,) P(AIE)) + ... + P(E,) P(AIE)
R P(A)_ZP(E )P(A|E))

memaqﬁm#@ﬁnfmmaﬂéaﬂm%masﬁaﬁm
0.65 81 TSdlel 7 € &1 91 ggaret 84 &1 fefaal o fafo & o guamgar qof
B 1 WIfeRard s 0.80 e 0.32 € fmiv S % gEarEr o €F %) gt
RIGRCAISL
Tl UM ofifse f& ‘fmfor e & geager gof 897 & s i A SR Cegdret g
%1 e il B gR1 Frefua fran S €1 g5 P(A) 91 T €1 ed 9 © T
P(B) = 0.65, P (8gdiel &) = P(B") = 1 — P(B) = | — 0.65 = 0.35
P(A | B) = 0.32, P(A | B") = 0.80
ifer S B 3R B’ WAl W= o faweH ¢ gafee §qul wifvreRal wig gR
=P(B) . P(A | B) + P(B’) P(A | B")
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=0.65 % 0.32 +0.35 x 0.8

=0.208 +0.28 = 0.488
31 fmfor e gHeEr gof eF T wifaskdr 0.488 R
9 TH ST-WHI T YR HAT 90 39 fag Hwa
IT-UHT (Bayes' Theorem) af€ E.E, ... E 3 e & S T ufaeel gafie S
% fassr 1 0 St & S E L E, . E, T SHIH € SR EUE,U ., U
E, =S 3R ASE Tt s € fowet miaswa ym 2, o

P(E)PAJE)

P(EJA) = — ,i=1,2,3,...n
D> P(E;)P(A|E))
Jj=1
suufa &9 9 © 6
P(ANE))
PEJA) = — 7
P(E;)P(A[E))
= TA)I (Rt o TUH e )
__PE)HPAIE) e & Frm @)

D P(E;)P(AE,)
Jj=1

o s e e S e
HEAHAE , E,, ... E Hl IReeT E (hypotheses )Fed i
P(E)) 1 YRehed 1 E &1 Jahieie (a priori) Wsdr #ed €1 ofqes Wi
P(E A) %l GReheql E &l ST (a posteriori) WIfdehRdl Hed 2l

I T T CHRON HT IfashAl 1 G o Fe S 21wt E, vfaee T S
% Tk faurs 1 fE wd € THfeie sest E ¥ ¥ U 9vg ¥ Uw iR e
T § Hfed Bt ¢ (STE, § W Shad U § HeAl Hedl ¢ 3R Uh ¢ sifuw T we
Tl ©) 3T: ST G TH fHE ORI E, (3147 Tk RO WAk < € Fafh
S A W1 Sfed g e e 2

51794 &1 fafay aftferfl & swafa 21 39 @ 99 = Fefafaa sceon §
T fRa T R
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SETET0T 16 & S [ 3R 11 fau €1 St 19 3 ol @R 4 et 1 & o9 fof 9t 11
T 5 el 3R 6 et e 2| fordl T O | ¥ Igesd T T (et T oS fw
e T 1 21 3H 91 i 1 Wiiehdl € T T g O 11 9 fehredt T8 €2

Tel Ot [T W B B B, | SR 9 1% =@ &I E, W et 7 et fw
e 1 1 g e 1 HeT w A9 e w3 2

e P(E,) = P(E,) =

N | —

A& P(AE) :P(%Iﬁ@mﬁﬁﬁ?ﬁm@):%

R P(AlEZ):P(QﬁéHﬁ@mr’nﬁﬁ?ﬁmﬂ):f—l

3@ SR T 9 W5 e &1 gifawar, 59 & 98 71d & % 98 o
&1 € = P(EJA), 39-T99 51

1 5
PEIA) - P(E,)P(A | E,) TR
2 7 P(E)P (AIE)+PE,)PAIE,) 1.3 1 5 68
277 2711

SETET0T 17 6 etfa= fes I I 3R 11 Ry e € el goie o < foees € fosd 16
T foeer O o €, Tesd 119 <l foger =id) o € @R fesd I W U 9H 3R wh
<7<l o1 Teent 1 U Safer Agesdl U Tesa IAar @ iR Sud 9 g=sd U e
fhrerar 21 afs foaeeht @M 1 2, 1 39 §1d 1 F1 Wigehar € for fesd o qowr faant
ff G 1 & 22

T AF A E, B, 3% E, %A fead | 13k 11 % == &1 frefiq & ¢

1
@ P(E) =P(E,) = P(E) = 5

e @ TH A AT FekTen T faeet 9 @1 2 Wl <wid B

LiE| P(AlEl):P(%@rlﬁmﬁaﬂfawﬁm):%:l

P(AIE,) = P(fessl 11 ¥ &M o1 T Toeept feher) = 0

P(AIE,) = P(fesd 11 ¥ |1 1 fasrht ke = ;
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e fesd o g faaent off |F 1 8 1 Wik

= f9rten T WF w1 9o fess 19 BF &1 Wifoehdn
=P(E |A)
9 I-YHI g
P(E))P(AE))
P(E,)PAIE,)+P(E,) P(A|E, )+ P(E;) P (AJE;)

P(E |A) =

IEEI0T 18 AH o foh Uk Tt qdieror &) favesmHiean fefafea ger 9 ffde
H1 T 2

LA, TiSifed sAfal o forq Tieron 90% Tar @ H SR 10% Tar 7 @
o gyH g1 TE.STE. . § ds sAfaddl o foru wharon, 99% Wel udl oRlal § A T,
3.3 Tfea Farar ® etk 1% e safe o foau va.ed ). dsfifed aamd 21
e SEE, fSEH 0.1% oAt TaeE . Uk €, § 9§ U oAfad Agesdl g1 Sl 8
3R 39 1 e foea s W Gfaer ELe . 1 suftefa adrar 81 s wifeRd
2 for o' =afed ora | TaLeR A (UShfea) @2

&1 UM o B9 T Afad o arkdd § TE.STE L. uisiied e S el iR A St o
TE Al T § WSiifea 8 w1 HeAl i g9 &1 g6 P(EJA) I ST B
e G E 9 T Al o TELSE AL WSiied 7 8 w1 Sl i <uin
el {E, B} SHEen o gt safaal o fagst gafie &1 weh fauee 21 el wa @
P(E) = 0.1% =1-=0.001
P(E’) = 1 - P (E) = 0.999
P(A|E)=P (=afert =1 qermr o we.ene. o, disiifed <t s fean mn € fr =%

aqd § TSR AL, Oehted ©) = 90% — %=0.9

#AR P(AE) =P (Af &1 T ® LS al. uisifea <9 s@ fo faan wn ¢
9% ard | TE.eTRA. dsifed T8 §) = 1% =0.01
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e d9-YHI g

P(E)P(A|E)
P(E)P(A|E)+P(E")P(A | E")

P(E|A) =

0.001x0.9 90
0.001x0.9+0.999x0.01 1089

37d: Teh Ao g U AfK o aeqd H T, 3T, Isiifed 8 i Wifaehal sidl
fop o € o SEeh wE.emE . qder disifed 7, 0.083 €1
SETETUT 19 U died oM o HREH | 73+ (F3) A, B 3R C el SIS 1 W
25%, 35% 3T 40% diiee et &1 39 "1 o Scured w1 a9 5, 4, 3R 2 g
i TR (Ffeqel) € diced & Pl SR | ¥ T e Agesdl e S € sk
o€ TS U Sl B SEHehT o Wikl € TR 7Te diee Hei B gRI ST TR €2
T A fern % wed B, B,, B, 1 W& 2
BI:WWAWWW%
BZ:WWBWWW%
BS:WWCWWW%

T g foF et B, B,, B, WER T9asit 3R 9 €1 o femn f s E f=
TR : Edice B 2l

e E, Sest B, AB, A B, % Wt wfeq Bt g1 e

P(B,) =25%=0.25, P (B,) = 0.35 3% P(B,) = 0.40
T P(E|B,) = dice & @& 81 i Wikl @ fo < 31 fof o)z WA B g1
fafei &

=0.083 (TT19)

=5%=0.05
7dl ¥R P(E|B,) = 0.04, P(E[B,) = 0.02
491999 5N ¥H 9. € T

P(B,)P(E[B,)
P(B))P(EB,)+P(B,)P(E[B,)+P(B;) P(E+[B;)

P(B,E) =

B 0.35x0.04 0.0140 28
0.25x0.05+0.35x0.04 +0.40x0.02  0.0345 69
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IETET0T 20 Teh S i Tk UM 1 2@ A1 21 Teed o el § 98 9@ € %

IUh A, 99, TheX A1 fRE T aeA ¥ T FT WiAshard s %,%,%m%
%aﬁ%?,wmw@m%aﬁmﬁ@mﬁmﬁqﬁﬁm:%,%,m%

2, T fopdll o o8 | o W S R & et B Al 9% 3 W @, al SHek oA
T 7 1 Wfaehdr Fd S|
&1 A ofifere i ‘efaet o Wit o 78T S @ oH’ Y W E ®1 AR SRR & 3,

oY, WpeR A1 fHl o1 9Ed gW ST T wedd %A T, T, T, 31 T, &1,

1 2
P(T)) = %9P(T2):%5P(T3)=E3ﬁ1 P(T4)=g (e %)

P(E|T1)=@Taaaséq§maﬁmé1@u§—nﬁﬁquw=%

=l ¥R, P(E[T,) = %,P(EIT3)= %,P(E|T4)=0,a?ﬁﬁ 3T dEA g 3T W 39
[ T B

37e d9-YHI g
P(T,[E) = SoR 51 <X § 3TH W ¢ 5 3T &1 Hfehal
) P(T)P(EIT,)
P(T))P(E|T))+P(T,) P(E[T,)+P(T;) P(E[T;)+ P (T,)P(E[T,)
301
10" 4 3120 1
3 1 1 1 1 1 2 4018 2

SEETOT 21 Teh AT o aR H A € foh o8 4 § 9 3 9N GcF dieidl ¢ o T I8
1 IV & SR adeldl 2 o 39 T 3 arelt & 6 21 39 F1 Giehdl 71 Hifsy
o 9 W M STl gen g | 6 2
7o O ofifee f E, ‘=afad g1 9 i ST L I8 Fa i foh $9 W 3T drell
T 6 T I FA B HE S S, U W W@ 6 AW F A R S, TH W
@& 6 TET A Hl w21 qd

P(S,) =H& 6 3T 1 = 1 Fifehal =

1
6
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P(Sz)=m6ﬂﬁaﬁﬁmaﬁ9®7ﬁn=%
P(E|S,) ==af 5N ¥ 9N W fF wH fF HEm 6 o € Sk T8 W S aeft
T arsdd | 6 7, i Wifehd
s g e et %) P =
P(E|S,) = A 51 7€ 9 W & T8 W T 6 I ¢ Saih IH W S ol
e add § 6 & €, 1 Witk

— feRd g1 HA &l Al i wifrehar =1-

3TE IF-YHT g
P(S |E) = =Af R 98 AW I Wikl fF WA 6 Wehe g ¥, 99 aad § Ted 6 8

Al

3
4

1 3
B P(S,)P(E[S,) 64 1 24 3
P(S,)P(E[S)+P(S,)P(ES,) 1.3 5 1 8 8

6 4

m:aﬁ&mﬁwgél

| womrerett 13.3 |

1. Uh %eAql § 5 el 3R 5 shich 18 &) AgesA Tk 1< el STl 2, 56kt 1
e HE o 9% YA: HAY § W@ & Sl 71 YA Fehrel T W w6 2 eAfaite e
FHow § W@ & S # den ko B ¥ Tk A Rl St 21 gEd i S A
B 1 WIieRal & ©?2

2. TH U T 4 el SR 4 Hredt e 2 AN T 3T Ol § 2 o SN 6wl 1o
12 Sl § U U R AgEsA I S @ AR SHY U 1 el S @ S
o el ©1 39 o1 1 9o Wiidehar @ foh g qeel 91 § fehredt T8 €2

3. 98 9 © T TF HelaEerd & ol § 9§ 60% SEe § ®d § SR 40% SHE
¥ & wd 81 ol o o uRong gfud & § o see o w A el |
T 30% AR BEMEE § 7 T ol SEl H " 20% BE 4 A-U fomn oy o 3
¥ Heiferrerd o Tk ST i Agesdl I T R 7T @ 5 39 A fhen
21 39 91 1 1 YRl © foF o% o sEed 9 @ ol 82
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ufaehar 573

T Tgfahedt 999 &1 SR I § T famnedl =1 @ e # S S+ € A1 9
Wﬂmélmﬁﬁmwaﬂﬁﬁm%%ﬁ?wﬁwﬁﬁ

mﬁwi%mﬁﬁm#m&wwsﬁqﬂwﬁmaﬁwﬁaﬁ

FIRED 41‘ 2 @ TH 91 P A WITHHAT § T IS B YT F1 W S § A
IE T ¢ T 3H wE SR femn @2

fopelt forgw U o @&l FieM o fog o 1 St 99% STEER B, W arsdd o
Ueft S| U @ I B 21 fhg 0.5% aR TRl oy At i T S i W
M TTera Faid 2 @ At safa 1 A0 @ v adqeran @1 A e SegeE
T 0.1% I 39 AT Y T& 2 o 1 Wiehal 2 o IS Ageoan 971 T Al
IH U W TE B AR SHh T 1 SrE T8 o Sl € foh 39 ¥ A 2?2

= fiyereh f&w U €1 U sk o <Ml SR Fora & 21 g ferent sifvea @ foes
a0 75% 9N Yehe il & SR dew i foaent 21 diFl o 9 s fawer @l
5=l A1 T SR ST ISl T 7| A faach W faa wehe @, @ o qifahdr
2 T o < faq eren fasm 272

Teh ST ST 2000 TheX ki, 4000 R i 3 6000 Th =TeTehi 1 =l
Tl 81 gESTS ®1 W ®wEeT: 0.01, 0.03 3R 0.15 B srHweha sAfew
(arereht) H | U g B Sl €1 $9 SAfH % Tl =i € k1 Wi
1 7?

Toh HREH A 3R B 3 w3 ol €1 qdf forenor @ gar weran @ & et Scared
T 60% A A R 40% Hei B 51 fohan e 21 s@eh efafier wefi A%t 2%
3R T B AT 1% IGT W 71 A Fel I k1 Th &R o1 T e @
3R SH e W A=A Fehrell T o @ €, 39 o] o’ A’ gR aH
B T TRl S B2

3 o Tk T o R Hed ¥ i qH %1 gfaedi § €1 ued 9o R 5
o St w1 WIfFshdrd H9T: 0.6 91 0.4 € 38 eifafe afg eet s Sfad
% d T U SR o U B i WifdeRdr 0.7 € IR A SE et Sadr €
9 91d 1 TG TR 0.3 T1 ST FFshel F1q HISC & 721 Seare g <
BN 9 ok = e

M S foh h1E Tgeh! Teh I SOl 81 A S8 5 41 6 1 GeA W et
2 dl o TH fHeen i o R Serl § S ‘fadl’ w1 Hem [ s g At
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11.

12.

13.

14.

TIfoTd

IU 1,2,3 0 4 F T YW Bl @ dl 98 T T &l T a7 oo § 3R
g e Lt © o S8 W a0 fue’ ure gl Afe S Sk U Tea wrw g
2, dl SHeh §N SO ML U™ W 1, 2, 3 I 4 UK B 1 Wiiehdl 1 €2
e S il o 99 A, B 21 C /39 ST 81 9o SR A 1% @la
Gl SedIed SHiar @ qe AT B 3R C HH: 5% 3R 7% @e Wl Seaifed
FX €1 B W A FA GHT B 50% Rl €, B bl THI H1 30% 1 C e
T T 20% E 21 Al Tk @e el Saafed © 4 38 A g Sarfed fR
I T IR 82

52l Y TSl @ U U Wl Wl ¢ 99 U6l 9§ % 9 eprel S @ S €2 ok
T B @l T TN T 2 B T WiTdehar & €2

Amwﬁaﬁﬁmﬁw?%wﬁwmw%HWAm%ﬁ
fora =iyl gam arfaes &9 § fodq gwe eF &1 wifaswa 2

4 1 1 2
(A) 3 B) 3 © 5 (D) 3
I A 3R BUH w2 € fF Ac Ba™ P(B) =0 o =1 § & &iA 3%
_P(B)
(A) P(AIB)——P A) (B) P(A[B) < P(A)
(C) P(AB) = P(A) (D) ST ¥ IE &l

13.6 'éII'l'c{f%EB = 31T 3‘9@* YTtaehat e (Random Variables and its Probability
Distribution)

&, Tefea e SR S gl FE % aR § vee @ WhE g § o whe
H 9 oIy ® BW foviy uiome ok s=g@ 8l o foRg 3 uRoma ®
Hafya fordt g&n o s=g& 9

AT FD TIEwl SR Sk IRoml R formmr |

(i) < Il Rl Tk o TAGU H TH A IE W Yehe WA o AN H ToZH B

G B

(i) U Toser ®i 50 R IS H eAN w9 fudl &1 Gen ¥ g "gewdl 2
(i) 20 &G & Th R W, 5o 6 @ €, 4 TG H (T & o€ Th) Fepren

o T ¥ FAN w9 4 agetl o Ufasyl H WUd oRqgetl i §ed ¥ 8l §ehdl
2 7 % WE iR diek aegetl o fRdt faem st H)
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Swfe § W Yoeh e § gER U™ U | @ S Yodsh uRond o Ed U
ardfas den e s 21 wheo & gds 9o & fau T ardfas gen
-1 it B Tehdl €1 SEFT 7E Ueh =X €1 W € 3Rl 9 Rl argfess wlem
o RO W R Y € SEaT 3 Agfese W hEd & Uk A ess = ol HHd:
X9 = W B

A AT Tk He i TRATIT T TR SIS ol i f aad o T asi=s
=R X, ®er el 8 5@t Wid (domain) agese T0er0T o qROME! 1 S (2
gfteel wafte) g 21 U arfes =X wE f o 9 o Gl €, TH SHEH
W& (codomain) ST @3t o1 T== Bdl €| 37d: Teh ATgfodeh =) i 1
R W TR T Fehd 2

T 4 Uk Ao wR 98 o el © et wiq et angfesesn wlern 1 gt
gufte g 2l
IR0 o foTu, 2MeT U Foaeh 1§ aR 3T | SoTel 9 o Te R faar wifsm)
38 e S Giaeel g 2:

S = {HH, HT, TH, TT}

Ifg X, o Tordi 1 G i o5 el ® dl X U Agessh =) 8 31 qeish qiomm

% foau Toe 99 9 TR 9 e wm R

X (HH) =2, X (HT) = 1, X (TH) = 1, X (TT) = 0.

T € eyl TAie W U 9 atfus Agfess =R aRwifid oy S Hehd 81 SR

& fau om o f& Y, fasst wofe S & yers aftome o fog fadi =1 9= 9@ uef &t
T o W I e I Bl a9

Y (HH) =2, Y (HT)=0, Y (TH) =0, Y (TT) = - 2.
Id: T gigeyl Tafe S # X 3R Y T f9=1 agfess =) gRtwifa feg g €
SETETT 22 Ueh AT U (ki dIF 9R IVTeH o1 ©el Terdl €| el o AFsTeh
g 39 AR ! Y% T9d o faq Rs 2 2dT ¢ 3R Yois U2 o fou o8 oafe
ST i Rs 1.50 a1 €1 A & X oferd gRI it 2 a1 g T TR ol oFek shdal
21 9Md fop X U agfess =X @ iR 38 wdiern & giqesl gufte o %ol & &9
T yfyfa i)
T X UH " © e am fore wfeos aieron o giomi w aifia 21 gafae
X T Fgfess =T B

19 Thie w1 gfaeyl wafe 2
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT)}
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X (HHH) =Rs 2x 3) = Rs 6
X (HHT) = X (HTH) = X (THH) = Rs 2x 2 — 1 x 1.50) = Rs 2.50
X (HTT) = X (THT) = X (TTH)= Rs (1x2—-2x 1.50)= —Re 1
AR X (TTT) =—Rs (3 x 1.50) = — Rs 4.50
Tel o g, faenet 1 =i 1 <9l @1 ?1 o1a: ufieyl wafie o g e@ad &

feru X =1 T afgdt |7 2, safan X ufaest gufte @t %o § e 9 7
(-1, 2.50, —4.50, 6}

SETET0T 23 U O H 2 Hie 3R | o 113 € Agesa T 115 Fehrell T 3R STeh
T A wE ok % SH G O | S T g9 URRAr 1 g fRer e oA X |
feRTell H HheTal 1 HE&A i <A1 @ dl, X o1 foer01 <, STel b ol g ol fHeher
Hheral 91 T @

T UM A TR Ot | Wl A B ow, w, - W e B T
a9 yfeeel gufie 2:
S={w, w, w, W, W, W, W, W, W I, W I, I W, W, rr}
31 X = Q) ® & = Fhad hi HE&A
FERT X (fw w1 = X (hwy w,}) =X (£ w, w,}) =X (D w,1) =0
X (fwy, r}) = X (tw, 73) = X (L rw ) =X ({rw}) = 18I X ({rr) = 2
A: X U Afeseh S e S 0, 191 2 9 o Hehel B

13.6.1 Tek argieder =X @l WAkl e (Probability distribution of a random
variable)
3 W UREAR f, f, ... f,, ¥ T URER il 36 TR T o e W fa=r & 6
Hesh URER 1 e FHEAed B’ o T wReEw £, f.f " FE9: 3,4,3,2,5,
4,3,6,4,59<H g
3TSU Ueh URER &l I o ITch UH i H&A Hl A HY, X ¥ S HiTo(C| Tl
X T Agfess =1 € T8 1 yeer @ uRenfia fmen @ @

X(f) =3, X(f) =4, X(£) =3, X() = 2, X(f) = 5,

X(f) =4, X(f) =3, X(fy) = 6, X(f) =4, X(f,) =5
Id:2,3,4,5, 68T XHE FH uH o ghar @

379 X 1 A 2 B e GRER £, 1 I T E X H HAE 3T Rl € S5 S

fio f, ™ © el qREm =l g1 S g R

X =4, qR&ER £, £ A0 f, 1 I STCW
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qehar 577

X =5, %@ URER £, A f, 1 A ST
R X = 6, 519 YRER f, 1 A SO
<feh A T 2 T Yok ORaR 1 g S SREeed 7, sefee ufER £, % g S

FHT iR %%I
31d: X &1 91 2 8H 1 Uifehdl %%I

WW%P(X=2):%
e B f,f, A f, 9 fedl ot wh uRen w1 g w1 wifed

3
P iD= 75 B
d: X 1 HA 3 BH 1 Hiaehdal =

. 3
WW%P(X:@:E

T YR B9 U © R
3 2
PX =4) =P}, [, f,}) =10 P(X'=35) =P/, f,,}) =10

1
R P(X = 6) = P({f,) =75
T YR 1 faaner e agfes® =’ o WY 39! 9d Wiidehdiel ! fam@n s
2, &1 Fefesd =R X &1 Wifiehd 927 Fed 2
qehd: oh ASTes® =X X &1 Wehdl sied &l 61 o) o ufiwig feran s 2|
Tt 5 frelt aRfesss =R X i Wikl s genst & ffafaa yomet ()
B ?

3
10

X : X, X, X,
P(X) P, P,
n
&l pi>ovz Pi=1,i=1,2,...n

i=1
SIfo T x , x,, ... x AEFE5h =R X F W AF (FeA) € MW p (i=1,2,...n)
Aoz T X HT AH x BF F1 WAHA & QP (X=x) = p,

| oot | = x Tgfem =R X, %1 T W T § @ FOH X =, Wit wfie
% Fo g (a1 & AT & 9 e 81 37 X T x G T FT Wha H3d YRR
Bt 8 21 P(X = x) # 01
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Y & X o |t difod A ok fau ufasel wmfe o gt fogew @1 e @
ST 21 SafeTT fordlt WieRar ded o e 9l WieRars?i &1 A T ST =meu

SETET0T 24 TRT o6 52 T &1 Tk Gfsd Teel 9§ I0 ST Uiqeema T o |l
FrepTel ST E1 TRR1 Bl G T WTHHA s TG HIAT
T ShI 1 WA Th Agreveh = €| THeh! BH X ¥ el sl 2| Tqeedan X &1 4
0, 1,32 21 e ol ol gfqeema & e Frerren T © gEfeu AT gl 1 frerer
Torst weT B
e P(X = 0) = P(3hT &l AR 3oh1 )

= P(3RT TN x P (3FhT &)

48 48 144

52 52 169
E Iy P(X = 1) = P(3aehT SR gaenT &l 31l goeh1 &1 IR gl

= P(3FT) . P(3FRT &) + P (351 ~TEN) . P (35h0)

4 48 48 4 24

52 52 52 52 169

R P(X = 2) = P(3%hT 3 SehT) = P(IFHT) X P(3FHT)
4 4 1
= — X—=—
52 52 169
31d; a1vfe Wil e 2
X 0 1 2
ol [ [
gy 169 169 169

SETE0T 25 Ul o T S &l diF aR 38eH W gl (doublets) T W& &1
ifehal | | hifed|

T HA oitee R X fgel &1 e fefua w3 2

(1,1), (2,2), (3,3), (4,4), (5,5), 3 (6,6) Gva g &

e ® o X | 0,1,2, 0 3%|

w fow T R W = é

@%Wq%ﬁﬁaﬁmﬁw—l—%=%
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qfaehdt 579

55 5 125
P(X=0)= P(qamﬂf‘gaﬂfr)—g g <16
P(X=1)=P(u# fgh R g &

_lééélééél_lxi_ﬁ
6 |6 62) 216

666666666

( 1 5) 15
=35 x=|=—
6> 6 216

1 1 1
P(X =3)=P (dF fgeh) =— g 5 216
31d: X @1 31vfiee WifeRdr e ﬁr—r%rF@a 7
X 0 1 2 3
P(X 125 75 15 1
(X) 216 216 | 216 | 216
TS iR 1 A
: 125 75 15 1
Q.p = +—t—
216 216 216 216
3 125+75+15+1_216_1
a 216 216

3Td: ST UIFehal sed Tl 2

SETE0T 26 M o fohdt agfess 9+ T faemer fom o wer & =i &1 X 9 39
ST €1 X o 0 x @ 1 Akl feAfafad @@ 9 €, SEl kT i e

0.1 3Aafgx=0
kx gfg x=131 2
k(5-x)afs x=31 4
0 AT

P(X=x)=

(a) kR HME F1A HIST
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580 RG]
(b) TH &1 T w1 Wiidehar @ foh a1

A A gd &7 qeAd: e Ugd &7 Aferhan 1 W ugd €7
T X o1 Wifdehdl s A= fean w2

X | o 1| 2 3
PX) | 0.1 k| 2k | 2k

(a) &5 9@ % f7 2 p=1
i1

AT 0.1 +k+2k+2k+k=1
= k=0.15
(b) P(3MT =Iad & = ved €) =P (X >2)
=P(X=2)+P(X=3)+P(X=4)
=2k+2k+k=5k=5x0.15=0.75
P(3T1 deFd: = S ed §) =P (X =2)
=2k=2x0.15=03
P(3TY 3ffeehad &1 52 Ugd §) =P (X <2)
=P(X=0)+PX=1)+P(X=2)
=0.1+k+2k=0.1+3k=0.1+3x%0.15=0.55
13.6.2 FGF o & AT (Mean of a random variable)
agd o Tmened ¥ el agfees =R & Tt ae o1 Tha 9el 9§ 0 s
Bl €, fr =X 1 wiferehar sicd 9 F1d Y Tehd € TS € 5w SeAd qied, wienes o
Tt BId 21 39 el | g9 Hied W w1 /e srarefa a1 she ygfa w1 A
o el § ® fop o fordll asfemes =) o HegmE a1 iied 99 i S & 2

TR 6 HF o X U Efeed = € fomer weifer M x, x,, x,, ., x, FOEERD:

TTH p, py pyy oo p, B X1 WA, B 1, W o o7l €, mzxp,%ﬁél

1ffe x 1 ¥4, 3R X, o Grfad A 1 i Siga g g, e
G ifeRdl | iRa = T B

qgfess =X X o WA &l X %1 G (Expectation) i #ed €, 5@
E(X)¥ = %% 21 ¥1a:

EX)=p :zxipi =xptxp, t..+txp
i=1
T Wl H
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FEfess =X X 1 WA A1 YART X o Gt G Ol o1 SRt Gd Wifsharei
o T T I B 2

SETETOT 27 HA W T UGl oF T SIS ] Sl Wil € R Agfeseh =X X, TEl W
Yo e 1 AN forEn S 71 X S HIgd A A [ i)

Tl 39 qer w1 yfasel wmfe 36 Hifaw wewe ¥ fAfifa gon €, =< »fva g
(x, y) % &9 | foran <1 @ehar € 56l x = 1,2,3,4,5,6 3 y =1,2,3,4,5,6.

Agfegeh =R X o A STeiq Il W YT HeAH &1 A 2,3, 4,5,6,7, 8,9,
10, 11 31 12 & Hehal B

1
W PX=2)=P({(1. D) =3¢
PX=3)=P({(1,2), (2,1 -2
(X=3)=P({(1,2), 2. D)) =7
3
P(X =4)=P(((1,3). (2.2), 3. D)) =3¢
4
P(X =5)=P({(1,4). (2.3), 3, 2). (4. D =3¢
5
P(X =6)=P({(15). (2,4, (3.3), (4, 2), (5, DN =3¢
6
P(X =7)=P({(1,6). (2,5).(3,4), (4, 3). (5,2), (6. D)) =3¢
5
P(X=8)=P({(2,6). (3.5). (4.4, (5.3). (6.2} =5,
4
P(X =9)=P({(3,6). (4.5). (5. 4). (6. )} =7
3
P(X = 10) = P({(4, 6). (5.5), (6. H)}) =7
P(X =11) =P({(5, 6), (6, 5 -2
(X = 11)=P(((5.6). (6.5)) =3¢
P(X =12) = P({(6, 6) :i

36

2022-23



582 T

X T UTfaehd! ded 2:
X'<’3|Txl_ 2 3 4 5 6 7 8 9 10 | 11 12

s L2 22 s ]e s a]a]2]
()p"36 36 |36 |36 |36 |36 |36 |36 |36 |36 | 36

n 1 .2 3 _ 4
AT p=EX)= ) X,p; =2Xx—+3x—+4x—+5x—
h=EX) z‘ P e T 56T 36 36

+6><i+7><£+8><i +9><i+10><i+11><£+12><i
36 36 36 36 36 36
246+12+20+30+42+40+36+30+22+12 _ 7

36
37d: Q) UGl oF $ehd W Udhe TS & AN &1 WE 7 7

13.6.3 ugTe®deh =¥ &l GGVOT  (Variance of a random variable)

Tgfezeh =R 1 HIeA SH WX o WEl W foeRo o aR § I g € < 21 W g
faf=1 wiferdr e ool agfeseh =/ o e WHH B Hehd ®, S TR X IR YR
frefafed seat o faamn mr

X | 1] 2 3 | 4
NEREEERE
X1 3518 |3|3
Y | 1] o] 4 5] 6
R EE
M1 3] 3| 35| 3|3
1 .2 .3 22
Tl EX)=1x—42x—+3x—4+4x—=—=2.75
() =begraxghixgtaxg=3g
12 4 1 12
E(Y)=-1x=40x=43x—=45x—+ 6x—=—=2.75
#® ()= = b O g g T %=

T X AR Y T3 & TR ITF WA FE © I8 T 9N & TaAs (e §
off s | Uferd R S war © (SR 13.5)1
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P(X) P(Y)
Ys1 s
2/ 4 2/
8 8
Al H H 1" ] ]
X<5 1 2 3 4 X X -1 OI 1 2 3 4 5 6 X
0] (i)
axr@"ﬁr 13.5

X Y T w3 o fou gd agfess =) & oM o fa@e &t 9 9% o 919 hi
AR €1 T WiieTsh! o el € Tk sfishel o famror =1 fagwa =1 A € g
21 3 YR gfewsh =R % qodi | forawa i GERer § W1 S Gehdl 2
uftarer 7 AR AT X tE aRfed W T e wfad ged g, v, Lx, W
BIRETIE] p(x)), p(x,), ...,p(xn)éﬁ iy T 21

qH & p=E (X), X %1 77 81 X 1 W var (X) 7 o, g1 Fefua, 61 fm=
THR 9§ qReifia feman s €

O'x2 = Var(X)= Z (x;— /U)z p(x;)
i=1

A T o = E(X-p)’
R e o, = \Var (X)=JZ (%, —12)° p(x;)
i=1

%1 Aok WX X 1 A fa=ie (standard deviation) &d 2|
Tgferdh o T YERUT J@ T 1 o G
T 9 € R

Var(X) = Z (xi - “)2 p(xi)
i=1
= Z(xiz +p’ - 2px;) p(x;)
i=1

= Z ('xiz p(x)+ Z l-12 p('xi)_z 2px; p(x;)
i-1 i=1 i=1
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- lznl“(xf p(x)+1’ iznl:p(x,-)—2uiznl‘,xip(xi)
- Zn“xfp(xi)wz—zu{azrﬁ ip (x,) =18 p= Zn‘,xiP(xi)}
p— P i
_ Z<x P -1

n ( n \\2
= Var(X) = 3 (v p(xi))—kai p(x))
i=1 i=1

el Var(X) = E(X*)-[EX)] . S&l E(X?) =Zn‘,x,-2 p(x;)
i=]
JEENUT 28 Ueh HYAd ™ ! Thehd W W T&ATS 1 FEOT JMA hifed|

o Ther &1 gfaest gt @ S={1,2,3,4,5, 6

A o X, T8 T Yehe WA 1 =T Hidl 21 a9 X U qeiess =X 8 S 1,2, 3,
4,59 6 HE o Hehdl Bl
oy 7 P(1)=P(2)=P(3)=P(4)=P(5)=P(6)=%
Tafert X &1 giferdr ded

X 1 2 3 4 5 6

pol LI L 1L L]L
XI5 l16ls6|6| 6|6
CE E(X)= 2% P(x)
i=1
= 1><l+2><l+3><l+4><l+5><l+6><l=2
6 6 6 6 6 6 6
e g EX?) = I’ ool e e el 2
6 6 6 6 6 6 6

3. Var(X) = E (X?) — (E(X))*

_2_[21)2_91 441 35
6 36 12

T 6 \6
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SETETUT 29 RN ok 52 TNl i Th Hedl-oifd H T TeE § ¥ I Id SRR o
HRTETOHT 3 (A1 Tk ©17) kTl ST &1 SIe9iel o1 S o1 Wied, YEl o Wih-foeer
@ I

T WA ST foh € o9 fehTem § SRl %1 gem w X 9 e % 2l X Th
Tgfemeh T E W 0, 19 2HH o Fehall 2l

48!
®C, 2148-2)! 48x47 188
¢, 520 saxs1 221
21(52-2)!
4C148C1
52C2

3 P(X = 0) = P(h1E 9ISIME &) =

P(X = 1) = P(T& 938 3R T 9E30E Te) =

| 4x48x2_ 32
T s0x51 221
4
, C, 4x3 1
3R P(X =2) = P (3 91_9IE) =55 —=

C, 52x51 221
;X BT iR s 2

X 0 1 2
boo | 188 [ 32 [ L
(X) 221 221 | 221

T e X= EX)= 2% P(%)
i=1

188 32 1 34
= OX—+IX—4+2X—=—+
221 221 221 221

n
Trer & EOC) = YXE (%) = 02 xASS 42y 32 L2 1 36
= 221 221 221 221
EC Var(X) = E(X?) - [E(X)]?
36 (34) 6800
:E(E) T (221)°
TqfeTg o, = JVar(X) = 6800:0.37 (T

(221)
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[ wvaTaet 13.4 |

1. =Rt o Fefafad Wi e § ®F 9 T aefess =X o fog 96 T2
21 ST I HROT FWiegd faray)

i [ xTTo [1 [2

PX)| 04 | 0402

i) [ x [o [1 |2 | 3|4
Px)| 01| 05] 02 [-0.1] 03

i) [Y -1 To [1
P(Y)| 06| 01| 02

vy |z |3 |2 [1 [0 [
P(z)| 03|02 | 04| 0.1]0.05
. T HAN H 5 el 3R 2 Hiedt 18 €1 q i Agesd Fered T 9 et X et
el 1 W& I o w1 B X o Hferd HH A €2 1 X e w82
. AWM A X fadl Y gem oIk uel 1 e ¥ of 1 e il €, 9 Th
ek 1 6 9N S®Tel STl 21 X o Heifad e 4 27

4. frfafed o Wifaehar seq F1d Sifag:

(i) T Toeer &1 I 3@@ H fodl &1 Fe&n &

(i) 9 fgaRi * TH G TH 91 IV@H W T2 HT G& H

(i) TH faaer &t AR 3BTl | fadi &1 G@ H

Th I < IR IBeH T herd bl T &1 Wifdehdal s J1d hifsIT Sl
() ‘4 9 &€ A’ HI TH FheAd HH T 2

(i) ‘UM W HEA 6 Y BF’ I Teh Wherdl A1 Al B

6. 30 TSl o Tk Y, FSw 6 Io T € 4 Sodl 1 Tw T (vl agesa
farT WfcreeTam o fehTen STl €1 ©Ue sedl o1 G&A1 1 WIiehdl €< J1d i)
. e Toeen woEe Hdfed 781 € e fod 9ohe 8F #1 G4 92 Yohe B Wi
e 1 A T R Al ekt 1 9R SS9l Sl € dl 92kt HE@A i gk
ceeisicicalsy

[ ]

W

9]

g
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10.
11.

12.

13.

14.

15.

qreshar 587

T Agfese W X T Wiidehdl seq A fEan e 2l

X 10([(1]2[3]4]5]|°6 7
PX)| O | k | 2k| 2k| 3k | k? |2k Tk*+k

EIEdIEL
() k (i) P(X<3) (i) P(X>6)  (iv) PO<X<3)
T IEfEwe W X 1 Giiwdl wer P(x) T YR 9@ ®, e ki wen @
k afg x=0
2kafg x=1
Pex)= 3k Afg x=2
0  3=en

(a) ko1 °M @ SIS

(b) P(X<2), P(X<2),P(X>2)d hifeq|
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X2

6. y=E(410g|x|—1)+Cx_2

8. y=(1+x*)" log|sinX|+C(1+x*)"'

10. x+y+1)=C¢
12. x=3y>+Cy

T
14. y(1+x2):tan*1x—z
16. X+y+1=¢
18. C 19. D

7T 9 UT Tafaer gy=racit

(iii) wIfe 4; =ma afenfoq T&f

. 2y% - x>
4xy

sin”ly + sin"!x = C

T

tan! y + tan™'(e¥) = 5
log |X—y|=x+y+1

2
ysin x=2x2 —7‘7 (sin X # 0)

(i) =ife 1;9m@3

50 X+yy)P=x-y>*d+()»

X
8. Cosy:&
V2

x
10. eY=y+C
12. ye?* =2Jx+0)

y=Io 2+l X#—1
14. g w1 |
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15. 31250 16. C
17. C 18. C
| womTeet 10.1 |
1. o 3Rt ®, Gkl op difed foeere =1 fefud s 2|
N R
N —
10km
P
3¢ 40km
W >E
v
S

2. () e i) wfewr i) ke Gv) sfewr  (v)  fsw
(vi) Gfswt
3. () et i) sfew i) @fesr  Gv) wfswm o (v)  efsw
4. () dfew a 3 b "e-1eq 2|
(i) 9w b R d F9H 2
(i) wfewa iR coE B Wy uE e 2
5. () W= (i) SEA (i) FTA (iv) A

| woeTeret 10.2 |
1. [a]=v3.|b|=ve2,[¢|=1
2. Hfed ST 1 W@ 3 B
3. Efed ST 1 W& 3 B
4. x=2,y=3 5. ~7%R 6; 7136
\ L R

6. —4j-k 7 g A A

AL Lle Aty
B BB SN RN
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10.

13.
16.

12.

14.

15.

(i) =3F+3K

619

19. (B), (C), (D)

‘2

12. (C)

40, 8 5.6 ¢ L2 3
V30 4307 430 12 i ia ia
122 15. @ —1f+i]+112
37373 O —31+31+3
3i+2j+k 18. (C)
| wro=marett 10.3 |
% 2. cosl(g) 3.0
_ 6 162 242 7. 6la’ +11ab-35/b
14 WA . 6l +11ab - ‘
la=1[b[=1 9. V13 10. 8
- -3
Gfeer b i ot @few & e 2l 13. —
1 off Q FHUIR AR R efeeq |ieen d 3k b oS
(10
cos (—J@) 18. (D)
| weTeret 10,4 |
T P O P N B
1942 L EFIFSIFS 3T
27 R
35 6. 1 [a]=0 = |b|=0
I, HiE ot JER v et wt s
J61
S 10. 1542 11. (B)
37T 10 YT fafaer gy-naet
V3. 1.
—i+=]
22
Xz_Xl’yz_yl’zz_21;\/(Xz_X1)2+(y2_y1)2+(22_21)2
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12.
17.

TIford

. @ T A gHERTT  F =
v 1 e T =
. @ T AR THE =

T it R wE X

‘_5f+ij
2
. e a, b SR C wl Bus w1 e sgenett @i frefud s ge it
1 3 V10 . 3. 3 . 2 -
+— = [+ - + k
\/g 6. 2\/EI+ 2 J 7. \/Z \/ZJ \/Z
— 1 o 2~ ~
2:3 9. 38 +5p 10. 7(3I—6J+2k);1lﬁ
%(l60f—5]—70l2)13. A=1 16. (B)
(D) 18. (C) 19. (B)
| womTet 1101 |
()’__l,L 2. i—i,ii,iig, __9,£,__2
2 W2 3 37743 117117 11
=2 2 3. -3 2.4 5 -
17" V17 7177 Jﬁ NN TN NI
| ot 1.2/
F=i+2]+3K+A 31 +2]—2Kk) &l A& arfos Fe 2|
. . Xx=2 y+1 z-4
F=2i—j+4K+A(F+2]-K) ¥R it &9 n =y2 = 2l
X+2 y—-4 7245
3 5 6
F=(Gi—-4]+6K)+A 3T +7]+2K)

AGT-2]+3K);
Yy _z

2 3
—2]-5k+A(1K)
-3 y+2 z+5
o 0 11

2022-23



10.

11.

12.

16.

10.

12.

STAHTAT 621

70 342
P=17 14 i 15. 2429
2
J19 " 29
| womTeet 11.3 |

11 1 1

. (a) 0,0,1;2 b) = —=

3333

2 3 -1 5

8
AN TN N TR

e [3i+5]-6k) _
J70

(a) X+y-z=2 (b) 2x+3y-4z=1
() =-2)x+B-tHy+(@2s+t)z=15

[24 36 48) (o 18 gj
- @ 129" 29" 29 ®) ™ 25 25

1 11 -8
© (5’5’5) @ (0’?’0)

(@ [F-(@(-2K)]-(G+]j-k)=0, x+y-z=3
(b) [f—(f+4j+6l€)](f j Ky=0; X—=2y+2+1=0
(a) fog W@ 21 fRu o fagedt © S o1 qoll w1 Gen sa Br

(b) 2x+3y-3z=5
5 5,-5 8. y=3 9. TX-5y+4z2-8=0
T (387 +68]+3k) =153 11. x—z+2=0
cos™! (i)

J731
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13.

14.

10.

13.

15.
17.

19.

20.
23.

=

(a) cos™ @j (b) T MG H WAoo
(c) T 3TE H THiR B (d) T A9 H FHiER B
(e) 45°
3 R
@ 3 Gl
(c) 3 @ 2
&I 11 UT fafaer gy=naer
o X_y_z2 o
90 4 77070 5.0
_10 a ~ ™ a S A
k=T 7. T=1+2 J43k+A(i+2]-5k)
X+y+z=a+b+c 9. 9
17 -13 17 23
09_9_ . _90’_ . N
A
3 1
X -8y +32+25=0 14. p:5319reng
y-3z4+6=0 16. x+2y-3z2-14=0
33X +45y+502-41=0 18. 13
T=i+2]+3K+A(=31+5]+4k)
T=i+2]—4k+A Q21 +3]+6k) 22. D
B
| oTaeRt 12.1 |
(0, 4) I AfgwRad Z=16
(4,0) R =A™ Z =12
20 45 235
(19,19)1413@%112:1—

22
) W AdH 2=7
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10.

10.
11.

STAHTAT 623

(4, 3) W 3ferehad Z =18

(6,0) 3R (0, 3) ! T areft @ @e R feord weft fageil W = Z =6.
(60, 0) R =d9 Z = 300;

(120, 0) 3R (60, 30) i aer el Y@ G W feod @+t fogeti W eifeeman
Z = 600;

(0, 50) 3R (20, 40) ! T areft TarEe W feord qeft fageni ™ =Fam Z = 100.
(0, 200) W 37ferHaH Z = 400

71 1 Afean 7 T8l 2

<[tk I GHT &5 el § o1: Z 1 Afeshad 7 e 2

| ot 1222 |

(%,0)@?[2%)@%@@%@@?%@4% foigetl W =Faw Ted
=Rs 160 .

Shehl w1 Aferehad HEAT = 30 Teh ThR shi G110 379 YhR 1 2|

() 4 29 THe au 12 Thehe oot

(i) AfUHdH M9 = Rs 200

T2 & i Ufere qen diee o i UfRe; erfushad @19 = Rs 73.50.

30 ¥fehe A THR & U= e 20 Ufhe B UHR &1 U= o qen Sifehan oy
=Rs 410

4 YR A9 3N 4 HTS 1 GFh; ATUshad o9 = Rs 32

AYSR & 8 Wfa fag a1 B &R ok 20 Wfa fog; sAfuskan @19
=Rs 160.

200 TR o THA TAT 50 Gae AA; AfTRTH ¥ = Rs 1150000.

7 = 4X + 6y 1 [AAHIHTOT HIST SFafeh 3% + 6y > 80, 4% + 3y = 100, X > 0 3R
y >0, x 3R y FI: WA F, 3R F, %1 ghiedl 1 00 §; Ad qed
=Rs 104

3d F, % 100 kg 3R 3k F, % 80 kg; =Aa9 Te4 = Rs 1000

(D)
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A Ui W N

11.

T 12 ¥ fafaer gonaet

. 40 Ufwe AP S 15 Uik g Q oF; foreifi A w1 stfursham wem = 285

EEAE

PR & 3 91 3R Q WhR & 6 &ct; fa0 o1 =a@ Hed = Rs 1950

a9 1 A eI Rs 112 (959 X A1 2 kg @21 99 Y &1 4 kg).

g it o 40 feshe qen wemer 9o & 160 feshe; sifsran @9 = Rs 136000.
A : 10, 50 SR 40 AL B F : 50, 0 3R 0 TohEaT HH9: D, E SRF 1 i St
& T a9 ged = Rs 510

A ¥ : 500, 3000 3R 3500 ftex; B |: 4000, 0 31K 0 &feX It %u90: D, E 3R Foh!
ISt St © qe =IFaE geF = Rs 4400

. PUHR o 40 9 3R Q WhR o 100 &et; G 1 =[AaH | = 470 kg.

PR o 140 9t 3R Q WohR o 50 Siet; e2ior w1 Afereham HM = 595 kg.

. ATHR & 800 TfeAr 3R B YR &I 400 Tfeal, tfeehad @19 = Rs 16000

| wrerett 13.1]
P(EIF)= 2, P(FE) = - 5. p(aB)=12
3’ 3 ’ 25
. G) 032 Gi) 0.64 (i) 0.98

1
26

4 L4 L2
) 11 (ii) . (iii) 3
S .3 .6
) 5 (ii) = (iii) -
®» 1 G 0
1 9. 1 10 LU
< : NOENOE:
y 41 o L2 31
M 73 73 7
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12.

14.

11.

12.

14.
17.

13.

STAHTAT 625

1 1 ]
L 15. 0 16. C 17. D
3 i ) )

| vroamaett 13.2 |
3 5 25 3 44
25 © 102 " 91
A 31X B TR @ad B 5. A 3R B TER @ad &l
E 3R F &R @03 18 &
. p_i . p_l
M P=15 () P=g
G 0.12 (i) 0.58 Gi) 0.3 (iv) 0.4
3 N
3 10. A 3R B WER @3 T& 2
G 0.8 (i) 0.12 (i) 072 (v) 028
7 1620 40
5 ) gy ) 57 )
IS (O\ N IS B I |
) 5 (i) 5 -G, Gi) L @50 5.©
D 18. B

| woeTeeht 13.3 |
I s 2 5. 2 .. 12
2 "3 13 13
22 6 4 - 1 3 I
133 "9 ) T4
2 0. 2 n > o 4
9 T © 34 " 50
A 14. C
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| wyTaeR 13.4]
1. (i), (iii) 3R (iv) 2. X=0,1,2,8 3. X=6,4,2,0
4. O X o] 1] 2
N R R
XN 7| 2| 3
@l X[ o] 1] 2 3
N
(X) 8 8 8 8
Gi)[ X[ o t | 2] 3 [ 4
R
(X) 16 4 8 4 16
s, x] o 1] 2
Y
(X) 9 9 9
| x| of 1
P(X é E
) 36 36
6 X 0 1 2 3 4
S 256| 256 | 96 16 1
(X) 625 625 625 625 625
7 X 2
P —=| —| =
(X) 16 16| 16
. 1 . 3 17
8. () k=— i) P(X<3)=— 1) P(X>6)=—
(@) 0 (i) X<3)=15 (i) P( )100

. 3
(iv) P(O<X<3)_B
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9. (a) k:é (b) P(X<2):%,P(XSZ):LP(XEZ):%

10.
13.

14.

15.

wn

=)

o

10.

11.

14.

15 n L n 4
. -3 -3
Var(X) = 5.833, S.D = 2.415
X[ a5 w6 17] 18] 19] 20 21
e 2L 22 22 2L
NG| 5| 6|55 5] 6|15
e = 17.53, Var(X) = 4.78 3R S.D(X) = 2.19
E(X) = 0.7 3R Var (X) = 0.21 16. B 17. D
| woeTeeht 135 |
3 7 63
-3 @ oq i)
N
216 “ 120\ 20
o 45 B ZE
O To2a @ 375 ) 1024
() (0.95) Gi) (0.95)x 1.2 Gii) 1-(0.95)x 1.2

@iv) 1-(0.95)

(&)

1
243

1_(2)50
(a) 100

7(5Y
12\ 6

C

20
7. Gj [20C,, + °Cy +...+ 2°Cyy |

1(99)" 1_&(2)“9
® 5100 ©  "To0\ 100
> 35(5 4 22%93
© 1816 10"
15. A
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12.

15.
17.

N6 R

L@ 1

20
21

e 13 U¥ fafaer gonaeit

Gi) 0
1
(i)

10
4. 1=-)"C.(0.9)7(0.1)"

r=7
) 7[2J4 " 1_[2)6 864
@ 7lg) 5 ™) 3125
625 . 2
23328 "7
10. n>4 n =2
N 1 . 54
13 12 4=
" 29 " 16
i) 0.05 16, %
@) O. © 3
18. C 19. B

— ... —
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-

A 7

7.6.3. I(px+q)\/ax2+bx+c dx.
TH 3R A 3R B39 ¥R I € T
px+q = A %(ax2+bx+c) +B
AQRax +b)+B
T wall T x o OGR! SR TR QI i qON ki W, BH W B g

2aA = p@RAb+B=q

1 TRl I B I W, A 3R B % HH UW 81 S 21 39 YRR, FHRA
T yRafda 8 S 2—

A (Rax+b)vax® +bx+cdx+B +vax® +bx+cdx

&

= AL+BI,, 5@

I, (2ax + b)yvax® +bx+c dx 21

ax® + bx + ¢ = t, Ul q4¥, (2ax + b)dx = dt 71

3

2 2
37, I Z(ax’ +bx+¢)? +C,
3

EL I Eqr I vJax? +bx+ c dx

qed T o %S 328 W 7.6.2 H =i fhT T THRS g3 1 TR hich Fd fhal
S
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T YER,  (pX+Qq)Vax® +bx+cdx 1 TF 3fad: I wT foran S el

JEEIOT 25 X1+ x—x>dx 1 Hifsa)
Tl W g ¢ fafy eroew gu, 7 faed g

d
x= A &(Hx—xz) +B

= A(-20)+B
T Tl o, x o ToTiehT 3R TR U i e i W, BH —2A =131 A+ B =09
B 2
31 GHIROT i B U W, BH A=—%33ﬁ'{ B=%WW%I3’HW,
g T § WEfdd 8 S e

XV1+Xx—=x*dx = —% (1—2x)x/1+x—x2dx+% V14 x—x*dx
1 1
= —EII+EIZ (1)

1 (1-2X)V1+ x = x*dx R fo=m =ifsm)
1 +Xx—x2=tdEu 4, (1 - 2x)dx = dt 21

I

3

1
1 23
WU, [ = (1-2x)V1+x-xdx = t2dt=§t2+Cl

3

2 ° <
=§(1+X—X2)2+CI,GI%T C, ®¥E IR 2|

W, L= VI+x—x* dx W fa=r Fifm)
IJg gHIh A = 2—(x—l)2dx
~\4 2
1
x—o =t M) 9, dx = dt 21

2
3T, I, = [g} —'dt
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1 5 2x—1
— —(2X—=DV1+x—-x*>+=sin™! +C
= 4( ) 3 \/g 2,

STl C, FTE 3TN 2|
(1) ¥1, 3R, & 79 W@ W, 38 9 e o

1 21
XV1+Xx—x*dx = —5(1+x—x2)2+§(2x—l)\/1+x—x2

sint 22 Lo s
G 7 i
C+C,

yyTaet 7.7 ok 3id U, Trefataa yo afmfea wifeg
12 x4+ % 13 (x+1DV/2x* +3 14 (x+3)W3-4x-x*

I

22X+ DV X+ X
8

12. %(x2+x)2— +iloglx+%+ x> +x1+C

16
2 3
X+ [+ =
2

X+2  (X+2)W3-4x-x
+ +C
J7 2

3
13. é(2x2+3)2+§\/2x2+3 +¥log +C

1 27
——(3-4x-x*)?+—sin™
14. 3,( ) 5

2022-23

631



632 o

A 10

10.7 erfeer fire TUHwS
oM ST foh g, bR ¢ e dF @few g1 53R (b xg) o IIEw oAk, Ui
a-(bxC) W & b3 ¢ 3o oA H arfaer firek UES wed T[4, b, 1 (A
[abc ) SR = fehan <l 81 36 YR, 86 Wi e—
[a b.c]=4-(bxc)

Tgrur
1. #ife (hxe)Tw @iwwr B, z@faw ap.c
a-(b x¢) U 31w W 7, 3990 [, b. ¢ ]

Aﬂ
T e ufer B
2. At w9 9, e B e w1 |
o i el g, b @R ¢ U weiia e e"
qenetl ¥ a1 FHIR SEHAE 1 SAEdH |/ .
L L~

g 7 (T fa 10.28)1

e, TH Skl o YR HT oM O b c

oA TR S B A [bxc| # mpfa 10.28

b 3 ¢ 1 fafde = oel 7 W SAee o Y5 JeT & HeRT SuE ®,
a.(Bx0)

S x ¢ RN H g FwEE R eﬁ?ﬁﬂ?ﬁmél 3Td:, HHIAK TEheIsh

<l AT

-

1bx¢l = \a.(iyx z)\

a-(bxe)
(bx¢)

3. ARa=aita,j+ask, b=b,i+b, j+bk R ¢ = cite,jresk, &, @
ik
bxé =|b b, b,

¢ G G
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T a1 |t 633

= (b,c, - bc) i+ (bc, —bcy) |+ (e, -be) Kk

ql sHifeT
a.(bx¢) = a,(byc,— bye,)+a,(bye,— be,)+a, (bc,— bye,)
a a 8,
- b1 bz b3
C C C

-

2 3

4. afg g,p iR ¢ ®E 9 Aiew g, @
[a,b.¢] =[b,c,al=1[¢c,a,bl
(T afeen o =oha shEea ¥ Sifw B oATe &AM o i gieda &Y g
2

EIERGIIS I ﬁ&:alf+a2f+a3l€, I;:blf+b2j+b3l€ qern ¢ :C]2+Czj3/€ 2l
Tel, hael S@HT B, BN I Bl B

& & &
labcl =2 B B
c C C

1 2 3

a, (b,c, - bec) +a (bc -bc)+a,(bc,-bec)
b, (a,c, —ac, + b, (ac,-ac) +b, (ac,-ac)

b1 bz b3
4 ¢ G G

8 & &
= [b,c,al
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5. efeer e UFRA &.(bxc) §, S (dot) AR SR (cross) 1 TER Sl Sl
ehal 8| e,

= b.0=0. (FiifR @ xd=0)
femuit Iwde 7 9, fan R, A srer |fsen o feefaal o foelt +ff o8 o 81
w ot g R

10.7.1 < AfE9 et AHACEET

e 1 A W g, o ¢ el BN €, At ok e A 4. (D x§) =0 e e
suufv gdyem, 7 <ffe 7% 5. iR ¢ gaacia )

AR @R ¢ TEw i ¥, dbxé= 0% #iv i (b x &) = 07
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T Ied areft 635
I [ IR ¢ THR T2, @ x ¢ 99 5 | o« e, Fih g, IR ¢ quaea g
m:,a’-(ﬁxé’):() 2l
foima:, oM AT 7 5. (b x©) =0 21 9 7 3R x¢ ¥ & < 9= afewr &,
a1 &0 forehd forenterd @ o g 9IR [ x g @ @ik @few €19g b x & < afelt
R g W sl em:, d,b oiRC uE wwaa § feord 2R =R, svefq 3 wHaea
1At =0T, @ 7 fr=t off < wfcw, fovim €9 9 [ iR ¢, & Fwaeia gm 3k
(b xT)=0%, d p 3R ¢ wo® wfkw & qen gehfew &, b ik ¢ wHacha &,
Fifer 1 o < wiker gia Tk Huaet § g ¥, S 39 fuifa e ?, qen g @i,
S g S wieen § o frdt u wmi e ®, o s6 wHaer o feem e 2

fewott =R fogeT w1 gHqeadr i ==, 9 e w1 FHdeadr & T S gL,
1 5T T 2| Freee, W) fig A, B, C 3iR D oaeia 2 €, 3 9w AB, AC 3R AD
gqea Bl

SEEUT26 d.(bx ¢) A PG, AR a=2i+ j+3k, b=—1+2j+k 3R =31 + j+2k ¥

2 1 3
-1 2 1
31 2

7ol &8 U 8- a.(bx<)= =-10.

SETETUT 27 TR T WA d=i —2)+3k, b=—2i+3j—4k AR =i -3j+5k
e 2

1 =2 3
7o B W B d.(bxd)=|-2 2 —4|=0.
1 =3 5

aTq:, W9 1% ISR 3, b sin ¢ g9 9w €

IEET0T 28 A WSl d=17 +3]+k, b=2i— | —k 3R =Ai +7] +3k G &,
A T HH F1d SIS
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Tel iR §, [ IR ¢ 9Haeia €, gafere d.b,¢ = 0,

1 3 1
lq, 2 -1 -1=0.
AT 3

= 1=3+7)=-306+M)+1(14+1)=0
= A=0.

IETETUT 29 TuE T feotfq WS 47 + 5546, — (G+4),30 +9 44k 3R 41 + ] +k)

ol Al =N fag A, B, C @R D ¥Haeld 2|

&1 9 o4 € o =R fig A, B, C @i D wwaet 81 €, afs 9l |fker AB, AC 31X AD

T B €,

3747, AB,AC,AD=0 @I

36,  AB=—(j+k)—(4] +5]+k)=—4i-6] -2k
AC= (31 +9j+4k)— (4 +5j+k)=—1+4]+3k

M AD=4(—i+]+k)— (4 +5]+k)=—8] - ] +3k

-4 -6 =2
T Y%N, AB,AC,AD =|-1 4 3|=0.
-8 -1 3

3@:, A, B,C 3R D g9aciy
Saretor 30 fag wifSe % G+b.b+¢.¢+a=2 a,b, ¢
T W W -

[}

G+b,b+¢,6+d = (@+b).((b+¢)x(¢+ad))

2022-23
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T a1 |t 637

= (G+b).(bXT+bxd+¢xad)

(TR e xc =0 B1)

Xa)+ad.(Exad)+b.(bxT)+b.(bxad)+b.(Cxad)

Il
Q
~~
Sy
X
o
p—
+
Ql
—~
S

|
|
[}

= a,b,¢ + d,ba+[d,cd|+b,b,c + bbha+ béa
=2la,b,cl (=)
satevor 31 fag fRfse fw la,b, ¢ +d] = (@b, ¢1+[d,b,d] g 2
T B e B
la,b,¢+d] = d.(bx(C+d))
= a.bx¢+bxd)
= a.(bx&)+a.(bxd)
= da,b,¢ + a,b,d
[woaerett 10.5]
1. Afda=i-2j+3k,b=21-3j+k3Rc=3i+]-2k %, a labc] 3 wfm
(3T 24)

0. cuifew fk wR@d=1-2]+3k.b=—2i+3j -4k SR ¢ =7 -3+ 5k guacha F|

3. A Wl — J+k,30+ ] +2k 3R [ +)] - 3k Huaeia €, @ A 1 HH 1 ity
FWA=15)

4. T AT RRa=i+ j+kb=iFR = i+c,]+cik 81 T,
(a)Af%c =12Rc, =27, @ c, 90 Fifse, fa@ &,b ik ¢ Fwacha & s

(W, =2)
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Tforq
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ot =R g wuaetE €
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